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Methods of solving of the optimal stabilization

problem for stationary smooth control systems
Part 1

G. Kondrat’ev A. Balabanov

Abstract

In this article some ideas of Hamilton mechanics and differen-
tial-algebraic Geometry are used to exact definition of the poten-
tial function (Bellman-Lyapunov function) in the optimal stabi-
lization problem of smooth finite-dimensional systems

1 Statement of the problem

For the smooth finite-dimensional system

&= f(z,u), x € R",u € R™, f(0,0)=0 (1.1)
and integral functional

+oo
J = / w(z,u)dt, w(x,u) >0, w(0,0)=0 (1.2)
0

it is required to find the function uqpy(x), ensuring global stability in
some maximum neighbourhood of the origin of coordinates of the sys-
tem (1.1) and realizing a minimal functional (1.2) along each its tra-
jectory. All functions are assumed as smooth and partial ones, defined
in some maximal in each current context neighbourhood of the origin
of coordinates of appropriate space.

According to the Bellman principle [1,2] the problem (1.1), (1.2) is
reduced to solving of the functional equation
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ming{ f(z,u)V; + w(z,u)} =0 (1.3)

where (f'(z,u),..., f"(z,u))’ = f(x,u) — right side of the equation
(1.1), Vidz® = dV — differential of the Bellman-Lyapunov function.
The equation (1.3) is equivalent to the system

iz, u) Vi + wlz,u) =0 (1.4.a)

I (@, )V 4wy (2,u) = 0 (1.4.b)

Here and further the following conventions are applied: a partial
derivative of the value A with respect to z is designated by an ap-
propriate subscript A,; summation is produced on a repeating index
located at different levels of the multiindex value; a function is called
as of fixed sign in some vicinity of zero if it is equal to zero in the origin
of coordinates and saving the sign in an open dense set of the vicinity
(if the function is equal to zero only in zero, it. For nondegeneracy of
the Bellman-Lyapunov function V(x) it is sufficient nondegeneracy of
w(x,u)|y=0 -

In favorable case by exception of variables v/, j = 1,...,m, the
system (1.4) is reduced to the Hamilton-Jacoby equation

p(a', V) =0 (1.5)

The problem (1.1), (1.2) and the equations (1.3)-(1.5) were studied
from different points of view by different authors [3-11]. Along with
theoretical proof of the method, research of optimal control existence
conditions, definition of adequate space, in which the solution always
exists [3,9,10], methods of solving of the particular problems originat-
ing in mechanics, biology, industry etc. [4,12], and also classes of the
problems for systems of the defined sort [5,6,13,14] were developing.

By first completely investigated type of systems (1.1), (1.2), accept-
ing exact solution, was linearly-square systems

fz(x,u) = A}:cj + B,iuk,
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w(x,u) = Ciny'y* = Dijxia:j + Ejpziu® + Fyuful,

where (y!,...,y"") = (2!, ... 2™ b, . u™),
et matrixes (Cij)i,j:l,...,nera (Di]’)i’jzl,m,n, (Fkl)k,lzl,...,m —are pOSitiVG
definite.

For linearly-square systems the Bellman-Lyapunov function, satis-
fying (1.5), is quadratic, positive definite function, which second partial
derivatives can be found by solving of an algebraic system of the second
order equations (Riccaty system).

The system (1.6) has two real solutions — required positive- definite
matrix (V;;) and negative definite matrix (Vi;). wuopt(x) is a linear
function on Lagrangian manifold of the function V(x) .

Therefore, linearly-square problem (1.1), (1.2) completely is solv-
able. The following steps in construction of a general theory of systems
(1.1), (1.2) and appropriate equations (1.3)-(1.5), increasing polyno-
mial dimensionality of functions f and w and introduction of the
special kind of nonlinearities reflected in [4,6,13,14,15,16], represent a
stage of accumulation and transition to the following logical step — the-
ory of analytical and smooth systems (1.1), (1.2) [11,12,14,17, 18,19].

However, main methods of synthesis of an optimal feed-back for
nonlinear systems until now remain: a method of substitution of the
source system by linearly-square approximation in a neighbourhood of
singular point [6,7, 15,16,20,21], method of splitting of a neighbourhood
of the origin of coordinates of the state space on rather small blocks
with consequent pasting together of found on them with the Bellman
principle of an optimality, wepi, ¢ € I, in the uniform synthesis method
of an optimal feed-back of a specific structure wop(z, ), a — optimized
parameters [14,20,21]. The work [19], in which the optimum control
is restored on n to optimal control in the sense of a specially given
criterion is selected from the class of stabilizing actions is interesting.

Surprisingly, that the theory of optimum control, evolved from an
analytical mechanics, does not use at all methods of the last and also of
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differential geometry, traditionally connected to analytical mechanics.
The given article to some degree completes it.

