II. Inecuatii trigonometrice

Metoda principala de rezolvare a inecuatiilor trigonometrice consta in reducerea lor la in-
ecuatii de forma
sinxVa, cosxVa, tgxVa, ctgxVa, (1)

unde a € R, semnul ” V7 desemneaza semnul compararii si inlocuieste oricare din semnele
T>TOT >V <707 <7 sl utilizarea afirmatiilor ce urmeaza.

Afirmatia 1. Multimea solutiilor inecuatiei
sinx > a (2)
este
1. R, daca a < —1;

2. U (arcsina + 27k; m — arcsina + 27k), daca —1 < a < 1;
kEZ

3. Multimea vida, daca a > 1.

T — arcsina + 2w arcsina + 27wk

-1

Afirmatia 2. Multimea solutiilor inecuatiei
sinx < a (3)
este

1. R, daca a > 1;

2. U (—m — arcsina + 27k; arcsina + 27k), daca —1 < a < 1;
kEZ

3. Multimea vida, daca a < —1.
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—m — arcsina + 2w

arcsina + 27wk

-1

Afirmatia 3. Multimea solutiilor inecuatiei

este

1. R, daca a < —1;

COST > a

2. U (2mk — arccos a; 21k + arccos a), daca —1 < a < 1;

keZ

3. Multimea vida, daca a > 1.

arccos a + 2k

T

—arccos a + 27k

Afirmatia 4. Multimea solutiilor inecuatiei

este

1. R, daca a > 1;

cosxr < a

2. U (27k + arccosa; 2m(k + 1) — arccosa), daca —1 < a < 1;

keZ

3. Multimea vida, daca a < —1.
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arccosa + 27k

-1 0 a Iz

—arccos a + 27k

Afirmatia 5. Multimea solutiilor inecuatiei

tgx > a
7r
este U (arctga + mk; — + k).
kEZ 2
N + 7k
ay
arctga + 7wk
0 g

Afirmatia 6. Multimea solutiilor inecuatiei

tgxr <a
T
este U (—= + wk;arctga + k).
keZ 2
Y\ m™
5 + 7k al
arctga + 7k
0 T
—g + 7k
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Afirmatia 7. Multimea solutiilor inecuatiei

ctgr > a (8)
este U (mk;arcctga + k).
kEZ
Y
¢
arcctga 4+ wk
wk
0 T

Afirmatia 8. Multimea solutiilor inecuatiei
ctgr <a (9)

este U (arcctga + mk;m(k + 1))
kEZ

Y
¢

arcctga + 7k

T+ 7k

Nota. 1. Daca semnul inegalitatii in (2)-(9) nu este strict, in multimea solutiilor inecuatiilor
se includ si solutiile ecuatiei respective.
2. Afirmatiile 1-8 se obtin nemijlocit analizand graficul functiilor trigonometrice respective.
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Exemplul 1. Sa se rezolve inecuatiile
. 1 2
1) s1n29:<§; 7) ctg®x —ctgx — 2 < 0;

2)251n(1—:c>§\/§; 8) sin 2 — v/3cos 2z > V/2;

1 2t 1
3) cos’z > —; 9) st > 9.
4 l+tgxr tgx
4) —2<tgr <1 10) 4sin z cos z(cos® ¥ — sin® z) < sin 6z;
5) 2sin*z — 5sina + 2 > 0; 11) sinxsin3x > sin 5z sin 7z;
3
6) sin'z + cos*z > \g_; 12) sinx + sin 2z + sin 3z > 0.

1
Rezolvare. 1) Se noteaza 2x = t si se obtine inecuatia sint < 5 care, conform afirmatiei 2
are solutiile 1 1
2mk — m — arcsin 3 <t < arcsin§ + 21k, keZ.

. e . 17 .
Se revine la variabila initiala si, tinand seama ca arcsin 3= se obtine

27Tk3—ﬂ—%<2$<%+271‘]€, keZ,

de unde

27rk;—7g<2x<g+27rk, keZ,

Ssau

T T
wk—ﬁ<x<ﬁ+wk, k e Z.

