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Ïîêàçàòåëüíûå óðàâíåíèÿ

Óðàâíåíèå, êîòîðîå ñîäåðæèò íåèçâåñòíîå â ïîêàçàòåëå ñòåïåíè, íàçûâàåòñÿ ïîêàçà-
òåëüíûì óðàâíåíèåì.

Ñàìîå ïðîñòîå ïîêàçàòåëüíîå óðàâíåíèå èìååò âèä

ax = b, (1)

ãäå a > 0, a 6= 1.
Óòâåðæäåíèå 1. Óðàâíåíèå (1) èìååò åäèíñòâåííîå ðåøåíèå x = loga b ïðè b > 0 è

íå èìååò ðåøåíèé ïðè b ≤ 0.
Ïðèìåð 1. Ðåøèòü óðàâíåíèÿ:

a) 2x = −4, b) 2x = 4, c) 2x = 5.

Ðåøåíèå. a) Ìíîæåñòâî ðåøåíèé äàííîãî óðàâíåíèÿ ïóñòî, òàê êàê ëåâàÿ ÷àñòü
óðàâíåíèÿ ïîëîæèòåëüíà ïðè ëþáîì x ∈ R (ñì. ñâîéñòâà ïîêàçàòåëüíîé ôóíêöèè), à
ïðàâàÿ ÷àñòü åñòü îòðèöàòåëüíîå ÷èñëî.

b) Èñïîëüçóÿ óòâåðæäåíèå 1 ïîëó÷èì x = log2 4, òî åñòü x = 2.
c) Àíàëîãè÷íî ïðåäûäóùåìó ïðèìåðó ïîëó÷èì x = log2 5.
Çàìå÷àíèå. Èç óòâåðæäåíèÿ 1 ñëåäóåò ÷òî ïîêàçàòåëüíîå óðàâíåíèå âèäà

af(x) = b, (2)

ãäå a > 0, a 6= 1 è b > 0 ðàâíîñèëüíî óðàâíåíèþ

f(x) = loga b

Ïðèìåð 2. Ðåøèòü óðàâíåíèÿ

a) 2sinx =
1√
2
, b) 3|x

2−x| = 9, c) (
√

5)2+4+6+...+2x = 545, x ∈ N.

Ðåøåíèå. a) Ñîãëàñíî çàìå÷àíèþ ê óòâåðæäåíèþ 1

sinx = log2
1√
2
.

Òàê êàê log2
1√
2

= log2
1

2
1
2

= log2 2−
1
2 = −1

2
log2 2 = −1

2
, ñëåäîâàòåëüíî sinx = −1

2
,

îòêóäà x = (−1)n+1π

6
+ πn, n ∈ Z.

b) Ïîñêîëüêó log3 9 = 2, äàííîå óðàâíåíèå ðàâíîñèëüíî ñëåäóþùåìó óðàâíåíèþ

|x2 − x| = 2.

Èñïîëüçóÿ ñâîéñòâà ìîäóëÿ (ñì., íàïðèìåð, [1]) ïîëó÷èì

|x2 − x| = 2⇔
[
x2 − x = 2,
x2 − x = −2, ⇔

[
x2 − x− 2 = 0,
x2 − x+ 2 = 0, ⇔

[
x = −1,
x = 2.
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c) Ëîãàðèôìèðóÿ ïî îñíîâàíèþ 5 (îáå ÷àñòè óðàâíåíèÿ ïîëîæèòåëüíû), ïîëó÷èì

1
2

(2 + 4 + 6 + . . .+ 2x) = 45 èëè 1 + 2 + . . .+ x = 45.

