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Ìèíèñòåðñòâî Îáðàçîâàíèÿ è Íàóêè
Ýêçàìåí ïî ìàòåìàòèêå íà ñîèñêàíèå çâàíèÿ áàêàëàâðà, èþíü, 1999

Ãóìàíèòàðíûé ïðîôèëü
II Âàðèàíò

Âðåìÿ ðåøåíèÿ - 180 ìèíóò

1. Ïóñòü f : R∗ −→ R, f(x) =
2x

22x − 1
. Âû÷èñëèòü f(log2 3).

Ðåøåíèå. Èñïîëüçóÿ îñíîâíîå ëîãàðèôìè÷åñêîå òîæäåñòâî (aloga b = b, a > 0, a 6= 1,
b > 0), ïîëó÷èì

f(log2 3) =
2log2 3

22 log2 3 − 1
=

3
(2log2 3)2 − 1

=
3

32 − 1
=

3
8
.

2. Íàïèñàòü óðàâíåíèå âòîðîãî ïîðÿäêà ñ äåéñòâèòåëüíûìè êîðíÿìè, ïðîèçâåäåíèå
êîòîðûõ ðàâíÿëîñü áû ÷åòûðåì.

Ðåøåíèå. Èñïîëüçóÿ îáðàòíóþ òåîðåìó Âèåòà, íàïðèìåð, äëÿ x1 = 1 è x2 = 4 (òîãäà
x1 · x2 = 4, x1 + x2 = 5), ïîëó÷èì êâàäðàòíîå óðàâíåíèå

x2 − 5x + 4 = 0.

3. Ïóñòü z =
1− i
2 + i

. Îïðåäåëèòü, ïðè êàêèõ çíà÷åíèÿõ a è b ñïðàâåäëèâî ðàâåíñòâî
√

5 · z + a + bi = 5− 3i.
Ðåøåíèå. Òàê êàê

z =
1− i
2 + i

=
(1− i)(2− i)
(2 + i)(2− i)

=
1− 3i
22 + 12 =

1
5
− 3

5
i,

òî ðàâåíñòâî ïðèíèìàåò âèä
√

5
(1

5
− 3

5
i
)

+ a + bi = 5− 3i

èëè
(

1√
5

+ a
)

+
(

b− 3√
5

)

i = 5− 3i,

îòêóäà, èñïîëüçóÿ îïðåäåëåíèå ðàâåíñòâà äâóõ êîìïëåêñíûõ ÷èñåë (z1 = z2 ⇔ Rez1 = Rez2

è Imz1 = Imz2), ïîëó÷èì ñèñòåìó


















a +
1√
5

= 5,

b− 3√
5

= −3,

ðåøåíèå êîòîðîé a = 5− 1√
5
, b =

3√
5
− 3.

4. Ïóñòü äàíà ôóíêöèÿ f(x) = 1− cos x. Âû÷èñëèòü çíà÷åíèå âûðàæåíèÿ
f

(π
2

+ x
)

+ f
(π

2
− x

)

.
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Ðåøåíèå. Èñïîëüçóÿ ôîðìóëû ïðèâåäåíèÿ cos
(π

2
± x

)

= ∓ sin x, ïîëó÷èì

f
(π

2
+ x

)

+ f
(π

2
− x

)

= 1 + cos
(π

2
+ x

)

+ 1 + cos
(π

2
− x

)

= 1− sin x + 1 + sin x = 2.

5. Ïðè êàêèõ äåéñòâèòåëüíûõ çíà÷åíèÿõ ïàðàìåòðà m ìíîãî÷ëåí 2x3 − x2 + mx − 2
äåëèòñÿ íà x− 2.

Ðåøåíèå. Ïîñêîëüêó

f(2) = 2 · 23 − 22 + m · 2− 2 = 10 + 2m,

ðåøàÿ ëèíåéíîå óðàâíåíèå 10 + 2m = 0, ïîëó÷èì m = −5.
6. Âû÷èñëèòü ïëîùàäü ôèãóðû, îãðàíè÷åííîé ãðàôèêàìè ôóíêöèé f(x) = −x2 − 4x è

g(x) = 4 + x.
Ðåøåíèå.
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Èñêîìàÿ ïëîùàäü îïðåäåëÿåòñÿ, èñïîëüçóÿ ôîðìóëó

S =
b

∫

a

[f(x)− g(x)]dx,

ãäå a è b - ïðåäåëû èíòåãðèðîâàíèÿ.
Äëÿ îïðåäåëåíèÿ a è b ðåøèì óðàâíåíèå f(x) = g(x), òî åñòü,

−x2 − 4x = 4 + x

èëè
x2 + 5x + 4 = 0,

îòêóäà, ó÷èòûâàÿ, ÷òî a < b, ïîëó÷èì x1 = a = −4, x2 = b = −1.
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Òàêèì îáðàçîì,

S =
−1
∫

−4

(−x2 − 4x− x− 4)dx =
−1
∫

−4

(−x2 − 5x− 4)dx = −
(

x3

3
+

5x2

2
+ 4x

)∣

∣

∣

∣

∣

−1

−4

=

= −
(

−1
3

+
5
2
− 4 +

64
3
− 40 + 16

)

= 4, 5(êâ.åä.).

