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II. Òðèãîíîìåòðè÷åñêèå íåðàâåíñòâà

Îñíîâíîé ñïîñîá ðåøåíèÿ òðèãîíîìåòðè÷åñêèõ íåðàâåíñòâ ñîñòîèò â èõ ñâåäåíèè ê
íåðàâåíñòâàì âèäà

sin x ∨ a, cos x ∨ a, tg x ∨ a, ctg x ∨ a, (1)
ãäå a ∈ R, ñèìâîë ”∨ ” îçíà÷àåò çíàê ñðàâíåíèÿ è çàìåíÿåò ëþáîé èç çíàêîâ ” > ”, ” ≥ ”,
” < ”, ” ≤ ” è èñïîëüçîâàíèè ñëåäóþùèõ óòâåðæäåíèé.

Óòâåðæäåíèå 1. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

sin x > a (2)

åñòü

1. R, åñëè a < −1;

2. ⋃

k∈Z
(arcsin a + 2πk; π − arcsin a + 2πk), åñëè −1 ≤ a < 1;

3. Ïóñòîå ìíîæåñòâî, åñëè a ≥ 1.
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`̀  x0

arcsin a + 2πkπ − arcsin a + 2πk
a

1

−1

Óòâåðæäåíèå 2. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

sin x < a (3)

åñòü

1. R, åñëè a > 1;

2. ⋃

k∈Z
(−π − arcsin a + 2πk; arcsin a + 2πk), åñëè −1 < a ≤ 1;

3. Ïóñòîå ìíîæåñòâî, åñëè a ≤ −1.
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`̀  x0

arcsin a + 2πk−π − arcsin a + 2πk
a

1

−1

Óòâåðæäåíèå 3. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

cos x > a (4)

åñòü

1. R, åñëè a < −1;

2. ⋃

k∈Z
(2πk − arccos a; 2πk + arccos a), åñëè −1 ≤ a < 1;

3. Ïóñòîå ìíîæåñòâî, åñëè a ≥ 1.
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`̀  x0

arccos a + 2πk

− arccos a + 2πk

a 1−1

Óòâåðæäåíèå 4. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

cos x < a (5)

åñòü

1. R, åñëè a > 1;

2. ⋃

k∈Z
(2πk + arccos a; 2π(k + 1)− arccos a), åñëè −1 < a ≤ 1;

3. Ïóñòîå ìíîæåñòâî, åñëè a ≤ −1.
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`̀  x0

arccos a + 2πk

− arccos a + 2πk

a 1−1

Óòâåðæäåíèå 5. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

tg x > a (6)

åñòü ⋃

k∈Z
(arctg a + πk;

π
2

+ πk).
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`̀  x0

arctg a + πk

π
2

+ πk
a r

r

Óòâåðæäåíèå 6. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

tg x < a (7)

åñòü ⋃

k∈Z
(−π

2
+ πk; arctg a + πk).
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`̀  x0

arctg a + πk

π
2

+ πk

−π
2

+ πk

ra

Óòâåðæäåíèå 7. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

ctg x > a (8)
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åñòü ⋃

k∈Z
(πk; arcctg a + πk).

�
�

�
�

��

�
�

�
�

��DD
y

`̀  x0

arcctg a + πk

πk

ra

Óòâåðæäåíèå 8. Ìíîæåñòâî ðåøåíèé íåðàâåíñòâà

ctg x < a (9)

åñòü ⋃

k∈Z
(arcctg a + πk; π(k + 1))
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`̀  x0

arcctg a + πk

π + πk

ra

Çàìå÷àíèÿ. 1. Åñëè çíàê íåðàâåíñòâà (2)-(9) íåñòðîãèé, òî âî ìíîæåñòâå ðåøåíèé
íåðàâåíñòâà âêëþ÷àåòñÿ òàêæå è ìíîæåñòâî ðåøåíèé ñîîòâåòñòâóþùåãî óðàâíåíèÿ.