Èñïîëüçóÿ ôîðìóëó ñóììû ïåðâûõ n ÷ëåíîâ àðèôìåòè÷åñêîé ïðîãðåññèè ïîëó÷èì óðàâ-
íåíèå

1 + x

2
x = 45,

èëè
x2 + x− 90 = 0

êîðíè êîòîðîãî x1 = −10 è x2 = 9. Ïîñêîëüêó x ∈ N, îñòàåòñÿ x = 9.
Ïðè ðåøåíèè ïîêàçàòåëüíûõ óðàâíåíèé èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå î ðàâ-

íîñèëüíîñòè óðàâíåíèé (ñì., íàïðèìåð, [2]).
Óòâåðæäåíèå 2. Ïðè a > 0, a 6= 1, óðàâíåíèÿ

af(x) = ag(x) (3)

è
f(x) = g(x)

ðàâíîñèëüíû.
Çàìå÷àíèå. Óðàâíåíèå âèäà

af(x) = bg(x) (a > 0, a 6= 1, b > 0)

ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì

af(x) = ag(x) loga b

è ðåøèòü, èñïîëüçóÿ óòâåðæäåíèå 2.
Íåêîòîðûå ïîêàçàòåëüíûå óðàâíåíèÿ ñâîäÿòñÿ ê óðàâíåíèÿì âèäà (1)-(3) ñ ïîìîùüþ

ðàâåíñòâ

E1) ax · ay = ax+y, E2)
ax

ay
= ax−y, E3) (ax)y = ax·y, E4)

ax

bx
=
(
a

b

)x
, E5) ax · bx = (ab)x.

Ïðèìåð 3. Ðåøèòü óðàâíåíèÿ

a)
32x+1 · 9x+2

27x
= 243, b)

3x

2x
·
(4

9

)x2−12

=
(3

2

)9

, c) 43x+1 · 625
x
2 = 6400, d) 32x−1 = 7x+1.

Ðåøåíèå. a) Èñïîëüçóÿ ðàâåíñòâà E1− E3, è óòâåðæäåíèå 2 ïîëó÷èì

32x+1 · 9x+2

27x
= 243 ⇔ 32x+1 · 32(x+2)

33x = 35 ⇔ 32x+1+2(x+2)

33x = 35 ⇔

⇔ 32x+1+2(x+2)−3x = 35 ⇔ 2x+ 1 + 2x+ 4− 3x = 5 ⇔ x = 0.
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b) Òàê êàê a

b
=
(
b

a

)−1

(ab 6= 0), òî
(4

9

)x2−12

=
(3

2

)−2(x2−12)

. Èñïîëüçóÿ ñâîéñòâà E4,
E3 è E1, ïîëó÷èì

3x

2x
·
(4

9

)x2−12

=
(3

2

)9

⇔
(3

2

)x
·
(3

2

)−2(x2−12)

=
(3

2

)9

⇔
(3

2

)x−2(x2−12)

=
(3

2

)9

,

îòêóäà, ñîãëàñíî óòâåðæäåíèþ 2, ïîëó÷èì êâàäðàòíîå óðàâíåíèå

2x2 − x− 15 = 0

êîðíè êîòîðîãî x = 3 è x = −5
2
.

c) Òàê êàê 43x+1 = 41 ·43x = 4 ·(43)x = 4 ·64x, 625
x
2 = (625

1
2 )x = 25x, òî óðàâíåíèå ïðèìåò

âèä
4 · 64x · 25x = 6400

èëè
64x · 25x = 1600.

Èñïîëüçóÿ ñâîéñòâî E5 è óòâåðæäåíèå 2 ïîëó÷èì 1600x = 1600, îòêóäà x = 1.
d) Èñïîëüçóÿ çàìå÷àíèå ê óòâåðæäåíèþ 2, ïîëó÷èì

32x−1 = 3log3 7(x+1)
,

îòêóäà
2x− 1 = x log3 7 + log3 7

èëè
x(2− log3 7) = log3 7 + 1.

Ðåøàÿ äàííîå ëèíåéíîå óðàâíåíèå ïîëó÷èì x =
1 + log3 7
2− log3 7

.

