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Ëîãàðèôìè÷åñêèå óðàâíåíèÿ

Óðàâíåíèå, ñîäåðæàùåå íåèçâåñòíîå ïîä çíàêîì ëîãàðèôìà èëè (è) â åãî îñíîâàíèè,
íàçûâàåòñÿ ëîãàðèôìè÷åñêèì óðàâíåíèåì.

Ïðîñòåéøèì ëîãàðèôìè÷åñêèì óðàâíåíèåì ÿâëÿåòñÿ óðàâíåíèå âèäà

loga x = b. (1)

Óòâåðæäåíèå 1. Åñëè a > 0, a 6= 1, óðàâíåíèå (1) ïðè ëþáîì äåéñòâèòåëüíîì b èìååò
åäèíñòâåííîå ðåøåíèå x = ab.

Ïðèìåð 1. Ðåøèòü óðàâíåíèÿ:

a) log2 x = 3, b) log3 x = −1, c) log 1
3
x = 0.

Ðåøåíèå. Èñïîëüçóÿ óòâåðæäåíèå 1, ïîëó÷èì

a) x = 23 èëè x = 8; b) x = 3−1 èëè x =
1

3
; c) x =

(
1

3

)0

èëè x = 1.

Ïðèâåäåì îñíîâíûå ñâîéñòâà ëîãàðèôìà.
P1. Îñíîâíîå ëîãàðèôìè÷åñêîå òîæäåñòâî:

aloga b = b,

ãäå a > 0, a 6= 1 è b > 0.
P2. Ëîãàðèôì ïðîèçâåäåíèÿ ïîëîæèòåëüíûõ ñîìíîæèòåëåé ðàâåí ñóììå ëîãàðèôìîâ

ýòèõ ñîìíîæèòåëåé:

loga N1 ·N2 = loga N1 + loga N2 (a > 0, a 6= 1, N1 > 0, N2 > 0).

Çàìå÷àíèå. Åñëè N1 ·N2 > 0, òîãäà ñâîéñòâî P2 ïðèìåò âèä

loga N1 ·N2 = loga |N1|+ loga |N2| (a > 0, a 6= 1, N1 ·N2 > 0).

P3. Ëîãàðèôì ÷àñòíîãî äâóõ ïîëîæèòåëüíûõ ÷èñåë ðàâåí ðàçíîñòè ëîãàðèôìîâ äåëè-
ìîãî è äåëèòåëÿ

loga

N1

N2

= loga N1 − loga N2 (a > 0, a 6= 1, N1 > 0, N2 > 0).

Çàìå÷àíèå. Åñëè N1

N2
> 0, (÷òî ðàâíîñèëüíî N1N2 > 0) òîãäà ñâîéñòâî P3 ïðèìåò âèä

loga

N1

N2

= loga |N1| − loga |N2| (a > 0, a 6= 1, N1N2 > 0).

P4. Ëîãàðèôì ñòåïåíè ïîëîæèòåëüíîãî ÷èñëà ðàâåí ïðîèçâåäåíèþ ïîêàçàòåëÿ ñòåïåíè
íà ëîãàðèôì ýòîãî ÷èñëà:

loga Nk = k loga N (a > 0, a 6= 1, N > 0).

Çàìå÷àíèå. Åñëè k - ÷åòíîå ÷èñëî (k=2s), òî

loga N2s = 2s loga |N | (a > 0, a 6= 1, N 6= 0).
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P5. Ôîðìóëà ïåðåõîäà ê äðóãîìó îñíîâàíèþ:

loga N =
logb N

logb a
(a > 0, a 6= 1, b > 0, b 6= 1, N > 0);

â ÷àñòíîñòè, åñëè N = b, ïîëó÷èì

loga b =
1

logb a
(a > 0, a 6= 1, b > 0, b 6= 1). (2)

Èñïîëüçóÿ ñâîéñòâà P4 è P5, ëåãêî ïîëó÷èòü ñëåäóþùèå ñâîéñòâà

logac bd =
d

c
loga b (a > 0, a 6= 1, b > 0, c 6= 0), (3)

logac bc = loga b (a > 0, a 6= 1, b > 0, c 6= 0), (4)

logac b =
1

c
loga b (a > 0, a 6= 1, b > 0, c 6= 0) (5)

è, åñëè â (5) c - ÷åòíîå ÷èñëî (c = 2n), èìååò ìåñòî

loga2n b =
1

2n
log|a| b (b > 0, a 6= 0, |a| 6= 1). (6)

Ïåðå÷èñëèì è îñíîâíûå ñâîéñòâà ëîãàðèôìè÷åñêîé ôóíêöèè f(x) = loga x:

1. Îáëàñòü îïðåäåëåíèÿ ëîãàðèôìè÷åñêîé ôóíêöèè åñòü ìíîæåñòâî ïîëîæèòåëüíûõ
÷èñåë.

2. Îáëàñòü çíà÷åíèé ëîãàðèôìè÷åñêîé ôóíêöèè - ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë.

3. Ïðè a > 1 ëîãàðèôìè÷åñêàÿ ôóíêöèÿ ñòðîãî âîçðàñòàåò (0 < x1 < x2 ⇒
⇒ loga x1 < loga x2), à ïðè 0 < a < 1 - ñòðîãî óáûâàåò (0 < x1 < x2 ⇒
⇒ loga x1 > loga x2).

4. loga 1 = 0 è loga a = 1 (a > 0, a 6= 1).

5. Åñëè a > 1, òî ëîãàðèôìè÷åñêàÿ ôóíêöèÿ îòðèöàòåëüíà ïðè x ∈ (0; 1) è ïîëîæèòåëü-
íà ïðè x ∈ (1; +∞), à åñëè 0 < a < 1, òî ëîãàðèôìè÷åñêàÿ ôóíêöèÿ ïîëîæèòåëüíà
ïðè x ∈ (0; 1) è îòðèöàòåëüíà ïðè x ∈ (1; +∞).

6. Åñëè a > 1, òî ëîãàðèôìè÷åñêàÿ ôóíêöèÿ âûïóêëà ââåðõ, à åñëè a ∈ (0; 1) - âûïóêëà
âíèç.