In section 2 the classical methods of Hamilton mechanics and pos-
sibility of calculation of coefficients of Taylor series of the Bellman-
Lyapunov function in a neighbourhood of the singular point are con-
sidered, the way of construction of a evolutionary equation which al-
lows to reduce algebraic solution of the Hamilton-Jacoby equation in
holonomic one is given.

In section 3 some tools of differential-algebraic geometry are ap-
plied: the class of systems with invariant foliation of the Bellman-
Lyapunov function, accepting exact solution of the problem of the
optimal stabilization is described; the differential in variants of the
Bellman-Lyapunov function of linearly-square problem are calculated;
the definition of the nondegenerate potential function as equidistant
function of Euclidean space is given; the way of obtaining of differ-
ential invariants with the help of suitable isomorphism of differential
algebra is considered; the algebraic structure of the first integrals and
separatrices of the Hamilton system is analyzed, because of that the
way of calculation of the Lagrangian manifold of the potential function
is formulated.

In section 4 the symmetries in the the optimal stabilization problem
are considered.

In section 5 the heuristic algorithm of synthesis of suboptimal con-
trol of a given structure is offered and some additional facts able to be
useful in synthesis problem are considered.

The obtained results represent a basis of the invariant theory of
smooth optimal control systems.

2 Methods of mechanics and analysis

It is supposed that matrix (f%, Vi+wyky)locrs gny gm » Where T*R™
— phase space, is nondegenerate, that is in some neighbourhood of
the origin of coordinates 7T*R"™ there is uniquely defined function
Uopt = Uopt (2", V) , satisfying (1.4.b) at which substitution in (1.4.a)
the Hamilton-Jacoby equation (1.5) is obtained. In this case prob-
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lem of the optimal stabilization is reduced to search of the equation
+:V; =Vi(z), i = 1,...,n, of the Bellman-Lyapunov function V(z).
For the system (1.1), (1.2), accepting in the origin of coordinates non-
degenerate linearly-square approximating (system of expression of the
functional is square positive definite form), Lagrangian manifold L rep-
resents the separatrix of steady points of the Hamilton system

' = v, (¥, V)
{ Vi = —u(¥, V) 2

The system (2.1) has also separatrix L~ of unstable points, being
Lagrangian manifold of accompanying solution (1.5) negative definite
function V.

2.1 Solving of Cauchy problem for the Hamilton system

It is known [32,33,34], that association of trajectories of the Hamilton
system (2.1), passing through (n —1)-dimensional Lagrangian manifold
Lgil C ¢~ 1(0) transversally to trajectories of the Hamilton system, is
the n-dimensional Lagrangian manifold L™ C ¢~!(0). Unfortunately
we can not directly take advantage of this fact for construction of the
separatrix of steady points L™ according to condition that only one
point (0,0) € LT is known. Nevertheless we can use the following
procedure:

— to calculate (linear) Lagrangian manifold L*:

Vi = aijazj , aj € R, of linear approximation in the origin of
coordinates of the system (2.1) (ay; is a solution of the Riccaty
system (1.6));

— to count evolution of initial (n — 1)-dimensional Lagrangian man-
ifold L{~! = {(2,V;) € T*R" | V; = ayja?, (z')2+... 4+ (a")?% =
g, € > 0 is small real number} along Hamilton vector field (2.1)
in the opposite direction.

The approximate local parametric representation of the manifold L™
for the analytical Hamilton system (2.1) is
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$i(7', €2y eenyCp) = (exp(ﬂ’dgp)xi)

=2 (C3,0.0r0n) 1

72 9 ;
57 (Idp)* + .. )a')

?

z'=x"(ca,...,Cn)

Vi(T,¢2,...,cn) = (exp(TIdp)V;)

= ((1+ =5 (Idp)+
Vi=Vj(c2,..mrcn) 1!

’7'2 2
+ 2 (Tdg) + . )V)) ;

‘/j:Vj(CQV--aCn)

where Idy = gy, % — Ogi aivj — Hamilton vector field;

:EI(CQ, e Cn) = (1+(02)g-2-\.(i-(cn)2) + \/E

—24/ec:
x2(c2, ceey Cn) = (1+(02)2+...j(0n)2)
n ’ o 72\/Ecn
" = (co,. .. 00) = (1+(c2)?+...+(cn)?)