Ïîêàçàòåëüíûå óðàâíåíèÿ âèäà

F (af(x)) = 0, (4)

ïîñðåäñòâîì ïîäñòàíîâêè t = af(x) ñâîäÿòñÿ ê óðàâíåíèÿì âèäà

F (t) = 0,

êîòîðûå, êàê ïðàâèëî, ðåøàþòñÿ ïðîùå. Íàèáîëåå ÷àñòî âñòðå÷àþòñÿ óðàâíåíèÿ âèäà

A · a2f(x) +B · af(x) + C = 0,
A · af(x) + C · a−f(x) +B = 0

(5)

(A, B è C ∈ R), êîòîðûå ñ ïîìîùüþ ïîäñòàíîâêè t = af(x) ñâîäÿòñÿ ê óðàâíåíèþ

At2 +Bt+ C = 0.
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Ïðèìåð 4. Ðåøèòü óðàâíåíèÿ

a) 2x + 3 · 2x−4 = 76, b) 3−x + 9 · 3x + 9x+1 + 9−x−1 = 8, c) 4x
2 − 2x

2 − 2 = 0,

d) 21+x − 23−x = 15, e) 4
√
x2−2x+1 + 2 = 9 · 2

√
x2−2x.

Ðåøåíèå. a) 2x+ 3 ·2x−4 = 76 ⇔ 2x+ 3 · 2
x

24 = 76. Îáîçíà÷àÿ t = 2x ïîëó÷èì ëèíåéíîå
óðàâíåíèå

16t+ 3t = 76 · 16,

îòêóäà t = 64. Òàêèì îáðàçîì 2x = 64 è x = 6.
b) Ïåðåïèøåì óðàâíåíèå â âèäå

1
3x

+ 9 · 3x + 9 · 9x +
1

9 · 9x
= 8.

Îáîçíà÷àÿ t = 3x (òîãäà 9x = t2) ïîëó÷èì àëãåáðàè÷åñêîå óðàâíåíèå

1
t

+ 9t+ 9t2 +
1

9t2
= 8,

êîòîðîå (ñì., íàïðèìåð, [1]) ïîäñòàíîâêîé

z =
1
t

+ 9t

(9t2 +
1

9t2
=

1
9
·
(

81t2 +
1
t2

)
=

1
9

[(1
t

+ 9t
)2

− 18
]

=
1
9
z2 − 2) ñâîäèòñÿ ê êâàäðàòíîìó

óðàâíåíèþ
z +

1
9
z2 − 2 = 8

èëè
z2 + 9z − 90 = 0,

îòêóäà z1 = −15, z2 = 6. Ïîñêîëüêó t > 0, z1 = −15 íå óäîâëåòâîðÿåò óñëîâèþ è îñòàåòñÿ

1
t

+ 9t = 6,

îòêóäà
9t2 − 6t+ 1 = 0

ñëåäîâàòåëüíî t =
1
3
. Òàêèì îáðàçîì 3x =

1
3
, îòêóäà x = −1.

c) Îáîçíà÷èì t = 2x2 , òîãäà 4x2 = (22)x2 =
(
2x2
)2

= t2. Â ðåçóëüòàòå ïîëó÷èì
êâàäðàòíîå óðàâíåíèå

t2 − t− 2 = 0,

êîðíè êîòîðîãî t1 = −1 è t2 = 2. Ïîñêîëüêó t > 0 (âîîáùå ãîâîðÿ, èç óñëîâèÿ x2 ≥ 0
ñëåäóåò, ÷òî t = 2x2 ≥ 1), îñòàåòñÿ ëèøü t = 2. Âîçâðàùàÿñü ê ïåðåìåííîé x ïîëó÷èì
óðàâíåíèå

2x
2

= 2
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îòêóäà x2 = 1 è ñëåäîâàòåëüíî x = ±1.
d) Òàê êàê 21+x = 2 · 2x, 23−x =

23

2x
, òî ïîñëå ïîäñòàíîâêè t = 2x, óðàâíåíèå ïðèìåò âèä

2t− 8
t

= 15.