Ñëåäóþùèå óòâåðæäåíèÿ (ñì., íàïðèìåð, [1]) èñïîëüçóþòñÿ ïðè ðåøåíèè ëîãàðèôìè-
÷åñêèõ óðàâíåíèé.

Óòâåðæäåíèå 1. Óðàâíåíèå loga f(x) = loga g(x) (a > 0, a 6= 1) ðàâíîñèëüíî îäíîé
èç ñèñòåì (î÷åâèäíî, âûáèðàåòñÿ òà ñèñòåìà, íåðàâåíñòâî êîòîðîé ðåøàåòñÿ ïðîùå){

f(x) = g(x),
f(x) > 0,

{
f(x) = g(x),
g(x) > 0.
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Óòâåðæäåíèå 2. Óðàâíåíèå logh(x) f(x) = logh(x) g(x) ðàâíîñèëüíî îäíîé èç ñèñòåì


f(x) = g(x),
h(x) > 0,
h(x) 6= 1,
f(x) > 0,


f(x) = g(x),
h(x) > 0,
h(x) 6= 1,
g(x) > 0.

Íóæíî ïîä÷åðêíóòü, ÷òî â ïðîöåññå ðåøåíèÿ ëîãàðèôìè÷åñêèõ óðàâíåíèé ÷àñòî èñ-
ïîëüçóþòñÿ ïðåîáðàçîâàíèÿ, êîòîðûå èçìåíÿþò îáëàñòü äîïóñòèìûõ çíà÷åíèé (ÎÄÇ) èñ-
õîäíîãî óðàâíåíèÿ. Ñëåäîâàòåëüíî, ìîãóò ïîÿâèòüñÿ "÷óæèå" ðåøåíèÿ èëè ìîãóò áûòü
ïîòåðÿíû ðåøåíèÿ. Íàïðèìåð, óðàâíåíèÿ

f(x) = g(x) è loga f(x) = loga g(x)

èëè

loga[f(x) · g(x)] = b è loga f(x) + loga g(x) = b,

âîîáùå ãîâîðÿ, íåðàâíîñèëüíû (ÎÄÇ óðàâíåíèé ñïðàâà óæå).
Ñëåäîâàòåëüíî, ïðè ðåøåíèè ëîãàðèôìè÷åñêèõ óðàâíåíèé ïîëåçíî èñïîëüçîâàòü ðàâ-

íîñèëüíûå ïðåîáðàçîâàíèÿ. Â ïðîòèâíîì ñëó÷àå, ïðîâåðêà ïîëó÷åííûõ ðåøåíèé ÿâëÿåòñÿ
ñîñòàâíîé ÷àñòüþ ðåøåíèÿ. Áîëåå òîãî, íåîáõîäèìî ó÷èòûâàòü è ïðåîáðàçîâàíèÿ, êîòîðûå
ìîãóò ïðèâåñòè ê ïîòåðå êîðíåé.

Ïðèâåäåì îñíîâíûå ñïîñîáû ðåøåíèÿ ëîãàðèôìè÷åñêèõ óðàíåíèé.

I. Èñïîëüçîâàíèå îïðåäåëåíèÿ ëîãàðèôìà

Ïðèìåð 2. Ðåøèòü óðàâíåíèÿ

a) log2(5 + 3 log2(x− 3)) = 3, c) log(x−2) 9 = 2,

b) log3

x− 3

x + 3
= 1, d) log2x+1(2x

2 − 8x + 15) = 2.

Ðåøåíèå. a) Ëîãàðèôìîì ïîëîæèòåëüíîãî ÷èñëà b ïî îñíîâàíèþ a (a > 0, a 6= 1)
íàçûâàåòñÿ ñòåïåíü, â êîòîðóþ íóæíî âîçâåñòè ÷èñëî a, ÷òîáû ïîëó÷èòü b. Òàêèì îáðàçîì,
loga b = c ⇔ b = ac è, ñëåäîâàòåëüíî,

5 + 3 log2(x− 3) = 23

èëè
3 log2(x− 3) = 8− 5, log2(x− 3) = 1.

Îïÿòü èñïîëüçóÿ îïðåäåëåíèå, ïîëó÷èì

x− 3 = 21, x = 5.

Ïðîâåðêà ïîëó÷åííîãî êîðíÿ ÿâëÿåòñÿ íåîòúåìëåìîé ÷àñòüþ ðåøåíèÿ ýòîãî óðàâíåíèÿ:

log2(5 + 3 log2(5− 3)) = log2(5 + 3 log2 2) = log2(5 + 3) = log2 8 = 3.
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Ïîëó÷èì èñòèííîå ðàâåíñòâî 3 = 3 è, ñëåäîâàòåëüíî, x = 5 åñòü ðåøåíèå èñõîäíîãî
óðàâíåíèÿ.

b) Àíàëîãè÷íî ïðèìåðó a), ïîëó÷èì óðàâíåíèå

x− 3

x + 3
= 3,

îòêóäà ñëåäóåò ëèíåéíîå óðàâíåíèå x−3 = 3(x+3) ñ ðåøåíèåì x = −6. Ñäåëàåì ïðîâåðêó
è óáåäèìñÿ, ÷òî x = −6 ÿâëÿåòñÿ êîðíåì èñõîäíîãî óðàâíåíèÿ.

c) Àíàëîãè÷íî ïðèìåðó a), ïîëó÷èì óðàâíåíèå

(x− 2)2 = 9.

Âîçâåäÿ â êâàäðàò, ïîëó÷èì êâàäðàòíîå óðàâíåíèå x2 − 4x − 5 = 0 ñ ðåøåíèÿìè x1 = −1
è x2 = 5. Ïîñëå ïðîâåðêè îñòàåòñÿ ëèøü x = 5.

d) Èñïîëüçóÿ îïðåäåëåíèå ëîãàðèôìà, ïîëó÷èì óðàâíåíèå

(2x2 − 8x + 15) = (2x + 1)2

èëè, ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé,

x2 + 6x− 7 = 0,

îòêóäà x1 = −7 è x2 = 1. Ïîñëå ïðîâåðêè îñòàåòñÿ x = 1.