— rational parameterization of the sphere S?~1((z!)24...+(2")? = ¢)
with the remote point (1/¢,0,...,0);

Vilea, ... cn) = O[ij.fl/'j(CQ, cesCp); TyC2y...,Cn € R;
for each analytical function F(z%,V;) the series (exp(rIdp)F(z%,V;))
converges in some neighbourhood of the point 7 = 0.
2.2 Method of the first integrals

In a neighbourhood of a nonspecial point the vector field (2.1) has
(2n—1) functionally independent first integrals, commuting concerning
a Poisson bracket with the Hamiltonian

(¢, 0) =0 (2.2.0)
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that is satisfying to the linear homogeneous partial equation of the first
order

PV Pz — Paithy; =0 (2.2.b)

In a neighbourhood of the singular point of the system (2.1) exists
no more than n functionally independent integrals (though in addition
LT |J L~ the number of functionally independent integrals can be more
than n ). In any case, if {I,}, a € A, is some set of integrals of the
system (2.1), at an approaching choice of constants ¢4, a € A, func-
tions (I, —c,) belong to an (reduced) ideal of the manifold L™ (JL™.
Actually, for the definition of Lagrangian manifold it is enough to have
n functionally independent integrals, pairwise commuting concerning
Poisson bracket.

By common algebraic solution (above a ring C*°(T*R") of smooth
functions) of equation

OVa; — Pl =0 (2.2.c)

associated with the equation (2.2.c), is

a; = Aijpv; — BF g
v = Clev, — Doy (2.3)
where  A;j, Dit ¢ C>®(T*R™) are skew-symmetric matrixes, Bf €

C>(T*R") — any matrix, C} = —Bj"?.
The solutions of the equation (2.2.b) will be the closed 1-forms

a = a;ds’ + Y dV; = (Aijov, — BFop i )dzt + (C’i(pvk — Dily )av;,

da =0 (2.4)

that is elements of matrixes A, B, C, D should satisfy following
partial equations of the first order

k k
AtjxiSOVj + Atjso\/]xl - thlspxk - Bt Pk
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k k
Aijvoov; + Aijoviv, — By, ouk — Bi gy, =

Clixigovk + CliSOka’ - D;lzﬁpxl - DSIQDIZIi

. . | ;
Cly.evi + Chovivi — DY — DMy, =

Civ, v + Chpviv; — DV — Doy, (2.5)

The effective solving of the last system without any additional sup-
positions is undefined. Such suppositions can be some functional or
differential dependences between elements of matrices A, B, C, D.
For linear equation (2.1) it is natural to look for integrals of movement
as having quadratic form. In this case A;;, BE, Cy, DI are constants
and the solving of the equations (2.5) does not cause difficulties (they
are reduced to the system of linear homogeneous algebraic equations).

Example 1.
il =l 2 0o
i? = 23 J = /((:zcl)2 + u?)dt
B =u 0
Uopt = —%‘/3 — optimum control on the Lagrangian surface LT ;
¢ = (2% + 2"V — 2?V4 + 23V, — (V5)? — Hamiltonian;

Tdp = (o' =) gir + 5 — 3 Vags — (20" + Vi) gtr + Vigy; — Vaays

is Hamilton vector field .

¢x1 0 ag as bl b2 b3 .%'1 — x2
P2 —as 0 a4 by bs bg 3

Y3 | | —a3 —ag 0 by bg by —1V3
1/}\/1 o —b1 —by b7 0 cy C3 —(2.731 + Vl)
v, —by —bs —bg —ca 0 ¢4 Vi

1/1\/3 —b3 —b6 —bg —C3 —C4 0 —V2
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where v — required first integral; a, b, ¢ with indexes are constants.

Taking into account relations of equality of the second mixed deriva-
tive from 1) , we shall obtain the intermediate system of the linear al-
gebraic equations concerning a, b, ¢, which solution is the 3-parametric
family of matrices of coefficients of the noted above system:

0 —2by 0 (—b7 + bg) 0 2c3
2b7 0 *463 b7 bg 0
0 463 0 b7 0 bg
(b7 — bg) —b;  —by 0 —c3 c3
0 —byg 3 0 (c3 — 3b7)
—2c3 0 —bg —c3 (%67 —c3) 0

where b7, bg, c3 — independent parameters.
Integrating the form

dyp = hpda’ + Ppeda? + Yuada® + by dVi + Py, dVa + by, dVs

we obtain a 3-parametric family of the first integrals:

1 1
Y = br((z)? = (2?)? + Z(Vg)2 —oxta® + 2V — 2?Vi — 23V + §V1V3)+

1
+bg(—(x1)? + Z(Vg,)2 — 'V + 22V — 23Vo)+

1 1
+e3(2(2%) — 5(‘/1)2 - §(V2)2 —22'Va + 22°V3 — 1V) =

= brhy + botpa + 33,

where 1, 12 = —, 13 —independent integrals of the Hamilton vector
field Idy , defined on all, T*R3 .

Equations 1 = 0, 95 = 0, 103 = 0 determine LT (JL™ .