Óìíîæèâ îáå ÷àñòè óðàâíåíèÿ íà t (t > 0), ïîëó÷èì êâàäðàòíîå óðàâíåíèå

2t2 − 15t− 8 = 0,

êîðíè êîòîðîãî t1 = −1
2
è t2 = 8. Ïîñêîëüêó t1 < 0, îñòàåòñÿ

2x = 8,

îòêóäà x = 3.
e) Îáîçíà÷èâ t = 2

√
x2−2x (ïðè x ∈ (−∞, 0]∪ [2,+∞), x2−2x ≥ 0 è ñëåäîâàòåëüíî t ≥ 1),

ïîëó÷èì óðàâíåíèå
4t2 − 9t+ 2 = 0,

êîðíè êîòîðîãî t1 =
1
4
è t2 = 2. Ïîñêîëüêó t1 < 1, îñòàåòñÿ ðåøèòü óðàâíåíèå

2
√
x2−2x = 2,

ðàâíîñèëüíîå óðàâíåíèþ √
x2 − 2x = 1.

Âîçâîäÿ â êâàäðàò (îáå ÷àñòè óðàâíåíèÿ íåîòðèöàòåëüíû ïðè x ∈ (−∞; 0] ∪ [2; +∞))
ïîëó÷èì ðàâíîñèëüíîå óðàâíåíèå

x2 − 2x = 1,

êîðíè êîòîðîãî x = 1±
√

2.

Óðàâíåíèå âèäà
A · a2f(x) +B · af(x)bf(x) + C · b2f(x) = 0,

(A, B, C ∈ R, A·B ·C 6= 0) íàçûâàåòñÿ îäíîðîäíûì ïîêàçàòåëüíûì óðàâíåíèåì. Ðàçäåëèâ
îáå ÷àñòè ýòîãî óðàâíåíèÿ íàïðèìåð íà 1

b2f(x) , ïîëó÷èì êâàäðàòíîå óðàâíåíèå

At2 +Bt+ C = 0,

ãäå t =
(
a

b

)f(x)
.

Ïðèìåð 5. Ðåøèòü óðàâíåíèÿ

a) 64 · 9x − 84 · 12x + 27 · 16x = 0, b) 9 · 22x+2 − 45 · 6x − 32x+4 = 0.

Ðåøåíèå. a) Çàïèñàâ óðàâíåíèå â âèäå

64 · 32x − 84 · 3x · 4x + 27 · 42x = 0
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è ðàçäåëèâ íà 42x, ïîëó÷èì

64 ·
( 9

16

)x
− 84 · 3x · 4x

(4x)2 + 27 = 0

èëè
64 ·

(3
4

)2x

− 84 ·
(3

4

)x
+ 27 = 0.

Îáîçíà÷èâ t =
(3

4

)x
ïîëó÷èì êâàäðàòíîå óðàâíåíèå

64t2 − 84t+ 27 = 0.

Äèñêðèìèíàíò äàííîãî óðàâíåíèÿ ðàâåí ∆ = 842 − 4 · 64 · 27 = 42 · 32 · 72 − 4 · 4 · 16 · 9 · 3 =
= 42 · 32(49− 48) = 122, à çíà÷èò åãî êîðíè èìåþò âèä

t1 =
9
16

è t2 =
3
4
.

Òàêèì îáðàçîì 
(3

4

)x
=

9
16
,(3

4

)x
=

3
4
,

îòêóäà x1 = 2 è x2 = 1.
b) Ïåðåïèøåì óðàâíåíèå â âèäå

36 · 22x − 45 · 2x · 3x − 81 · 32x = 0.

Ðàçäåëèâ åãî íà 9 · 32x, ïîëó÷èì

4 ·
(2

3

)2x

− 5 ·
(2

3

)x
− 9 = 0.

Îáîçíà÷àÿ t =
(2

3

)x
ïîëó÷èì êâàäðàòíîå óðàâíåíèå

4t2 − 5t− 9 = 0,

ðåøåíèÿ êîòîðîãî t = −1, t =
9
4
. Òàê êàê t > 0, îñòàåòñÿ

(2
3

)x
=

9
4
, îòêóäà x = −2.

Ïðè ðåøåíèè íåêîòîðûõ ïîêàçàòåëüíûõ óðàâíåíèé ïîëåçíî âûäåëèòü îáùèé ìíîæè-
òåëü.