II. Èñïîëüçîâàíèå ñâîéñòâ ëîãàðèôìà

Ïðèìåð 3. Ðåøèòü óðàâíåíèÿ

a) log3 x + log3(x + 3) = log3(x + 24),

b) log4(x
2 − 4x + 1)− log4(x

2 − 6x + 5) = −1

2
,

c) log2 x + log3 x = 1,

d) 2 log3(x− 2) + log3(x− 4)2 = 0,

e) 16log4(1−2x) = 5x2 − 5.

Ðåøåíèå. a) ÎÄÇ óðàâíåíèÿ åñòü ìíîæåñòâî x ∈ (0; +∞), êîòîðîå îïðåäåëÿåòñÿ èç
ñèñòåìû íåðàâåíñòâ (óñëîâèÿ ñóùåñòâîâàíèÿ ëîãàðèôìîâ óðàâíåíèÿ)

x > 0,
x + 3 > 0,
x + 24 > 0.

Èñïîëüçóÿ ñâîéñòâî P2 è óòâåðæäåíèå 1, ïîëó÷èì

log3 x + log3(x + 3) = log3(x + 24) ⇔
{

log3 x(x + 3) = log3(x + 24),
x > 0,

⇔
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⇔
{

x(x + 3) = x + 24,
x > 0,

⇔
{

x2 + 2x− 24 = 0,
x > 0,

⇔


[

x1 = −6,
x2 = 4,

x > 0,
⇔ x = 4.

b) Èñïîëüçóÿ ñâîéñòâî P3, ïîëó÷èì ñëåäñòâèå èñõîäíîãî óðàâíåíèÿ

log4

x2 − 4x + 1

x2 − 6x + 5
= −1

2
,

îòêóäà, èñïîëüçóÿ îïðåäåëåíèå ëîãàðèôìà, ïîëó÷èì

x2 − 4x + 1

x2 − 6x + 5
= 4−

1
2

èëè

x2 − 4x + 1 =
1

2
(x2 − 6x + 5),

îòêóäà ïîëó÷àåì óðàâíåíèå
x2 − 2x− 3 = 0

ñ ðåøåíèÿìè x1 = −1 è x = 3. Ïîñëå ïðîâåðêè îñòàåòñÿ ëèøü x = −1.
c) ÎÄÇ óðàâíåíèÿ: x ∈ (0; +∞). Èñïîëüçóÿ ñâîéñòâî P5, ïîëó÷èì óðàâíåíèå

log2 x +
log2 x

log2 3
= 1,

log2 x

(
1 +

1

log2 3

)
= 1,

log2 x(1 + log3 2) = 1,

îòêóäà log2 x =
1

1 + log3 2
, èëè log2 x =

1

log3 6
, èëè log2 x = log6 3. Ñëåäîâàòåëüíî,

x = 2log6 3.
d) ÎÄÇ óðàâíåíèÿ - ìíîæåñòâî (2; 4) ∪ (4; +∞) îïðåäåëÿåòñÿ èç ñèñòåìû íåðàâåíñòâ{

x− 2 > 0,
(x− 4)2 6= 0.

Èñïîëüçóÿ ñâîéñòâî P4 (ó÷èòûâàÿ çàìå÷àíèå), ïîëó÷èì ðàâíîñèëüíîå óðàâíåíèå

2 log3(x− 2) + 2 log3 |x− 4| = 0

èëè log3(x− 2) + log3 |x− 4| = 0.
Èñïîëüçóÿ ñâîéñòâî P2, ïîëó÷èì ðàâíîñèëüíîå óðàâíåíèå

log3(x− 2)|x− 4| = 0, (x− 2)|x− 4| = 1.

Ïîñêîëüêó â ÎÄÇ x− 2 = |x− 2| óðàâíåíèå ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì

|x− 2||x− 4| = 1 èëè |x2 − 6x + 8| = 1,
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ïîñëåäíåå óðàâíåíèå (ñì. ñâîéñòâà ìîäóëÿ) ðàâíîñèëüíî ñîâîêóïíîñòè óðàâíåíèé[
x2 − 6x + 8 = 1,
x2 − 6x + 8 = −1,

îòêóäà ïîëó÷èì: x1 = 3, x2 = 3 +
√

2 è x3 = 3 −
√

2 6∈ ÎÄÇ. Òàêèì îáðàçîì, êîðíÿìè
èñõîäíîãî óðàâíåíèÿ ÿâëÿþòñÿ x1 = 3 è x2 = 3 +

√
2.

e) Ïîñêîëüêó

16log4(1−2x) = 42 log4(1−2x) =
[
4log4(1−2x)

]2
,

èñïîëüçóÿ ñâîéñòâî P1, ïîëó÷èì, ÷òî â ÎÄÇ (x ∈ (−∞;−1)) óðàâíåíèå ðàâíîñèëüíî óðàâ-
íåíèþ

(1− 2x)2 = 5x2 − 5

èëè
x2 + 4x− 6 = 0,

îòêóäà ñëåäóåò: x1 = −2−
√

10 è x2 = −2 +
√

10. Ïîñëåäíåå çíà÷åíèå x íå âõîäèò â ÎÄÇ,
îñòàåòñÿ åäèíñòâåííîå ðåøåíèå x = −2−

√
10.

III. Ìåòîä ïîäñòàíîâêè

Â íåêîòîðûõ ñëó÷àÿõ ëîãàðèôìè÷åñêîå óðàâíåíèå ìîæíî ñâåñòè ê àëãåáðè÷åñêîìó
óðàâíåíèþ îòíîñèòåëüíî íîâîé ïåðåìåííîé. Íàïðèìåð, óðàâíåíèå F (loga x) = 0, ãäå F (x)
- àëãåáðàè÷åñêàÿ ðàöèîíàëüíàÿ ôóíêöèÿ, ïîñðåäñòâîì ïîäñòàíîâêè loga x = t ñâîäèòñÿ ê
àëãåáðàè÷åñêîìó óðàâíåíèþ îòíîñèòåëüíî t: R(t) = 0.

Ïðèìåð 4. Ðåøèòü óðàâíåíèÿ

a) lg2 x− 3 lg x + 2 = 0, c) lg2 100x + lg2 10x + lg x = 14,

b) log2
2(x− 1)2 − 3 log2(x− 1)− 1 = 0, d) 5lg x = 50− xlg 5.