7. Ïóñòü ôóíêöèÿ f : D −→ R, (D ⊂ R), f(x) =
√

x2 − 3x + 1. Ðåøèòü óðàâíåíèå
3f(x) = 2f ′(x).

Ðåøåíèå. Èñïîëüçóÿ ïðàâèëî íàõîæäåíèÿ ïðîèçâîäíîé ñëîæíîé ôóíêöèè, íàõîäèì
f ′(x):

f ′(x) =
(√

x2 − 3x + 1
)′

=
1

2
√

x2 − 3x + 1
· (x2 − 3x + 1)′ =

2x− 3
2
√

x2 − 3x + 1
,

è óðàâíåíèå ïðèìåò âèä
3
√

x2 − 3x + 1 =
2x− 3√

x2 − 3x + 1
,

èëè
3(x2 − 3x + 1) = 2x− 3,

îòêóäà ñëåäóåò êâàäðàòíîå óðàâíåíèå

3x2 − 11x + 6 = 0,

ðåøåíèÿ êîòîðîãî x1 =
2
3
è x2 = 3.

Ïîñëå ïðîâåðêè îñòàåòñÿ x = 3.

8. Ðåøèòü íåðàâåíñòâî logx
x + 3
x− 1

> 1.
Ðåøåíèå. Èñïîëüçóÿ óòâåðæäåíèå 3 èç Ëîãàðèôìè÷åñêèå íåðàâåíñòâà, ïîëó÷èì

ñîâîêóïíîñòü ñèñòåì

logx
x + 3
x− 1

> 1 ⇔





























































x > 1,
x + 3
x− 1

> x,

x > 0,






























0 < x < 1,
x + 3
x− 1

< x,

x + 3
x− 1

> 0,

⇔
[

x ∈ (1; 3),
x ∈ ∅, ⇔ x ∈ (1; 3).

Äåéñòâèòåëüíî, ïåðâàÿ ñèñòåìà ñîâîêóïíîñòè (ó÷èòûâàÿ, ÷òî x > 1) ðàâíîñèëüíà ñè-
ñòåìå

{

x > 1,
x + 3 < x(x− 1) èëè

{

x > 1,
x2 − 2x− 3 < 0, îòêóäà x ∈ (1; 3).
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Âòîðàÿ ñèñòåìà íå èìååò ðåøåíèé, òàê êàê ïðè x ∈ (0; 1) (ïåðâîå íåðàâåíñòâî) èìååì
x + 3
x− 1

< 0, ÷òî ïðîòèâîðå÷èò ïîñëåäíåìó íåðàâåíñòâó ñèñòåìû.
Òàêèì îáðàçîì, ìíîæåñòâîì ðåøåíèé èñõîäíîãî íåðàâåíñòâà ÿâëÿåòñÿ (1;3).
9. Îñíîâàíèå ïèðàìèäû - êâàäðàò ñî ñòîðîíîé a. Äâå áîêîâûå ãðàíè ïèðàìèäû ïåðïåí-

äèêóëÿðíû ïëîñêîñòè îñíîâàíèÿ, à îñòàëüíûå äâå îáðàçóþò ñ íåé óãîë β. Íàéòè ïëîùàäü
áîêîâîé ïîâåðõíîñòè ïèðàìèäû.

Ðåøåíèå.
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Ðàññìîòðèì ïðÿìîóãîëüíûé òðåóãîëüíèê SDC (SD ⊥ DC) è, èñïîëüçóÿ ìåòðè÷åñêèå
ñîîòíîøåíèÿ â ïðÿìîóãîëüíîì òðåóãîëüíèêå, ïîëó÷èì

SD =
CD

cos 6 DCS
=

a
cos β

,

SD = CD tg 6 DCS = a tg β,

è, ïîñêîëüêó 4SDC = 4SDA (SD - îáùàÿ ñòîðîíà, AD = DC), òî

S4SDA = S4SDC =
1
2
SD ·DC =

1
2
a tg β · a =

a2 tg β
2

.

Òàê êàê SA ⊥ AB (SC ⊥ BC - ñëåäóåò èç òåîðåìû î òðåõ ïåðïåíäèêóëÿðàõ), èìååì

S4SCB =
1
2
SC ·BC =

1
2
· a
cos β

· a =
a2

2 cos β
.

Àíàëîãè÷íî, S4SAB =
a2

2 cos β
.

Òàêèì îáðàçîì, ïëîùàäü áîêîâîé ïîâåðõíîñòè ïèðàìèäû ðàâíà

S = S4SDC + S4SDA + S4SAB + S4SBC = a2 tg β +
a2

cos β
= a2 sin β + 1

cos β
.