Ïðèìåð 6. Ðåøèòü óðàâíåíèÿ

a) 2x+1 − 2x + 2x−2 − 2x−3 = 9,
b) 2x+1 − 2x+2 − 2x+3 = 5x − 5x+1,
c) x2 · 2x+1 + 2|x−3|+2 = x2 · 2|x−3|+4 + 2x−1.

Ðåøåíèå. a) Ïåðåïèøåì óðàâíåíèå â âèäå

2x · 2− 2x +
2x

4
− 2x

8
= 9
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èëè
2x
(

2− 1 +
1
4
− 1

8

)
= 9

îòêóäà
2x · 9

8
= 9,

ñëåäîâàòåëüíî 2x = 8 èëè x = 3.
b) Àíàëîãè÷íî ïðèìåðó 6à, ïîëó÷èì

2x+1 − 2x+2 − 2x+3 = 5x − 5x+1 ⇔ 2x · 2− 2x · 4− 2x · 8 = 5x − 5x · 5 ⇔

2x(2− 4− 8) = 5x(1− 5) ⇔ 2x(−10) = 5x(−4) ⇔ 2x

5x
· (−10) = −4 ⇔

(2
5

)x
=

4
10
⇔

(2
5

)x
=
(2

5

)1

⇔ x = 1.

c) Çàïèøåì óðàâíåíèå â âèäå

(x2 · 2x+1 − 2x−1) + (2|x−3|+2 − x2 · 2|x−3|+4) = 0

èëè
2x−1(4x2 − 1) + 2|x−3|+2(1− 4x2) = 0,

îòêóäà ñëåäóåò
(4x2 − 1) · (2x−1 − 2|x−3|+2) = 0.

Ïîñëåäíåå óðàâíåíèå ðàâíîñèëüíî ñîâîêóïíîñòè[
4x2 − 1 = 0,
2x−1 = 2|x−3|+2.

Èç ïåðâîãî óðàâíåíèÿ ñîâîêóïíîñòè íàõîäèì x1 = −1
2
, x2 =

1
2
. Âòîðîå ðåøàåì èñïîëü-

çóÿ ñâîéñòâà ìîäóëÿ

2x−1 = 2|x−3|+2 ⇔ x− 1 = |x− 3|+ 2 ⇔ x− 3 = |x− 3| ⇔ x− 3 ≥ 0 ⇔ x ≥ 3.

Òàêèì îáðàçîì ìíîæåñòâî ðåøåíèé èñõîäíîãî óðàâíåíèÿ èìååò âèä

x ∈
{
±1

2

}
∪ [3,+∞).

Íåêîòîðûå ïîêàçàòåëüíûå óðàâíåíèÿ ðåøàþòñÿ îñîáûìè ìåòîäàìè.
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Ïðèìåð 7. Ðåøèòü óðàâíåíèÿ

a) (4 +
√

15)2 + (4−
√

15)x = 62,

b) 5x−2 = 8− x,
c) 3x + 4x = 5x,

d) 4x + (x− 1) · 2x = 6− 2x,

e) x2 + x+ 2 = 2 · 2x − 4x,

f) 4
√

2
3+2x−x2

=
x2 + 1
x

,

g) (2x+ 1) · 3x2+x+3 = 27,

h) 5x · x
√

8x−1 = 500,

i) 5x · 8
x−1
x = 500.

Ðåøåíèå. a) Çàìåòèì, ÷òî (4 +
√

15)x · (4 −
√

15)x = 1x = 1. Èñïîëüçóÿ ïîäñòàíîâêó
t = (4 +

√
15)x (òîãäà (4−

√
15)x =

1
t
) ïîëó÷èì êâàäðàòíîå óðàâíåíèå

t+
1
t

= 62

èëè
t2 − 62t+ 1 = 0,

êîðíè êîòîðîãî t1 = 31 − 8
√

15 è t2 = 31 + 8
√

15. Ïîñêîëüêó 31 ± 8
√

15 = (4 ±
√

15)2,
ïîëó÷èì ñîâîêóïíîñòü [

(4 +
√

15)x = (4 +
√

15)2,

(4 +
√

15)x = (4−
√

15)2,

îòêóäà (ó÷èòûâàÿ, ÷òî (4−
√

15)2 = (4 +
√

15)−2) x1 = 2 è x2 = −2.
b) Çàìåòèì, ÷òî x = 3 ÿâëÿåòñÿ ðåøåíèåì äàííîãî óðàâíåíèÿ. Äðóãèõ êîðíåé óðàâíå-