Ðåøåíèå. a) ÎÄÇ óðàâíåíèÿ åñòü ìíîæåñòâî x ∈ (0; +∞). Îáîçíà÷èâ lg x = t (òîãäà
lg2 x = (lg x)2 = t2), ïîëó÷èì êâàäðàòíîå óðàâíåíèå

t2 − 3t + 2 = 0,

ðåøåíèÿ êîòîðîãî t1 = 1 è t2 = 2. Ñëåäîâàòåëüíî,[
lg x = 1,
lg x = 2,

îòêóäà x1 = 10 è x2 = 100. Îáà êîðíÿ âõîäÿò â ÎÄÇ.
b) ÎÄÇ óðàâíåíèÿ - ìíîæåñòâî (1; +∞). Ïîñêîëüêó log2

2(x − 1)2 = [log2(x− 1)2]
2

=
= (2 log2 |x− 1|)2 = (2 log2(x− 1))2 = 4[log2(x− 1)]2, ïîäñòàíîâêîé t = log2(x− 1) ïîëó÷èì
êâàäðàòíîå óðàâíåíèå

4t2 − 3t− 1 = 0,
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ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ t1 = −1
4
è t2 = 1. Òàêèì îáðàçîì,

 log2(x− 1) = −1

4
,

log2(x− 1) = 1,
⇔

 x− 1 = 2−
1
4 ,

x− 1 = 21,
⇔

 x = 1 +
1
4
√

2
,

x = 3.

c) ÎÄÇ óðàâíåíèÿ - ìíîæåñòâî (0; +∞). Òàê êàê

lg2 100x = (lg 100x)2 = (lg 100 + lg x)2 = (2 + lg x)2,

lg2 10x = (lg 10x)2 = (lg 10 + lg x)2 = (1 + lg x)2,

ïîäñòàíîâêîé t = lg x ñâåäåì èñõîäíîå óðàâíåíèå ê êâàäðàòíîìó óðàâíåíèþ

(2 + t)2 + (1 + t)2 + t = 14

èëè
2t2 + 7t− 9 = 0,

îòêóäà t1 = −9
2
è t2 = 1. Âîçâðàùàÿñü ê èñõîäíîé ïåðåìåííîé, ïîëó÷èì x1 = 10−

9
2 è

x2 = 10.

d) ÎÄÇ óðàâíåíèÿ - ìíîæåñòâî x ∈ (0; 1) ∪ (1; +∞). Ïîñêîëüêó xlg 5 = x
logx 5
logx 10 =

=
(
xlogx 5

) 1
logx 10 = 5

1
logx 10 = 5lg x, óðàâíåíèå ïðèìåò âèä 5lg x = 50 − 5lg x èëè 2 · 5lg x = 50,

îòêóäà 5lg x = 25 èëè 5lg x = 52 ⇔ lg x = 2 ⇔ x = 100.

IV. Óðàâíåíèÿ, ñîäåðæàùèå âûðàæåíèÿ âèäà f(x)loga g(x)

Ïðèìåð 5. Ðåøèòü óðàâíåíèÿ

a) (x + 2)log2(x+2) = 4(x + 2), b) 5log2 x + xlog2 5 = 10.

Ðåøåíèå. a) ÎÄÇ óðàâíåíèÿ îïðåäåëÿåòñÿ èç ñèñòåìû

{
x + 2 > 0,
x + 2 6= 1.

Ïîëó÷èì ìíî-

æåñòâî x ∈ (−2;−1) ∪ (−1; +∞). Â ÎÄÇ îáå ÷àñòè óðàâíåíèÿ ïîëîæèòåëüíû, ïîýòîìó,
ëîãàðèôìèðóÿ îáå ÷àñòè óðàâíåíèÿ (íàïðèìåð, ïî îñíîâàíèþ 2), ïîëó÷èì ðàâíîñèëüíîå
óðàâíåíèå

log2(x + 2)log2(x+2) = log2(4 · (x + 2))

èëè, èñïîëüçóÿ ñâîéñòâà P4 è P2,

log2(x + 2) · log2(x + 2) = log2 4 + log2(x + 2).

Îáîçíà÷èâ log2(x + 2) = t, ïîëó÷èì êâàäðàòíîå óðàâíåíèå

t2 − t− 2 = 0,

ðåøåíèÿìè êîòîðîãî ÿâëÿþòñÿ t1 = −1 è t2 = 2. Ñëåäîâàòåëüíî,[
log2(x + 2) = −1,
log2(x + 2) = 2,
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îòêóäà

 x + 2 =
1

2
,

x + 2 = 4,
èëè

 x1 = −3

2
,

x2 = 2.
Îáà êîðíÿ âõîäÿò â ÎÄÇ.

b) ÎÄÇ óðàâíåíèÿ - ìíîæåñòâî x ∈ (0; 1) ∪ (1; +∞). Ïîñêîëüêó (ñì. ñâîéñòâî P5 è
ôîðìóëó (2))

5log2 x = 5
log5 x

log5 2 =
(
5log5 x

) 1
log5 2 = xlog2 5,

óðàâíåíèå ïðèìåò âèä
xlog2 5 + xlog2 5 = 10 èëè xlog2 5 = 5.

Ëîãàðèôìèðóÿ îáå ÷àñòè óðàâíåíèÿ ïî îñíîâàíèþ 2, ïîëó÷èì

log2 xlog2 5 = log2 5

èëè log2 x = 1, îòêóäà x = 2.

V. Íåêîòîðûå ñïåöèàëüíûå ìåòîäû

Ïðèìåð 6. Ðåøèòü óðàâíåíèÿ

a) 2x = 9− log3 x;

b) x log2
3(x− 1) + 4(x− 1) log3(x− 1)− 16 = 0;

c) log2(x
2 + 1)− log2 x = 2x− x2;

d) log5(x + 2) = 4− x;

e)
√

log2(2x
2) log4(16x) = log4 x3;

f) | log2(3x− 1)− log2 3| = | log2(5− 2x)− 1|;
g) logx+1(x

3 − 9x + 8) logx−1(x + 1) = 3;

h) log2(6x− x2 − 5) = x2 − 6x + 11.