Asadar, solutiile inecuatiei enuntate formeaza multimea
mom

U <7rk—;+7rk:>.

A 12712

2) Cum functia sinus este impara,

1
QSin<Z—x)§\/§ & —2sin<m—z>§\/§ & sin(x—Z)z—

7

mw . . . .
Se noteaza t = x — 1 si se obtine inecuatia

sint > ———

V2
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cu solutiile (a se vedea afirmatia 1 si nota 1)

1 1
21k + arcsin (—) <t <7 — arcsin (—) + 2k, keZ,

V2 V2
) . 1 T .
de unde, tinand seama ca arcsin [ ——= | = ——, se obtine
V2 4
T T s
ok —— <z ——< —+2 Z
k =7 4_7r+4+ rk, ke,
sau
3
QW]CSZES?‘FQWK, keZ.
1 2 1 2 1 1
3) Cum cos’r = +(:20sa: inecuatia devine —H;OSZ‘ > 1 sau cos2z > 5 Se aplica

afirmatia 3 si se obtine
1 1
2wk — arccos (—2) < 2x < arccos (—2> + 27k.

1 2w
Cum arccos (—2) =35 rezulta

2 2
2nk—§g2x§§+2m, ke,

de unde . .
7k ——<ae<-—+7wk, ke
3 3
Altfel,
1
, 1 1 cosxzﬁ,
cos’r > - & |cosz| > - & &
4 2 1
COS$§—§,

QWH—ESSESE-{-%TTL, n €4,
3 3 T T
& o A <:>7T]€—§§I§§+7Tk‘, keZ.
27rm+?§x§?+27rm, m € Z

4) Se aplica afirmatiile 5 si 6 si se obtine

s 7
tex <1 7m—§<a:<1+7m, n €7,
—2§tgx<1<:>{ & &

T
tgr > —2, wm—arctg2<x<§+ﬂm, m € Z,

& Wk—arctg2§x<g+7rk:, ke Z.
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5) Se noteaza t = sinz si se obtine inecuatia de gradul al doilea
2° — 5t +2> 0

cu solutiile

de unde rezulta totalitatea de inecuatii
sinz > 2,
sinr < —.
2
Prima inecuatie a totalitatii solutii nu are, iar din cea secunda se obtine

7
27rk:—g<x<%+27rkz, keZ.

6) Cum

2

sin x 4 cos* x = (sin? z)? + (cos® z)? = (sin? x + cos?

r)? — 2sin® r cos® x =

zl—lsin22x:1—1-1_COS4x: _1—00841”
2 2 2 4
inecuatia devine
1_ 1 — cosdx S @
4 - 2

sau cosdx > 2v/3 — 3. Cum |2\/§ — 3| <1, se aplica afirmatia 3 si se obtine
omk — arccos(2v/3 — 3) < 4z < arccos(2v/3 — 3) + 2nk, k€ Z,

sau
ko1 1 k
% -3 arccos(2V3 —3) <z < 1 arccos(2v/3 — 3) + 7; , kel

7) Se noteaza t = ctgx si se obtine inecuatia patrata
t?—t—-2<0

cu solutiile —1 < t < 2, de unde —1 < ctgax < 2. Ultima inecuatie se rezolva utilizand
afirmatiile 7 si 8:

ctgr <2 wk +arcctg2 <z <m+4+7n, nez

-1 <ctgr <2 & & 3
ctgx > —1, 7rm<x§z+7rm, m € 7

3
& 7rk+arcctg2§x§%+7rk, k eZ.
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8) Se utilizeaza metoda unghiului auxiliar si se obtine

V2

1 3
sin2x—\/§0052x>\/§ & 2sin2x—\g—c032x>2 &
T s 2 T \/5
< sin2 — — 2rsin — > — & sl 20— — | > — &
sin xcos3 CoS xsm3 5 sm( T 3> 5

& 27rk+%<2x—g<7r—%+27rk, kel &

T 3w
<:>27rk+1+§<2x<z+§+27rk:, kel <

I 137
@wk+ﬂ<x<ﬂ+wk, ke Z.