íèå íå èìååò. Äåéñòâèòåëüíî, ëåâàÿ ÷àñòü óðàâíåíèÿ ïðåäñòàâëÿåò ñòðîãî âîçðàñòàþùóþ
ôóíêöèþ, à ïðàâàÿ - ñòðîãî óáûâàþùóþ ôóíêöèþ. Ãðàôèêè ýòèõ ôóíêöèé ìîãóò èìåòü íå
áîëåå îäíîé òî÷êè ïåðåñå÷åíèÿ. Ñëåäîâàòåëüíî x = 3 - åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ.

c) Çàìåòèì, ÷òî x = 2 - êîðåíü äàííîãî óðàâíåíèÿ. Äîêàæåì, ÷òî äðóãèõ ðåøåíèé
óðàâíåíèå íå èìååò. Ïåðåïèøåì óðàâíåíèå â âèäå:(3

5

)x
+
(4

5

)x
= 1

è çàìåòèì, ÷òî ôóíêöèÿ f(x) =
(3

5

)x
+
(4

5

)x
, êàê ñóììà äâóõ ñòðîãî óáûâàþùèõ ôóíêöèé,

åñòü ñòðîãî óáûâàþùàÿ ôóíêöèÿ è, ñëåäîâàòåëüíî, êàæäîå ñâîå çíà÷åíèå ïðèíèìàåò ëèøü
îäèí ðàç.

d) Îáîçíà÷èì t = 2x è ðåøèì êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî t

t2 + (x− 1)t+ 2x− 6 = 0.
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Äèñêðèìèíàíò ýòîãî óðàâíåíèÿ ðàâåí ∆ = (x−1)2−4(2x−6) = x2−10x+25 = (x−5)2,
è çíà÷èò åãî êîðíè èìåþò âèä

t1 =
1− x− x+ 5

2
= 3− x, t2 =

1− x+ x− 5
2

= −2.

Ïîñêîëüêó t = −2 íå óäîâëåòâîðÿåò óñëîâèþ t > 0, îñòàåòñÿ

2x = 3− x

Ðåøàÿ ïîñëåäíåå óðàâíåíèå àíàëîãè÷íî ïðèìåðó b) ïîëó÷èì x = 1.
e) Ïåðåïèøåì óðàâíåíèå â âèäå

x2 + x+ 1 = 2 · 2x − 4x − 1

èëè
x2 + x+ 1 = −(2x − 1)2,

îòêóäà ñëåäóåò, ÷òî óðàâíåíèå íå èìååò ðåøåíèé. Äåéñòâèòåëüíî, ïîñêîëüêó
(
x2 +x+ 1 =

x2 + 2 · 1
2
x +

1
4
− 1

4
+ 1 =

(
x+

1
2

)2

+
3
4

)
ëåâàÿ ÷àñòü óðàâíåíèÿ ïðèíèìàåò çíà÷åíèÿ íå

ìåíüøå 3
4
, à ïðàâàÿ ÷àñòü - ëèøü íåïîëîæèòåëüíûå çíà÷åíèÿ.

f) Çàìåòèì, ÷òî óðàâíåíèå èìååò ðåøåíèå ëèøü ïðè x > 0. Òîãäà ïðàâàÿ ÷àñòü
óðàâíåíèÿ

x2 + 1
x

= x+
1
x
≥ 2,

áîëåå òîãî, ðàâåíñòâî äîñòèãàåòñÿ ëèøü ïðè x = 1. Â òî æå âðåìÿ ëåâàÿ ÷àñòü óðàâíåíèÿ
ïðèíèìàåò ìàêñèìàëüíîå çíà÷åíèå 2 ïðè x = 1. Äåéñòâèòåëüíî,

( 4
√

2)3+2x−x2
= ( 4
√

2)4−1+2x−x2
= ( 4
√

2)4−(1−x)2 ≤ 4
√

2
4

= 2.