Ðåøåíèå. a) Çàìåòèì, ÷òî x = 3 åñòü êîðåíü äàííîãî óðàâíåíèÿ: 23 = 9 − log3 3,
8 = 9 − 1, 8 = 8. Äðóãèõ ðåøåíèé óðàâíåíèå íå èìååò, òàê êàê ëåâàÿ ÷àñòü óðàâíåíèÿ
ïðåäñòàâëÿåò ñòðîãî âîçðàñòàþùóþ ôóíêöèþ, à ïðàâàÿ ÷àñòü - ñòðîãî óáûâàþùóþ ôóíê-
öèþ. Ãðàôèêè òàêèõ ôóíêöèé èìåþò íå áîëåå îäíîé òî÷êè ïåðåñå÷åíèÿ è, ñëåäîâàòåëüíî,
ïîñêîëüêó x = 3 ÿâëÿåòñÿ ðåøåíèåì, ñëåäóåò, ÷òî äðóãèõ ðåøåíèé íåò.

b) ÎÄÇ óðàâíåíèÿ åñòü ìíîæåñòâî x ∈ (1; +∞). Îáîçíà÷èâ log3(x − 1) = t, ïîëó÷èì
êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî t

xt2 + 4(x− 1)t− 16 = 0.

Äèñêðèìèíàíò ýòîãî óðàâíåíèÿ ∆ = [4(x− 1)]2 + 4x · 16 = 16x2 + 32x + 16 = 16(x + 1)2, à
êîðíè

t1 =
−4(x− 1)− 4(x + 1)

2x
= −4 è t2 =

−4(x− 1) + 4(x + 1)

2x
=

4

x
.

Òàêèì îáðàçîì, ïîëó÷åíà ñîâîêóïíîñòü óðàâíåíèé log3(x− 1) = −4,

log3(x− 1) =
4

x
.
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Èç ïåðâîãî óðàâíåíèÿ ïîëó÷èì x1 = 1 1
81
, à âòîðîå óðàâíåíèå ðåøàåòñÿ àíàëîãè÷íî ïðå-

äûäóùåìó ïðèìåðó: çàìåòèâ, ÷òî x = 4 åñòü êîðåíü óðàâíåíèÿ, äîêàçûâàåòñÿ, ÷òî äðóãèõ
êîðíåé íåò.

Ñëåäîâàòåëüíî, êîðíÿìè èñõîäíîãî óðàâíåíèÿ ÿâëÿþòñÿ x1 = 1 1
81
è x = 4.

c) ÎÄÇ óðàâíåíèÿ îïðåäåëÿåòñÿ èç ñèñòåìû

{
x2 + 1 > 0,
x > 0,

îòêóäà ñëåäóåò x ∈ (0; +∞).

Èñïîëüçóÿ ñâîéñòâî P3, ïîëó÷èì ðàâíîñèëüíîå óðàâíåíèå

log2

x2 + 1

x
= 2x− x2.

Ïîñêîëüêó
x2 + 1

x
= x +

1

x
≥ 2 ïðè x > 0, à çíàê ðàâåíñòâà äîñòèãàåòñÿ ëèøü ïðè

x = 1, òî ëåâàÿ ÷àñòü óðàâíåíèÿ log2

x2 + 1

x
≥ 1. Â òî æå âðåìÿ ïðàâàÿ ÷àñòü óðàâíåíèÿ

ïðèíèìàåò ìàêñèìàëüíîå çíà÷åíèå 1 ïðè x = 1 (âåðøèíà ïàðàáîëû y = 2x− x2 íàõîäèòñÿ

â òî÷êå (1; 1)). Ñëåäîâàòåëüíî, óðàâíåíèå èìååò ðåøåíèÿ òîëüêî åñëè

 log2

x2 + 1

x
= 2,

2x− x2 = 2,
îòêóäà x = 1.

d) Ðåøàÿ àíàëîãè÷íî ïðèìåðó a), ïîëó÷èì x = 3.
e) Èñïîëüçóÿ óòâåðæäåíèå A1 (èððàöèîíàëüíûå óðàâíåíèÿ), ïîëó÷èì

√
log2(2x

2) log4(16x) = log4 x3 ⇔
{

log2(2x
2) log4(16x) = (log4 x3)

2
,

log4 x3 ≥ 0,
⇔

⇔

 (log2 2 + log2 x2)(log4 16 + log4 x) =
(

3
2
log2 x

)2
,

x ≥ 1,
⇔

⇔
{

(1 + 2 log2 x)(2 + 1
2
log2 x) = 9

4
log2

2 x,
x ≥ 1,

⇔
{

5
4
log2

2 x− 9
2
log2 x− 2 = 0,

x ≥ 1,
⇔

⇔


t = log2 x,
5t2 − 18t− 8 = 0,
x ≥ 1,

⇔


t = log2 x,[

t1 = −2
5
,

t2 = 4,
x ≥ 1,

⇔


[

log2 x = −2
5
,

log2 x = 4,
x ≥ 1,

⇔

⇔


[

x = 1
5√2

,

x = 16,
x ≥ 1,

⇔ x = 16.

f) Èñïîëüçóÿ ñâîéñòâà P2, P3 è ñâîéñòâà ìîäóëÿ (ñì., íàïðèìåð, [2]), ïîëó÷èì

| log2(3x− 1)− log2 3| = | log2(5− 2x)− 1| ⇔ | log2

3x− 1

3
| = | log2

5− 2x

2
| ⇔

⇔
(
log2

3x− 1

3
− log2

5− 2x

x

)
·
(
log2

3x− 1

3
+ log2

5− 2x

2

)
= 0 ⇔
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⇔




log2

(
3x− 1

3
· 2

5− 2x

)
= 0,

log2

(
3x− 1

3
· 5− 2x

2

)
= 0,

1

3
< x <

5

2

⇔



 2(3x− 1) = 3(5− 2x),

(3x− 1)(5− 2x) = 6,
1

3
< x <

5

2

⇔

⇔



 x =
17

12
,

x = 1, x =
11

6
,

1

3
< x <

5

2
,

⇔ x ∈
{
1;

17

12
;
11

6

}
.

g) Íàõîäèì ÎÄÇ óðàâíåíèÿ

x + 1 > 0,
x + 1 6= 1,
x3 − 9x + 8 > 0,
x− 1 > 0,
x− 1 6= 1,

⇔



x > −1,
x 6= 0,
x3 − x− 8x + 8 > 0,
x > 1,
x 6= 2,

⇔


x > 1,
x 6= 2,
(x− 1)(x2 + x− 8) > 0,

⇔

⇔


x > 1,
x 6= 2,
x2 + x− 8 > 0,

⇔



x > 1,
x 6= 2, x <

−1−
√

33

2
,

x >
−1 +

√
33

2
,

⇔ x >

√
33− 1

2
.