9) Se noteaza tgx =t si se rezolva inecuatia in ¢ utilizand metoda intervalelor:

2t 1, 2004+ 14+t —2t(1+t) 1—t 0<t<l1,

+ - & = >0 <
1+t t— t(t+1) - tt+1) — t < —1.

Asadar, se obtine totalitatea de inecuatii

0<tge <1,
tgr < —1,

ce se rezolva, utilizand afirmatiile 5 si 6:

tgxr <1,
0<tge <1,
<~

tgx >0, N
tgr < —1, T T
—§+7rm<a:<—z+7rm, m € 7,
s
7m<9c§z+7m, n €7,
=

0 T
—§+7rm<x<—z+7rm, m € 7.
10) Se utilizeaza formulele sinusului si cosinusului argumentului dublu si se obtine
4sinz cosz(cos® z — sin r) < sin 10z & 2sin 2z - cos 2z < sinbr &

< sindz < sinbxr < sinbx —sindx > 0 < 2sinxcos bz > 0.

Se tine seama ca 27 este o perioada a functiei f(z) = sinz cosbz si se utilizeaza metoda
generalizata a intervalelor pentru un interval de lungime 27:
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% x x sin x
0 T 2
+ -, +, 6 -, + -, + =,  F+, 6 = F cos 5x
T 3 T T 7 117 137 3 177w 197
10 10 2 10 10 10 10 2 10 10
+, - + — + -+ - L+, -+ = sin z cos bx

%
3T

T 3 Tr 9r p Ur 13r 3n 17n 197 9
10 10

0 10 10 10 2 10 10

Astfel multimea solutiilor inecuatieil date este reuniunea multimilor

3m s T I
(27rk; 0 + 27rk) <1O + 2mk; 5 + 27rk:> U <10 + 2mk; — 0 + 271’/{7)

117 13m 3w 17
2 ;—— +2 2 2 —+2 2
U(?Tk?+7r, 10+7rk:>U(7rk‘+ 0 2+7rk:> <10+7Tk: 0+7Tk)
1 1
11) sinzsin 3z > sin2xsindz < —(cos2x — cosdx) > —(cos 2z — cosbx) <

& —cosdr > —cosbr < cosbr —cosdxr >0 & —2sinxsindr > 0 < sinzsindr < 0.
Ultima inecuatie se rezolva similar exemplului precedent si se obtine multimea solutiilor

U {%n.”jL%n}
5 75 5 1

keZ

12) sinz+sin2z+sin3z > 0 < (sinz+sin3z)+sin2z > 0 < 2sin2zcoszx+sin2z > 0 <

sin 2x > 0,

1
cosT > —,
& sin2z(2cosx+1) >0 & . &
sin 2z < 0,

- 1
cosxr < ——
27

s
7m<:17<§+7m, n € 47,

2 2
—%+27rm<x<§+27rm, m e 7,
= =
7
§+7m<x<7r+7m, n €7z,

2 4
27rm+§<x<§+27rm, m € 72,
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27Tm<x<g+27rm, m € 7,

2
& 27rm—§<x<—g+27rm, m € 7,

2
27rm+§<3:<7r+27rm, m € Z.

Exercitii pentru autoevaluare

Sa se rezolve inecuatiile:

—_

10.

11.
12.

Ctgdr +tglr —tgr — 1> 0;
Ctgr +cetge < 2

sin 2r < cos T;

cos x + cos 2z + cos 3x > 0;
6sin?z — 5sinz + 1 > 0;

2cos?x +cosz — 1

. < 05
sinx — 1

2cos<2x+1)—\/§§0;
.tg(Z—Qm) < —V3;
. 281n2x+9008x—620;

sin x
1+ cosx —

4dsinzcosz — V2 < 2(\/§cosx — sinz);

cos2x + sinx > 0.

0
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