2. Óòâåðæäåíèÿ (1)-(8) ëåãêî äîêàçàòü èñïîëüçóÿ ãðàôèêè è ñâîéñòâà ñîîòâåòñòâóþùèõ
òðèãîíîìåòðè÷åñêèõ ôóíêöèé.
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Óïðàæíåíèå 1. Ðåøèòü íåðàâåíñòâà

1) sin 2x <
1
2
; 7) ctg2 x− ctg x− 2 ≤ 0;

2) 2 sin
(π

4
− x

)

≤
√

2; 8) sin 2x−
√

3 cos 2x >
√

2;

3) cos2 x ≥ 1
4
; 9)

2 tg x
1 + tg x

+
1

tg x
≥ 2;

4) − 2 ≤ tg x < 1; 10) 4 sinx cos x(cos2 x− sin2 x) < sin 6x;

5) 2 sin2 x− 5 sin x + 2 > 0; 11) sin x sin 3x ≥ sin 5x sin 7x;

6) sin4 x + cos4 x ≥
√

3
2

; 12) sin x + sin 2x + sin 3x > 0.

Ðåøåíèå. 1) Îáîçíà÷èâ 2x = t, ïîëó÷èì íåðàâåíñòâî sin t <
1
2

êîòîðîå, ñîãëàñíî
óòâåðæäåíèþ 2, èìååò ðåøåíèÿ

2πk − π − arcsin
1
2

< t < arcsin
1
2

+ 2πk, k ∈ Z.

Îòñþäà, ó÷èòûâàÿ ÷òî arcsin
1
2

=
π
6
, ïîëó÷èì

2πk − π − π
6

< 2x <
π
6

+ 2πk, k ∈ Z,

èëè
2πk − 7π

6
< 2x <

π
6

+ 2πk, k ∈ Z,

èëè
πk − 7π

12
< x <

π
12

+ πk, k ∈ Z.

Òàêèì îáðàçîì, ìíîæåñòâî ðåøåíèé èñõîäíîãî íåðàâåíñòâà åñòü
⋃

k∈Z

(

πk − 7π
12

;
π
12

+ πk
)

.

2) Èñïîëüçóÿ íå÷åòíîñòü ôóíêöèè ñèíóñ, ïîëó÷èì

2 sin
(π

4
− x

)

≤
√

2 ⇔ −2 sin
(

x− π
4

)

≤
√

2 ⇔ sin
(

x− π
4

)

≥ − 1√
2
.

Îáîçíà÷èâ t = x− π
4
, ïîëó÷èì íåðàâåíñòâî

sin t ≥ − 1√
2
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ðåøåíèÿ êîòîðîãî (ñì. óòâåðæäåíèå 1 è çàìå÷àíèå 1) åñòü

2πk + arcsin
(

− 1√
2

)

≤ t ≤ π − arcsin
(

− 1√
2

)

+ 2πk, k ∈ Z.

Îòñþäà, ó÷èòûâàÿ ÷òî arcsin
(

− 1√
2

)

= −π
4
, ïîëó÷èì

2πk − π
4
≤ x− π

4
≤ π +

π
4

+ 2πk, k ∈ Z,

èëè
2πk ≤ x ≤ 3π

2
+ 2πk, k ∈ Z.

3) Ïîñêîëüêó cos2 x =
1 + cos 2x

2
, íåðàâåíñòâî ïðèìåò âèä 1 + cos 2x

2
≥ 1

4
èëè cos 2x ≥

−1
2
. Èñïîëüçóÿ óòâåðæäåíèå 3 ïîëó÷èì

2πk − arccos
(

−1
2

)

≤ 2x ≤ arccos
(

−1
2

)

+ 2πk.

Òàê êàê arccos
(

−1
2

)

=
2π
3
, ñëåäóåò

2πk − 2π
3
≤ 2x ≤ 2π

3
+ 2πk, k ∈ Z,

îòêóäà
πk − π

3
≤ x ≤ π

3
+ πk, k ∈ Z.

Äàííîå íåðàâåíñòâî ìîæíî ðåøèòü è èíà÷å.

cos2 x ≥ 1
4
⇔ | cos x| ≥ 1

2
⇔











cos x ≥ 1
2
,

cos x ≤ −1
2
,
⇔

⇔











2πn− π
3
≤ x ≤ π

3
+ 2πn, n ∈ Z,

2πm +
2π
3
≤ x ≤ 4π

3
+ 2πm, m ∈ Z

⇔ πk − π
3
≤ x ≤ π

3
+ πk, k ∈ Z.

4) Èñïîëüçóÿ óòâåðæäåíèÿ 5 è 6, ïîëó÷èì

−2 ≤ tg x < 1 ⇔







tg x < 1,

tg x ≥ −2,
⇔















πn− π
2

< x <
π
4

+ πn, n ∈ Z,

πm− arctg 2 < x <
π
2

+ πm, m ∈ Z,
⇔

⇔ πk − arctg 2 ≤ x <
π
4

+ πk, k ∈ Z.
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5) Îáîçíà÷èì t = sin x è ïîëó÷èì êâàäðàòíîå íåðàâåíñòâî

2t2 − 5t + 2 > 0

ðåøåíèå êîòîðîãî åñòü






t <
1
2
,

t > 2.