Èñïîëüçóÿ ñâîéñòâî P5, ïîëó÷èì (â ÎÄÇ)

logx+1(x− 1)(x2 + x− 8) · 1

logx+1(x− 1)
= 3

èëè
logx+1(x− 1)(x2 + x− 8) = logx+1(x− 1)3,

îòêóäà ñëåäóåò óðàâíåíèå

(x− 1)(x2 + x− 8) = (x− 1)3,[
x = 1,
x2 + x− 8 = x2 − 2x + 1,

îòêóäà x1 = 1, x2 = 3.

Ïîñêîëüêó x = 1 íå óäîâëåòâîðÿåò ÎÄÇ, à 3 >

√
33− 1

2
, îñòàåòñÿ ëèøü x = 3.

h) Ïîñêîëüêó ôóíêöèÿ f(x) = 6x − x2 − 5 äîñòèãàåò ñâîåãî ìàêñèìóìà 4 ïðè x = 3,
ñëåäóåò, ÷òî

log2(6x− x2 − 5) ≤ 2.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ x2 − 6x + 11 = x2 − 6x + 9 + 2 = (x − 3)2 + 2 è, ñëåäîâàòåëüíî,
2 - ýòî íàèìåíüøåå åå çíà÷åíèå (äîñòèãàåòñÿ ïðè x = 3). Òàêèì îáðàçîì, óðàâíåíèå èìååò
ðåøåíèå ëèøü â ñëó÷àå, åñëè îäíîâðåìåííî log2(6x − x2 − 5) = 2 è x2 − 6x + 11 = 2, òî
åñòü, åñëè x = 3.
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Ëîãàðèôìè÷åñêèå íåðàâåíñòâà

Íåðàâåíñòâî, ñîäåðæàùåå íåèçâåñòíîå ïîä çíàêîì ëîãàðèôìà èëè (è) â åãî îñíîâàíèè
íàçûâàåòñÿ ëîãàðèôìè÷åñêèì íåðàâåíñòâîì.

Â ïðîöåññå ðåøåíèÿ ëîãàðèôìè÷åñêèõ íåðàâåíñòâ ÷àñòî èñïîëüçóþòñÿ ñëåäóþùèå
óòâåðæäåíèÿ îòíîñèòåëüíî ðàâíîñèëüíîñòè íåðàâåíñòâ è ó÷èòûâàþòñÿ ñâîéñòâà ìîíîòîí-
íîñòè ëîãàðèôìè÷åñêîé ôóíêöèè.

Óòâåðæäåíèå 1. Åñëè a > 1, òî íåðàâåíñòâî loga f(x) > loga g(x) ðàâíîñèëüíî ñèñòåìå

íåðàâåíñòâ

{
f(x) > g(x),
g(x) > 0.

Óòâåðæäåíèå 2. Åñëè 0 < a < 1, òî íåðàâåíñòâî loga f(x) > loga g(x) ðàâíîñèëüíî

ñèñòåìå íåðàâåíñòâ

{
f(x) < g(x),
f(x) > 0.

Óòâåðæäåíèå 3. Íåðàâåíñòâî logh(x) f(x) > logh(x) g(x) ðàâíîñèëüíî ñîâîêóïíîñòè ñè-
ñòåì íåðàâåíñòâ 

{
h(x) > 1,
f(x) > g(x) > 0,{
0 < h(x) < 1,
0 < f(x) < g(x).

Ïîä÷åðêíåì, ÷òî â íåðàâåíñòâå loga f(x) > loga g(x) âìåñòî çíàêà > ìîæåò ôèãóðèðî-
âàòü ëþáîé èç çíàêîâ ≥, <, ≤. Â ýòîì ñëó÷àå óòâåðæäåíèÿ 1-3 ñîîòâåòñòâåííî ïðåîáðà-
çóþòñÿ.

Ïðèìåð 1. Ðåøèòü íåðàâåíñòâà

a) log3(x
2 − x) ≥ log3(x + 8); d) log x+2

x−3
(5− x) > log x+2

x−3
(4− x);

b) log0,2(5− x) > log0,2

2

x− 2
; e) log2x(x

2 − 5x + 6) < 1.

c) log2(log 1
3
(log8 x)) > 0;

Ðåøåíèå. a) Èñïîëüçóÿ óòâåðæäåíèå 1, ïîëó÷èì

log3(x
2 − x) ≥ log3(x + 8) ⇔

{
x2 − x ≥ x + 8,
x + 8 > 0,

⇔
{

x2 − 2x− 8 ≥ 0,
x > −8

⇔

⇔


[

x ≤ −2,
x ≥ 4,

x > −8,
⇔ x ∈ (−8;−2] ∪ [4; +∞).

b) Îñíîâàíèå ëîãàðèôìà ÷èñëî ìåæäó íóëåì è åäèíèöåé, ïîýòîìó, èñïîëüçóÿ óòâåð-
æäåíèå 2, ïîëó÷èì

log0,2(5− x) > log0,2

2

x− 2
⇔

 5− x <
2

x− 2
,

5− x > 0,
⇔

⇔


(5− x)(x− 2)− 2

x− 2
< 0,

x < 5,
⇔


7x− x2 − 12

x− 2
< 0,

x < 5,
⇔
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⇔


−(x− 3)(x− 4)

x− 2
< 0,

x < 5,
⇔


[

2 < x < 3,
x > 4,

x < 5,
⇔

[
2 < x < 3,
4 < x < 5,

⇔ x ∈ (2; 3) ∪ (4; 5).

c) Çàïèøåì 0 = log2 1 è, èñïîëüçóÿ óòâåðæäåíèå 1, ïîëó÷èì

log2(log 1
3
(log8 x)) > log2 1 ⇔ log 1

3
(log8 x) > 1.