The methods of integrals searching of the system (2.1) represent the
classical problem of analytical mechanics. From traditional methods it
is possible to mark the full integral method [35,36], from modern —
method L-A-pare and method of orbits of a co-adjoint representation
of group [37,38,39].
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2.3 Decomposition of the Bellman-Lyapunov function in
Taylor series in a neighbourhood of the origin of co-
ordinates

From consideration of differential continuations structure of the Hamil-
ton-Jacoby equation (1.5)

D,i(p) = @qi + Vijeov; =0 (2.6.0)
+Vklvij<PVle =0 (2.6.b)

DysoD_xoD,i(p) = Dys(@pigk) —i—Viij(ij +VikjDys (‘PV]- )+ ‘/;;Sj(p‘/jxk—i_
+‘/;ij5 (@ijk)‘FVkslSOVlmi‘FVlexs (QOVlml)—f_VkslV;]SOVJVZ +Vkl‘/isj<ijVz+
+Vleiijs (QOVJVZ) =0 etc. (2.6.0)

where D, = % + Vijaivj , we can see that in the case of existing of
the Bellman-Lyapunov function the coefficients of it decomposition in
Taylor series in the origin of coordinates are determined by the sys-
tem (2.6) uniquely. For each subsystem (2.6), defining a p-jet, 54 (V) ,
the number of equations coincides with the number of unknown vari-
ables (derivatives ¢,i, py; by condition are equal 0). Flexons V;; are
calculated from the quadratic Riccati system (2.6.b) and condition of
positive determinancy of the matrix (V;;) , derivatives of the function
V', beginning with third order, are defined from the system of the lin-
ear inhomogeneous equations. If the function V is analitical it can be
represented by Taylor decomposition

> 1

v %

il,....in=0

-1

mV(ilw’in)(O)(ml)’ e

(«")" (2.7)

where
Yt +. M)y,

O(z1)i ... a(xm)" | =g

In spite of the fact that the jet j§°(V) is given by the system (2.6)
in implicit kind, the solution of any finite subsystem (2.6) by use of

V(i17...,i”)(0) =
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computer algebra does not represent difficulties (there is an effective
algorithm of solving of such system).

Example 2 (Duffing equation, rigid spring).

Itl = .’IJ2 oo
{ i2 = —z' = 2(a")3 + u J = O/((:ﬁl)2 + (2%)? + u?)dt

Ugpt = —5 V> — optimal control on LT ;

¢ = (21)?+(2?)2 - 1(V2)* = (2(2')3 + 2) Vo +22V; = 0 - Hamilton-
Jacoby equation.

Let’s write initial defining equations to calculate derivatives of the
Bellman-Lyapunov function in the origin of coordinates up to 4 or-
der (indexes at ¢ mean the full derivatives in respect to appropriate
variables):

e11lo=2—3(Vi2)2 —2Vi2 =0
P12l = —3VaaVig — Voo + Vi1 =0
P20 =2—3(Vag)? +2Via =0

Positive definite solution of the given system is the matrix with
elements:

Vit =2\4V2 — 2, Vig = 22— 2, Vay = 2¢/2V2 — 1.

e111lo = 3(2—2v2)Vire — 3Vi12 =0
e112lo = —2v2Vig2 — /2v2 — 1Vip2 + Vi =0
©122]0 = —1/2v/2 — 1Vi99 — v/2Vag9 = 0

P202l0 = —34/ 2v/2 — 1Va9 + 3Vige =0

This linear system has a unique trivial solution:
Viir = Viig = Vigg = Vaga = 0.
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e1111lo = —4v2Vi112 + (96 — 96v/2) = 0
e1112]o = Vit — 3v2Viia2 + (36v/2 — 48) — 244/2v2 -1 =0
P1122]0 = —2v2Vi222 — 24/2V2 — 1Vi120 + 24V/2 — 48 = 0

901222|0 =3Vi122 — 3 2\/§ — 1Vi999 — \/5‘/2222 -0
©2920]0 = —4v2V1112 — 48(2/2 — 2) = 0

Solution of the last system is:

1
Vit = = (636 - 573v2)\/2v2 — 1 4 1312 — 44+/2),

Vit = 12v2 — 24,

1
Viiz2 191( 37 — 3V/2),
1
Vigoe = 7191((—30\@ —9)V/2v2 — 1+ 20 +3v2),
1
Vo229 191(30\f+9)

We obtain an initial segment of Taylor series of the Bellman-
Lyapunov function:

1 1 1 1
V= 5‘/11(171)2 + Vigz'a® + §V22(a:2)2 +g, Vi (z1)*+ 6‘/1112(1’1)33;24—

1 1 1
+1V1122(331)2($2)2 + 6‘/1222$1($2)3 + ﬂ%222($2)4 +...