Ñëåäîâàòåëüíî, èñõîäíîå óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå x = 1.
g) Çàìåòèì, ÷òî ïðè x ∈

(
−∞,−1

2

]
óðàâíåíèå íå èìååò ðåøåíèé (â ýòîì ñëó÷àå ëåâàÿ

÷àñòü óðàâíåíèÿ îòðèöàòåëüíà). Ïðè x ∈
(
−1

2 ; +∞
)
ëåâàÿ ÷àñòü óðàâíåíèÿ (êàê ïðî-

èçâåäåíèå äâóõ ñòðîãî âîçðàñòàþùèõ ôóíêöèé) åñòü ñòðîãî âîçðàñòàþùàÿ ôóíêöèÿ è,
ñëåäîâàòåëüíî, êàæäîå ñâîå çíà÷åíèå ïðèíèìàåò ëèøü îäèí ðàç. Îñòàåòñÿ çàìåòèòü ÷òî
x = 0 ÿâëÿåòñÿ (åäèíñòâåííûì) êîðüíåì äàííîãî óðàâíåíèÿ.

h) Ìíîæåñòâî äîïóñòèìûõ çíà÷åíèé äàííîãî óðàâíåíèÿ èìååò âèä: {x ∈ N | x > 1}.
Çàïèøåì óðàâíåíèå â âèäå

5x · 8
x−1
x = 500.

Ëîãàðèôìèðóÿ îáå åãî ÷àñòè, íàïðèìåð, ïî îñíîâàíèþ 5, ïîëó÷èì

x+ log5 2
3(x−1)
x = 3 + log5 22

èëè
x+

3(x− 1)
x

log5 2− 3− 2 log5 2 = 0,
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îòêóäà ñëåäóåò êâàäðàòíîå óðàâíåíèå

x2 + x(log5 2− 3)− 3 log5 2 = 0,

êîðíè êîòîðîãî x1 = 3 è x2 = − log5 2. Ïîñêîëüêó x2 íå âõîäèò â ÎÄÇ, òî, èñõîäíîå
óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå x = 3.

i) ÎÄÇ óðàâíåíèÿ åñòü ìíîæåñòâî x ∈ R \ {0}, è (ñì. ïðåäûäóùèé ïðèìåð) åãî êîðíè
x = 3 è x = − log5 2.

Óðàâíåíèÿ âèäà
[h(x)]f(x) = b

(
[h(x)]f(x) = [h(x)]g(x)

)
. (6)

íàçûâàþòñÿ îáîáùåííûìè ïîêàçàòåëüíûìè óðàâíåíèÿìè.
Êàê ïðàâèëî, îáëàñòüþ îïðåäåëåíèÿ ôóíêöèè [h(x)]f(x) ñ÷èòàåòñÿ ìíîæåñòâî âñåõ çíà-

÷åíèé x ∈ D(f) äëÿ êîòîðûõ h(x) > 0, ãäå D(f) îáîçíà÷àåò îáëàñòü îïðåäåëåíèÿ ôóíêöèè
f . Òàêèì îáðàçîì

[h(x)]f(x) = [h(x)]g(x) ⇔




f(x) = g(x),
h(x) > 0,
h(x) 6= 1,{
h(x) = 1,
x ∈ D(f) ∩D(g).

Ïðèìåð 8. Ðåøèòü óðàâíåíèÿ

a) |x− 2|x2+x+1 = (x− 2)2, b) (x2 + x)x
2+2x = 1, c) |x− 1|lg2 x−lg x2

= |x− 1|3.

Ðåøåíèå. a) Ïîñêîëüêó a2 = |a|2, óðàâíåíèå ìîæíî ïåðåïèñàòü â âèäå

|x− 2|x2+x+1 = |x− 2|2.