Çàïèøåì 1 = log 1
3

1

3
è, èñïîëüçóÿ óòâåðæäåíèå 2, ïîëó÷èì

log 1
3
(log8 x) > log 1

3

1

3
⇔

 log8 x <
1

3
,

log8 x > 0,
⇔
{

0 < x < 8
1
3 ,

x > 1,
⇔ 1 < x < 2.

d) Èñïîëüçóÿ óòâåðæäåíèå 3, ïîëó÷èì

log x+2
x−3

(5− x) > log x+2
x−3

(4− x) ⇔




x + 2

x− 3
> 1,

5− x > 4− x > 0, 0 <
x + 2

x− 3
< 1,

0 < 5− x < 4− x,

⇔

⇔
[

x ∈ (3; 4),
x ∈ ∅, ⇔ x ∈ (3; 4).

Ðåøåíèå ïåðâîé ñèñòåìû ñîâîêóïíîñòè:
x + 2

x− 3
> 1,

5− x > 4− x,
4− x > 0,

⇔


x + 2

x− 3
− 1 > 0,

5 > 4,
x < 4,

⇔


5

x− 3
> 0,

x ∈ R,
x < 4,

⇔ 3 < x < 4.

Ðåøåíèå âòîðîé ñèñòåìû ñîâîêóïíîñòè:

0 <
x + 2

x− 3
,

x + 2

x− 3
< 1,

0 < 5− x,
5− x < 4− x,

⇔



[
x < −2,
x > 3,
5

x− 3
< 0,

x < 5,
5 < 4,

⇔



[
x < −2,
x > 3,

x < 3,
x < 5,
x ∈ ∅,

⇔ x ∈ ∅.

e) Çàïèøåì 1 = log2x 2x è èñïîëüçóåì óòâåðæäåíèå 3 (ó÷èòûâàÿ, ÷òî çíàê > çàìåíåí
íà çíàê <).

log2x(x
2 − 5x + 6) < log2x 2x ⇔




2x > 1,
x2 − 5x + 6 < 2x,
x2 − 5x + 6 > 0,
0 < 2x < 1,
x2 − 5x + 6 > 2x,
2x > 0,

⇔
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⇔
[

x ∈ (1; 2) ∪ (3; 6),
x ∈ (0; 1

2
),

⇔ x ∈ (0;
1

2
) ∪ (1; 2) ∪ (3; 6).

Ðåøåíèå ïåðâîé ñèñòåìû ñîâîêóïíîñòè:
x >

1

2
,

x2 − 7x + 6 < 0,[
x < 2,
x > 3,

⇔


x >

1

2
,

1 < x < 6,[
x < 2,
x > 3,

⇔ x ∈ (1; 2) ∪ (3; 6).

Ðåøåíèå âòîðîé ñèñòåìû ñîâîêóïíîñòè:

 0 < x <
1

2
,

x2 − 7x + 6 > 0,
⇔


0 < x <

1

2
,[

x < 1,
x > 6,

⇔ x ∈ (0;
1

2
).

Íåðàâåíñòâà âèäà F (loga x) > 0 ñâîäÿòñÿ ïîäñòàíîâêîé t = loga x ê àëãåáðàè÷åñêîìó
íåðàâåíñòâó F (t) > 0.

Ïðèìåð 2. Ðåøèòü íåðàâåíñòâà

a) log2
1
2
x + log 1

2
x− 2 ≥ 0;

b)
1

5− lg x
+

2

1 + lg x
< 1.

Ðåøåíèå. a) Îáîçíà÷èâ t = log 1
2
x, ïîëó÷èì êâàäðàòíîå íåðàâåíñòâî t2 + t − 2 ≥ 0,

îòêóäà t ≤ −2 èëè t ≥ 1. Òàêèì îáðàçîì,

[
log 1

2
x ≤ −2,

log 1
2
x ≥ 1,

⇔

 x ≥
(

1

2

)−2

,

0 < x ≤
(

1

2

)1

,
⇔

 x ≥ 4,

0 < x ≤ 1

2
,
⇔ x ∈ (0;

1

2
] ∪ [4; +∞).

b) Îáîçíà÷èâ t = lg x, ïîëó÷èì ðàöèîíàëüíîå íåðàâåíñòâî

1

5− t
+

2

1 + t
< 1.

Èñïîëüçóÿ ìåòîä èíòåðâàëîâ (ñì., íàïðèìåð, [1]-[2]), ïîëó÷èì

1

5− t
+

2

1 + t
< 1 ⇔ 1 + t + 2(5− t)− (5− t)(1 + t)

(5− t)(1 + t)
< 0 ⇔

⇔ t2 − 5t + 6

(5− t)(1 + t)
< 0 ⇔ (t− 2)(t− 3)

(5− t)(t + 1)
< 0 ⇔

 t < −1,
2 < t < 3,
t > 5.
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Ñëåäîâàòåëüíî,


lg x < −1,
2 < lg x < 3,
lg x > 5,

⇔


0 < x <

1

10
,

100 < x < 1000,
x > 105,

⇔ x ∈ (0;
1

10
) ∪ (100; 1000) ∪ (105; +∞).

Â ñëó÷àå ëîãàðèôìè÷åñêèõ íåðàâåíñòâ, êîòîðûå íå èìåþò âèä íåðàâåíñòâ, âõîäÿùèõ â
óòâåðæäåíèÿ 1-3, îïðåäåëÿåòñÿ ÎÄÇ è ñ ïîìîùüþ ðàâíîñèëüíûõ ïðåîáðàçîâàíèé èñõîäíûå
íåðàâåíñòâà ñâîäÿòñÿ ê íåðàâåíñòâàì, êîòîðûå ðåøàþòñÿ ñ ïîìîùüþ óòâåðæäåíèé 1-3.

Ïðèìåð 3. Ðåøèòü íåðàâåíñòâà

a) lg(x− 2) + lg(x− 5) < lg 4; c)
log2(

√
4x + 5− 1)

log2(
√

4x + 5 + 11)
>

1

2
;

b) log9x 3x + log3x2 9x2 ≤ 5

2
; d)

1

log2(x− 1)
<

1

log2

√
x + 1

.