Îòñþäà ñëåäóåò ñîâîêóïíîñòü íåðàâåíñòâ






sin x > 2,

sin x <
1
2
,

Ïåðâîå íåðàâåíñòâî ñîâîêóïíîñòè ðåøåíèé íå èìååò, à èç âòîðîãî ïîëó÷èì

2πk − 7π
6

< x <
π
6

+ 2πk, k ∈ Z.

6) Ïîñêîëüêó

sin4 x + cos4 x = (sin2 x)2 + (cos2 x)2 = (sin2 x + cos2 x)2 − 2 sin2 x cos2 x =

= 1− 1
2

sin2 2x = 1− 1
2
· 1− cos 4x

2
= 1− 1− cos 4x

4
,

íåðàâåíñòâî ïðèìåò âèä

1− 1− cos 4x
4

≥
√

3
2

èëè cos 4x ≥ 2
√

3− 3. Òàê êàê |2
√

3− 3| ≤ 1, èñïîëüçóÿ óòâåðæäåíèå 3, ïîëó÷èì

2πk − arccos(2
√

3− 3) < 4x < arccos(2
√

3− 3) + 2πk, k ∈ Z,

èëè
πk
2
− 1

4
arccos(2

√
3− 3) < x <

1
4

arccos(2
√

3− 3) +
πk
2

, k ∈ Z.

7) Ïîëîæèâ t = ctg x, ïîëó÷èì êâàäðàòíîå íåðàâåíñòâî

t2 − t− 2 ≤ 0

ðåøåíèå êîòîðîãî −1 ≤ t ≤ 2, îòêóäà −1 ≤ ctg x ≤ 2. Ïîñëåäíåå íåðàâåíñòâî ðåøàåì
èñïîëüçóÿ óòâåðæäåíèÿ 7 è 8

−1 ≤ ctg x ≤ 2 ⇔







ctg x ≤ 2,

ctg x ≥ −1,
⇔











πk + arcctg 2 ≤ x < π + πn, n ∈ Z

πm < x ≤ 3π
4

+ πm, m ∈ Z
⇔

⇔ πk + arcctg 2 ≤ x ≤ 3π
4

+ πk, k ∈ Z.
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8) Èñïîëüçóÿ ìåòîä âñïîìîãàòåëüíîãî óãëà, ïîëó÷èì

sin 2x−
√

3 cos 2x >
√

2 ⇔ 1
2

sin 2x−
√

3
2

cos 2x >
√

2
2

⇔

⇔ sin 2x cos
π
3
− cos 2x sin

π
3

>

√
2

2
⇔ sin

(

2x− π
3

)

>
√

2
2

⇔

⇔ 2πk +
π
4

< 2x− π
3

< π − π
4

+ 2πk, k ∈ Z ⇔

⇔ 2πk +
π
4

+
π
3

< 2x <
3π
4

+
π
3

+ 2πk, k ∈ Z ⇔

⇔ πk +
7π
24

< x <
13π
24

+ πk, k ∈ Z.

9) Ñäåëàåì ïîäñòàíîâêó tg x = t è ðåøèì íåðàâåíñòâî èñïîëüçóÿ ìåòîä èíòåðâàëîâ

2t
1 + t

+
1
t
≥ 2 ⇔ 2t2 + 1 + t− 2t(1 + t)

t(t + 1)
≥ 0 ⇔ 1− t

t(t + 1)
≥ 0 ⇔





0 < t ≤ 1,

t < −1.

Òàêèì îáðàçîì ïðîëó÷åíà ñîâîêóïíîñòü íåðàâåíñòâ




0 < tg x ≤ 1,

tg x < −1,

êîòîðîå ðåøàåòñÿ èñïîëüçóÿ óòâåðæäåíèÿ 5 è 6





0 < tg x ≤ 1,

tg x < −1
⇔



















tg x ≤ 1,

tg x > 0,

−π
2

+ πm < x < −π
4

+ πm, m ∈ Z,

⇔

⇔









πn < x ≤ π
4

+ πn, n ∈ Z,

−π
2

+ πm < x < −π
4

+ πm, m ∈ Z.