Ïîñëåäíåå óðàâíåíèå ðàâíîñèëüíî ñîâîêóïíîñòè ñèñòåì


|x− 2| > 0,
|x− 2| 6= 1,
x2 + x+ 1 = 2,{
|x− 2| = 1,
x ∈ ÎÄÇ.

Îòñþäà x = −2, x = 3 è x = 1.
b) Ó÷èòûâàÿ ñîîòíîøåíèå (x2 + x)0 = 1 ïîëó÷èì

(x2 + x)x
2+2x = 1 ⇔ (x2 + x)x

2+2x = (x2 + x)0 ⇔



x2 + x > 0,
x2 + x 6= 1,
x2 + 2x = 0,

x2 + x = 1

⇔


x = −2,
x = 1−

√
5

2 ,

x = 1+
√

5
2 .
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c) ÎÄÇ óðàâíåíèÿ ïðåäñòàâëÿåò ìíîæåñòâî (0; +∞). Íà ÎÄÇ óðàâíåíèå ðàâíîñèëüíî
ñîâîêóïíîñòè 


|x− 1| > 0,
|x− 1| 6= 1,
lg2 x− lg x2 = 3.{
|x− 1| = 1,
x > 0.

Îòñþäà x =
1
10
, x = 1000 è x = 2.

Çàìå÷àíèå. Èíîãäà ôóíêöèè èç (6) ðàññìàòðèâàþòñÿ íà áîëåå øèðîêèõ îáëàñòÿõ:
ïðèíèìàåòñÿ âî âíèìàíèå, ÷òî ôóíêöèÿ h(x)f(x) èìååò ñìûñë è ïðè h(x) = 0, f(x) > 0
èëè ïðè h(x) < 0, êîãäà f(x) ïðèíèìàåò çíà÷åíèÿ âî ìíîæåñòâå öåëûõ ÷èñåë è ò.ï. (ñì.,
íàïðèìåð, [2]-[4]).

Óïðàæíåíèÿ

Ðåøèòü óðàâíåíèÿ.

1. 8
2(x−1)
x =

√
4x−1.

2. 32
x+5
x−7 = 0, 25 · 128

x+17
x−3 .

3. 0, 125 · 42x−3 =
(

0, 25√
2

)−x
.

4. 2x + 2x−1 + 2x−2 = 448.

5. 32x+1 + 32x − 32x−2 = 315.

6. 22x+3 · 3x + 2 · 4x · 3x+2 =
13
72
.

7. 7 · 3x+1 − 5x+2 = 3x+4 − 5x+3.

8. 52x − 7x − 7 · 52x+1 + 5 · 7x+1 = 0.

9. 4x − 3x−0,5 = 3x+0,5 − 22x−1.

10. 4x − 12 · 2x = 64.

11. 4x−1 − 3 · 2x−2 = 1.

12. 22+x − 22−x = 15.

13. 3x log2 7 · 7x2+x = 1.

14.
(√

3 +
√

8
)x

+
(√

3−
√

8
)x

= 6.
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15.
(√

2−
√

3
)x

+
(√

2 +
√

3
)x

= 4.

16. 2x+3 − 3x
2+2x−6 = 3x

2+2x−5 − 2x.

17. (x− 3)3x2−10x+3 = 1.

18. |x− 2|10x2−3x−1 = 1.

19. 4
√
|x− 3|x+1 = 3

√
|x− 3|x−2.

20. 8 · 9x + 6x+1 = 27 · 4x.

21. 2 · 16cosx − 20cosx = 3 · 25cosx.

22. x2 · 4
√

2−x + 42−x = 4
√

2−x+2 + x2 · 2−2x.

23. 2|3x−5| = 4 · 8|x−1|.

24. 53x + 53(1−x) + 15(5x + 51−x) = 216.

25. 4x + 3x = 7x.

26. 4x + 3x = 91
x
3 .

27. 5x · 2
2x−1
x+1 = 50.

28. (x+ 1) · 9x−3 + 4x · 3x−3 − 16 = 0.

29. 76−x = x+ 2.

30. x2 − x+ 1 = 2 · 2x−1 − 4x−1.
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