Ðåøåíèå. a) ÎÄÇ íåðàâåíñòâà - ìíîæåñòâî (5; +∞). Èñïîëüçóÿ ñâîéñòâî P2, ïîëó÷èì
íåðàâåíñòâî

lg(x− 2)(x− 5) < lg 4.

Èñïîëüçóÿ óòâåðæäåíèå 1, ïîëó÷èì{
(x− 2)(x− 5) < 4,
(x− 2)(x− 5) > 0.

Ðåøàåì ñèñòåìó
x2 − 7x + 6 < 0,[

x < 2,
x > 5,

⇔


1 < x < 6,[

x < 2,
x > 5,

⇔ x ∈ (1; 2) ∪ (5; 6)

è, ó÷èòûâàÿ ÎÄÇ, ïîëó÷èì x ∈ (5; 6).
b) Îïðåäåëèì ÎÄÇ íåðàâåíñòâà

3x > 0,
9x > 0,
9x 6= 1,
3x2 > 0,
3x2 6= 1,
9x2 > 0,

⇔


x > 0,

x 6= 1

9
,

x 6= ± 1√
3
,

⇔ x ∈ (0;
1

9
) ∪ (

1

9
;

1√
3
) ∪ (

1√
3
; +∞).

Ïðèâåäÿ âñå ëîãàðèôìû ê îñíîâàíèþ 3, ïîëó÷èì

log3 3x

log3 9x
+

log3 9x2

log3 3x2
≤ 5

2
.

Èñïîëüçóÿ ñâîéñòâî P2, ïîëó÷èì

1 + log3 x

2 + log3 x
+

2 + 2 log3 x

1 + 2 log3 x
≤ 5

2
.
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Îáîçíà÷èâ log3 x = t, ðåøèì ïîëó÷åííîå íåðàâåíñòâî ìåòîäîì èíòåðâàëîâ

1 + t

2 + t
+

2 + 2t

1 + 2t
− 5

2
≤ 0 ⇔ 2(1 + t)(1 + 2t) + 2(2 + 2t)(2 + t)− 5(2 + t)(1 + 2t)

2(2 + t)(1 + 2t)
≤ 0 ⇔

⇔ −2t2 − 7t

(2 + t)(1 + 2t)
≤ 0 ⇔ −t(2t + 7)

(2 + t)(1 + 2t)
≤ 0 ⇔ t ∈ (−∞;−7

2
] ∪ (−2;−1

2
) ∪ [0; +∞).

Ñëåäîâàòåëüíî, 
log3 x ≤ −7

2
,

−2 < log3 x < −1

2
,

log3 x ≥ 0,

⇔


0 < x ≤ 1√

37
,

1

9
< x <

1√
3
,

x ≥ 1,

îòêóäà, ó÷èòûâàÿ ÎÄÇ, ïîëó÷èì ìíîæåñòâî ðåøåíèé èñõîäíîãî íåðàâåíñòâà:

x ∈ (0;
1

27
√

3
] ∪ (

1

9
;

1√
3
) ∪ [1; +∞).

c) Îïðåäåëèì ÎÄÇ íåðàâåíñòâà
√

4x + 5− 1 > 0,√
4x + 5 + 11 > 0,√
4x + 5 + 11 6= 1,

⇔
{

x > −1,
x ≥ −5

4
,
⇔ x > −1.

Ïîñêîëüêó log2(
√

4x + 5 + 11) = log2(1 + (
√

4x + 5 + 10)) > log2 1 = 0, íåðàâåíñòâî
ðàâíîñèëüíî ñëåäóþùåìó:

2 log2(
√

4x + 5− 1) > log2(
√

4x + 5 + 11),

îòêóäà ñëåäóåò
(
√

4x + 5− 1)2 >
√

4x + 5 + 11.

Îáîçíà÷èâ t =
√

4x + 5, t ≥ 0, ïîëó÷èì êâàäðàòíîå íåðàâåíñòâî

(t− 1)2 > t + 11

èëè
t2 − 3t− 10 > 0,

îòêóäà t < −2 èëè t > 5. Ïîñêîëüêó t ≥ 0, îñòàåòñÿ t > 5 èëè
√

4x + 5 > 5 ⇔ x > 5.
Ó÷èòûâàÿ ÎÄÇ, ïîëó÷èì îòâåò: x ∈ (5; +∞).
d) ÎÄÇ íåðàâåíñòâà åñòü ìíîæåñòâî (1; 2) ∪ (2; +∞)). Èñïîëüçóÿ îáîáùåííûé ìåòîä

èíòåðâàëîâ, ïîëó÷èì

1

log2(x− 1)
<

1

log2

√
x + 1

⇔ log2

√
x + 1− log2(x− 1)

log2(x− 1) log2

√
x + 1

< 0 ⇔

⇔
log2

√
x+1

x−1

log2(x− 1) log2

√
x + 1

< 0 ⇔ log2

√
x + 1

x− 1
· log2(x− 1) log2

√
x + 1 < 0.
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Òàê êàê â ÎÄÇ log2(x − 1) > 0 ïðè x > 2 è log2(x − 1) < 0 ïðè 1 < x < 2, ñëåäó-

åò, ÷òî log2

√
x + 1 > 0 äëÿ ëþáîãî x èç ÎÄÇ, log2

√
x + 1

x− 1
> 0 ïðè x ∈ (1; 2) ∪ (2; 3) è

log2

√
x + 1

x− 1
< 0 ïðè x > 3, çíà÷èò,

1

1

1

1

e
e
e
e

2

2

2

2

3

3

− + −

−+ +

+ +

+−

log2(x− 1) log2

√
x + 1 log2

√
x + 1

x− 1

log2

x + 1

x− 1

log2

√
x + 1

log2(x− 1)

ïîëó÷èì x ∈ (1; 2) ∪ (3; +∞).
Äëÿ óêðåïëåíèÿ íàâûêîâ ðåøåíèÿ ëîãàðèôìè÷åñêèõ óðàâíåíèé è íåðàâåíñòâ ðåêîìåí-

äóåì ÷èòàòåëþ, íàïðèìåð, çàäà÷íèêè [3]-[5].
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