2.4 Evolutionary equation
There is a possibility to deformate smoothly any smooth cut
S0t R — TR (¢~ (0) : (') > (2, S§ (")
with positive main minors of the Jacoby matrix (ngk), passing

through, 0 € T*R™ , of stratification T*R"(¢~1(0) — R" on a semi-
infinite segment [0, 0o], remaining in the class of cuts of an indicated
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stratification, in holonomic (representing in this case Lag ) along an
approaching evolutionary vector field

0 )
EV; = (I)i(xjv Viak, szsxt)
Vilw,m)| = 5i(@) (2.8)
where
n
0 . . .

Z P, v projection on tangent stratification
. %

T(T*R" ﬂ ¢ 1(0)) of evolutionary vector field

0
Q= Z Zvla: ixd T ]xl)(vixjx’“ - V} 4

J:J:k)
k=11<j 81/}

appropriate to minus - gradient, (—gradm) of function

|
=3 Z(VZIJ - iji)Q, that is
1<J
i O S By By =~y € ORI RY)
=y T Jav’ 3= )

Bi; — any solution of the inequality (scalar product is more than zero)

Z 252]90‘/] z:(:k Viat = Vies ) (Vigigk — Vigsgrn) > 0, if (wiv V]) #0

3,5,k=1 s<t

Lagrange manifold of a nondegenerate Bellman-Lyapunov function
is limiting solution at 7 — oo equations (2.8). The more skillful meth-
ods of deformation of algebraic solutions of the differential equations
in holonomic can be found in fundamental work[40].
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3 Geometrical methods

In the given section the greater attention is given to invariant descrip-
tion of the potential function and its Lagrange manifold.

3.1 Class of system with invariant foliation of Bellman-
Lyapunov function

System (1.1), (1.2) has invariant foliation of the Bellman-Lyapunov
function, if the optimal stream in the state space keeps invariant sur-
faces of a level of the Bellman-Lyapunov function. The class of such
systems is not empty and has good algebraic description. For systems
of this class the following sentence takes place [41].

Subalgebra generated by the Bellman-Lyapunov function in algebra
of smooth functions on R" is differential concerning an infinitesimal
operator defining optimal stream.

Let’s designate:

¢(«',V;) — Hamiltonian,

(—w(a',V;)) - Lagrangian (¢ = ¢y, Vi +w),

Idyp — Hamilton vector field,

L), ~ k-th Lie derivative along Idy (k =0,1,2,...),

i1d, — substitution operation of Hamilton field into form.

Sequences of the 2-forms

dw A dV, d(Lgpw) AdV, ..., d(L%) w) AdV, ...

and 1-forms

i1dp(dw A V), i1ap(d(L1ay) wedgedV), ... izap(d(Lw) AdV),...
are contained in a differential ideal of the Lagrangian manifold of the
Bellman-Lyapunov function.

Sequences of the 2-forms and 1-forms from the previous sentence
completely characterize a pair of Lagrange manifolds LT |JL~ in a
phase space, just, separatrix of points that are stable concerning the
origin of coordinates of the Hamilton vector field Idy and separatrix
of points that are unstable concerning the origin of coordinates.
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Stated facts can be used for exact calculation of an optimal feed-
back of the optimal stabilization problem for the defined above class of
systems.

Example 3.

it = a? i 12
{ LY 7= [(@
0
min, {z?V1 + uVa + (z)? + w2} = 0 — Bellman equation.
Uopt = _%‘/2

¢ = 2*Vi — 2(Va)? + (2')? — Hamiltonian of system.
w=¢—pyV; = (2")? + 1(V2)? - minus Lagrangian

ldp = W% - s%a'a?/ = ff?ai 1‘/2@ — 2z W - Vla% -
Hamilton vector field.
w) = Lrgow = 2xla? — 1V1V2, w®@ = (d)ww = 2(2?)? %(‘/1)2

— first and second Lie derivatives from w along Idp.

Let’s assume w() = Aw, w(2) = Bw, p =0, A,B — const.
Solving the received system of the square equations concerning
V1, Vo, we shall obtain

Vi = £222! + 222
Vo = 2z £ 2¢/222
Sign “4” corresponds to the Bellman-Lyapunov function .

We find ey = —zl — /222,

Example 4 [14, page 47].

—
)

I
2 % 8

oo
inzt + 23 J = / Ypa? 4 2%)2 4 (2 +sina’ 23 +u)?)dt
0

min, {z*V1 + (sinz + 2°)Va + uV3 + (2! + 2% + 2%)2+
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(2% + sinaz' + 2 +u)?} = 0 — the Bellman equation.

1 .
Uopt = —§V3 — 2% — sing' — 23

1
© = 2°Vi + (sinz' 4+ 2%)Vo — (2 + sinz' + 23)V3 — ZV32+
+(z! + 2% 4 2%)? — Hamiltonian.

1
w=(z' + 22 + 23+ ZVSQ — Lagrangian.