10) Èñïîëüçóÿ ôîðìóëû ñèíóñà è êîñèíóñà äâîéíîãî àðãóìåíòà ïîëó÷èì

4 sin x cos x(cos2 x− sin2 x) < sin 10x ⇔ 2 sin 2x · cos 2x < sin 6x ⇔

⇔ sin 4x < sin 6x ⇔ sin 6x− sin 4x > 0 ⇔ 2 sin x cos 5x > 0.

Ó÷èòûâàÿ ÷òî 2π åñòü îäèí èç ïåðèîäîâ ôóíêöèè f(x) = sin x cos 5x è èñïîëüçóÿ
îáîáùåííûé ìåòîä èíòåðâàëîâ äëÿ èíòåðâàëà äëèíû 2π, ïîëó÷èì
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0
+

π
10

−
3π
10

+
π
2

−
7π
10

+
9π
10

−
π

+
11π
10

−
13π
10

+
3π
2

−
17π
10

+
19π
10

−
2π

sin x cos 5x

0
+

π

−
2π

sin x

+
π
10

−
3π
10

+
π
2

−
7π
10

+
9π
10

−
11π
10

+
13π
10

−
3π
2

+
17π
10

−
19π
10

+ cos 5x

Òàêèì îáðàçîì, ìíîæåñòâî ðåøåíèé äàííîãî íåðàâåíñòâà åñòü îáüåäèíåíèå ìíîæåñòâ:
(

2πk;
π
10

+ 2πk
)

∪
(3π

10
+ 2πk;

π
2

+ 2πk
)

∪
(7π

10
+ 2πk;

9π
10

+ 2πk
)

∪

∪
(

2πk + π;
11π
10

+ 2πk
)

∪
(

2πk +
13π
10

;
3π
2

+ 2πk
)

∪
(17π

10
+ 2πk;

19π
10

+ 2πk
)

.

11) sin x sin 3x ≥ sin 2x sin 4x ⇔ 1
2
(cos 2x− cos 4x) ≥ 1

2
(cos 2x− cos 6x) ⇔

⇔ − cos 4x ≥ − cos 6x ⇔ cos 6x− cos 4x ≥ 0 ⇔ −2 sin x sin 5x ≥ 0 ⇔ sin x sin 5x ≤ 0.
Ðåøàÿ ïîñëåäíåå íåðàâåíñòâî è àíàëîãè÷íî ïðåäûäóùåìó ïðèìåðó ïîëó÷èì

⋃

k∈Z

[2π
5

n;
π
5

+
2π
5

n
]

.

12) sin x+sin 2x+sin 3x > 0 ⇔ (sin x+sin 3x)+sin 2x > 0 ⇔ 2 sin 2x cos x+sin 2x > 0 ⇔

⇔ sin 2x(2 cos x + 1) > 0 ⇔

































sin 2x > 0,

cos x > −1
2
,











sin 2x < 0,

cos x < −1
2
,

⇔

⇔

















































πn < x <
π
2

+ πn, n ∈ Z,

−2π
3

+ 2πm < x <
2π
3

+ 2πm, m ∈ Z,


















π
2

+ πn < x < π + πn, n ∈ Z,

2πm +
2π
3

< x <
4π
3

+ 2πm, m ∈ Z,

⇔
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⇔





















2πm < x <
π
2

+ 2πm, m ∈ Z,

2πm− 2π
3

< x < −π
2

+ 2πm, m ∈ Z,

2πm +
2π
3

< x < π + 2πm, m ∈ Z.

Óïðàæíåíèÿ äëÿ ñàìîñòîÿòåëüíîãî ðåøåíèÿ

Ðåøèòü íåðàâåíñòâà

1. tg3 x + tg2 x− tg x− 1 > 0.

2. tg x + ctg x ≤ 2.

3. sin 2x < cos x.

4. cos x + cos 2x + cos 3x ≥ 0.

5. 6 sin2 x− 5 sin x + 1 > 0.

6. 2 cos2 x + cos x− 1
sin x− 1

< 0.

7. 2 cos
(

2x +
π
4

)

−
√

3 ≤ 0.

8. tg
(π

4
− 2x

)

< −
√

3.

9. 2 sin2 x + 9 cos x− 6 ≥ 0.

10. sin x
1 + cos x

≥ 0.

11. 4 sin x cos x−
√

2 < 2(
√

2 cos x− sin x).

12. cos 2x + sin x ≥ 0.