5 O 0 1 0
Tdo — 222 O a2 o1, 3, Loy O 1y,
dp = 2° 5 1+(sm:L‘ +x )(%2 (x*+sinz +x +2v3)6x3 (cosx™ Vs

—cosz V422 +22% 4223 )i,(vl Va+2x +22%+223 )i*(‘/g Va+
ovy Vs

+22! 4 222 + 23:3)i — Hamilton vector field.
oVs

Let us assume, KV = w, K — const. If V — polinomial then V
has a kind V = C(z! + 22 + 2%)2, C — const. Let’s substitute Vi, Va,
V3 in the equation ¢ = 0 and in result we shall obtain C' = £1 (“4”
corresponds to the Bellman function).

It is possible to check up that functions V3 = Vo = V3 = £2(z! +
22 + 23) satisfy to the equations w) = Aw, w® = Bw, A, B — const,
where

1 1
w = Ly, = 5(v;»,)2 - 5V2v3 —2Va(a! + 22 + 23),

3 1 3
w® = L?d)@ <V3) +§V1‘/E’)—3%($1+a:2+x )——V2V3+ ({/é)

+3Va (2! + 2% 4 23) + 4(2! + 2% 4 23)?

— first and second Lie derivatives w along Idy.

We find gy = —at — 222 — 223 — sina’.
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3.2 Systems with Hamiltonian admitting group of sym-
metries along a level surface of the decision of the
Hamilton-Jacoby equation

There are joint differential invariants of Hamiltonian ¢ and function
V(z), being a solution of the equation ¢ = 0. Let’s calculate differential
invariants of the first order by Laptev G.F. method [42,43].

On space of coframe stratification H*(R™) over R" there is a
sequence of the 1-forms invariant concerning smooth automorphisms
H>®(R") — H>®(R") :

Wt = :U;»d:vj ,

~k_ i ik
d;zy, — 5w,

i

Wi

i i i1 2 N R S SR B
Wi = daly, — Thwy, — Tpw; + T+ T, W — Pgw’ete. (3.1)
where
=i 00 St
T5xy, = Oy,

Let’s make decomposition dV and de along the invariant forms
(3.1):
AV = Vidz' = Viiiw!; I; = Vi@l

AV, = dl;z] + Ijde] = dl;z] — Ljzfw] — Latal, "
dp = (T — gprlljxfxik)wk + oyl dl; — govllja:fwij;
b e i . L .
Ji = pylja; J) = ovrl; Jk = 0pily, — govlfjxfxgk;

1;; J]’?; JJ; J,  — differential invariants of the first order with
additional foliation parameters. These invariants are dependent
among themselves and therefore at their evaluation in initial algebra
C>(T*R™) there will be nontrivial base invariants. Actually, there is
one independent nontrivial joint differential invariant of functions ¢
and V, obtained by convolution J]]-"’ on the upper and lower indexes
with regard of values I; .

J = Jjj = govlljx{ = oy V]
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If the Hamiltonian ¢ admits group of symmetries with orbits on R"
V = const, then J = ¢y, V; = F(V) - smooth function from V.

From here immediately follows, that the class of systems with invari-
ant foliation of the Bellman-Lyapunov function is contained in a class
of systems with Hamiltonian admitting group of symmetries along a
level surface of a solution of the Hamilton-Jacoby equation.

4 Differential invariants of a quadratic Bell-
man-Lyapunov function

Let’s calculate differential invariants of smooth function relatively to
the standard operation of full linear group GL(n,R) on R"

GL(n,R) x R" — R" : (A, x) — Ax.

Let’s raise function V(z) with the help of canonical envelopment
xr = Axo, xg = const # 0 on group space GL(n,R) and decom-
pose it differential, and also all coeffuicients, obtained at each stage
of expansion, according to the left-invariant forms of group GL(n, R)
w=A"1dA, or w;- = d};daf, where d2a§ = 6}

dV = Vida® = Wm%aiwf; Jl = Vizlal;

J l 357 i Jss\ t. SJ l 3.5 7.
dJ;, = (Vyasapayry + Viajrgdp)ws;  Jyp = Viazagagcy;
dJsj_V a l i, B, s J V,lisjéﬂ Vlisj(;ﬁ o.
th = (Viinagazaprorir) + Vaayaprgrgdy + Viayagegrg k)W[%

I = vy aldbalallzial; ete,

J7, Jf,g , Jff,g etc. — differential invariants of first, second, third
and etc. orders of function V(z) continued on group space. The
indicated magnitudes are dependent among themselves, that is there
are independent nontrivial base invariants of function V(z), obtained
with the help of convolution on appropriate to the upper and lower
indexes of found invariants.
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I = Jg = Viz!, I, = J;j = Vyalat, I = Jgssjj = Viygztalat, . ..
base invariants of first, second, third and etc. orders of smooth func-
tion V(x), among which there is only one (differentially) independent
invariant Iy .

For homogeneous square function V' I} = Vial =2V (known the
Euler relation). Unfortunately, I;, j =1,2,... will not form the full
system of invariants, nevertheless they can be useful. By share solution
of the Hamilton-Jacoby equation (1.5) linearly — square systems and
equations 2V = Vjz' is the pair square positive definite and negative
definite functions. From the structure of the relation 2V = Vjz' in
common case it is possible to make a conclusion about presence of the

smooth in a neighbourhood of zero vector field &° 822-, similar to the
field of radial stretch 2 Bii , enveloping the vector field on R! ZV%

with the help of potential function V =V (x).

5 Bellman-Lyapunov function as equidistant
function of Euclidean space

In canonical case the nondegenerate potential function has the kind
V(z) = (22 + ... + (2™)%.

Therefore for the standard Euclidean metric p? = g;;da’ ® da?,
where g;; = d;;, and appropriate, (V(p?) = 0) connectedness  V :
Ao (rny = N () @ Ao (gmy : da’ — da? @ &,
where JJ; =0, /\}JOO(RW) — module of 1-forms on R",

V(dV) = 2p* (3.2)

Function V satisfying (3.2) is called equidistant[44].

The equation (3.2) has an invariant character (function V by
internally is joined to Riemannian space with the metric p? ). By
virtue of said, nondegenerate potential function V(z) is uniquely
determined as equidistant function of some plane Riemannian space.

From the equation (3.2) follows

dVj = —@%V; + 2gjida’ (3.3)
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where

, , A 1 . , A
k
wi = —Tyda”, T = §glt(gtja:k + Gthai = Gjat)s Uik = Uy

Ay + DL A@E =0

Let’s substitute (3.3) in the differential of the equation (2.4.a) taken
in regard (2.4.b); we shall obtain

(fie + Th fVVi + 2f7 gji + wer = 0 (3.4)

Let us assume, that the matrix f;k is not degenerate (in some neigh-
bourhood of the origin of coordinates R™ x R™ ); the condition of
nondegeneracy of a vector field is invariant concerning replacement of
coordinates; therefore in the canonical system of coordinates {z'}

(where f;k = 0) f;k — nonsingular matrix. Coefficients at V; in
the equation (3.4) represent the covariant derivative [% of vector

field f* 621-; in canonical coordinates the following equality takes place
~,ik: = f;k Therefore matrix of coefficients ffk = f;k + F;kfj in the
equation (3.4) nonsingular (under condition of nonsingularity f7, ).

Let ?;C — inverse matrix for ffk ( ,ikjf = 4}). Then

i—k —k
Vi = 205 T — w7} (3.4.0)

Let’s substitute (3.4.a) in  wuppy = uopt(Vi, 27) , we shall obtain
Uopt = ﬂopt(gij,f‘;k,ml) (it is supposed, that equations  (2.4.b)
are locally solvable concerning w« in vicinity of origin  of
coordinates ( matrix (f, ,V; +wykyt)|gers gnxgm 1S nondegenerate)).

Let’s substitute in the differential of the equation (3.4) dV; from
(3.3) and obtained from (2.4.b) du/ = —B*(fl, Vi + wykn)da’ —
Bjkfzkdvi , where BJ¥ — matrix is inverse for By, = fikuTVi + Wk yr
(B7% By, = 67), we shall obtain the equations

[((firgs + Dopas 74 Do 0 ) (=250 /U Fi ' — wora fi) + 255 g+
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+2fjgjk3:5 + Wykgs) — B ((f;kul + F;’kfil)(_2gj1k2fjl?fz — Weks ﬁ,@)‘f‘
217 i+ wara) X (F, (=290 f BT, — wac To)) + Wykr gt
12 (TR, (20501 PT% — wae Ta) + 20i,s) +
(S + T fI) (A (—2g0 BTG — wae T9)+

+29is)] =0 (3:5)
u=tiopt(gij,T'F,,2")

The equations (3.5) together with following

—Ti e+ I’itfé-s + T, . — Ff;SFé-t =0 (zero curvature) (3.6)
determine (ambiguously) plane Riemannian metric associated with the
problem of the optimum stabilization. We can get rid of the equations
(3.6) by taking g¢;; = 5klh§ih§cj, where h¥(x) — apropriate functions of
a transformation of coordinates, but the equations (3.5) look too vast
even at a possibility of their unique solution with additional defining
conditions on the metric.

To synthesis of quasioptimal control can be useful the metric g;; =
%Vij (in an exactness appropriate for the linearly-quadratic problem).

to be continued ...

References

[1] Bellman R. Dynamic Programming, Moscow, “Foreign literature”,
1960. Russian

[2] Boltyanskiy V.G. Mathematical methods of optimum control,
Moscow, “Science”, 1966. Russian

[3] Pontryagin N.R.,Boltyanskiy V.G.,Gamkrelidze R.V.,Mishchenko
E.F. Mathematical theory of optimum processes, Moscow, Phis-
matgis, 1961. Russian

200



Methods of solving of the optimal stabilization problem. .. (Part I)

[4] Letov A.M. Mathematical theory of control procedures , Moscow,
“Science”, 1981. Russian

[5] Kalman R., Falb P.; Arbib M. Sketches under the mathematical
theory of systems, Moscow, “World ”, 1971. Russian

[6] Merriem K. Theory of optimization and calculation of feedback
control systems, Moscow, “World”, 1967. Russian

[7] Kuncevich V.M., Lychak M.M. Synthesis of systems of automatic
control with the help of of Lyapunov functions, Moscow, “Science”,
1977. Russian

[8] Chaki F. Modern theory of control, Moscow, “World”, 1975. Rus-
sian

[9] Fleming W., Rishel R. Optimum control of determined and
stochastic systems, Moscow, “World”, 1978. Russian

[10] Yang L.Ch. Lectures on variation calculus and theory of optimum
control, Moscow, “World”, 1974. Russian

[11] Li E.B., Markus L. Fundamentals of the theory of optimum con-
trol, Moscow, “Science”, 1972. Russian

[12] Krasovskiy A.A. Systems of automatic control of flight and their
analytical designing, Moscow, “Science”, 1973. Russian

[13] Krasovskiy N.N. Theory of movemet control, Moscow, “Science”,
1968. Russian

[14] Kolesnikov A.A. Analytical designing of optimum nonlinear sys-
tems, Taganrog, 1984. Russian

[15] Antomonov Yu.G. Synthesis of optimum systems, Kiev, “Naukova
dumka”, 1972. Russian

[16] Geldner K., Kubik S. Nonlinear control systems, Moscow,
“World”, 1987. Russian

201



G.Kondrat’ev, A.Balabanov

[17]

[18]

[21]

[22]

[23]

Lobry K. Dinamical polysystems and control theory in “Math-
ematical methods in the theory of systems”, Moscow, “World”,
1979. Russian

Brokket R.U. Lie algebras and Lie groups in the theory of control,
in “Mathematical methods in the theory of systems”, Moscow,
“World”, 1979. Russian

Belyaev E.I. Numerically-analytical method of synthesis of the op-
timum and suboptimal control algorithms by nonlinear objects,
thesis, Gorky, 1986. Russian

Sage A.P., Wyat Ch.S. Optimum Control of systems, Moscow,
“Radio and communication”, 1982. Russian

Ray W. Methods of control by technological processes, Moscow,
“World”, 1983. Russian

Kondrat’ev G.V. Means of exterior forms in research of nonlinear
systems, in “Modern problems of automatic control: Procedings
of VII All-Union conferences - seminars of school of the young
scientist and experts”, Minsk, 1987. Russian

Kondrat’ev G.V. Theorem of Rashevsky-Chjou as a criterion of
weak controllability of finite-dimensional systems linear on control,
in “Mathematical modelling in the problems of mechanics and
control”.

Kondrat’ev G.V. Sufficient condition of controllability of nonlinear
systems, in “Control Systems, transformation and mapping of an
information”, Ryazan, 1984. Russian

Kondrat’ev G.V. Controllability of nonlinear systems, in “Con-
trol by multiply connected systems: Proceedings of 5-th All-Union
Conferences”, Thilisi, 1984. Russian

Kondrat’ev G.V. Construction of areas of an accessibility of finite-
dimensional dynamic systems, in “Optimum Control in mechani-

202



Methods of solving of the optimal stabilization problem. .. (Part I)

cal systems: Proceedings of All-Union conferences”, Kazan, 1985.
Russian

Kondrat’ev G.V., Misevich P.V. Construction of informative area

for nonlinear systems with the help of Foker-Plank-Kolmogorov
equation, in “Modern problems of automatic control: Proceed-

ings of X All-Union conferences - seminars of entists and experts”,
Omsk, 1989. Russian

sertain nonlinear systems, “Math. Syst. Theory”, 18, No. 1, 1985.
Russian

Grasse K.A. Structure of the boundary of the attainable set in

Gorokhovik S.Ya. Sufficient conditions of local controllability of

nonlinear control systems, in “Control by multiply connected sys-

tems: Proceedings of V All-Union Conferences”, Thilisi, 1984.
Russian

Levitt M.Yu. About some problems of local and global control-

lability of n onlinear systems, in “Control by multiply connected

systems: thesises of the reports of V All-Union Conferences”, Thil-
isi, 1984. Rusdsian

Furi M., Nistri P., Pera M.P., Zezza P.L. Topological methods for

the global controllability of nonlinear systems, J. Optim. Theory

and Appl.”, 45, No. 2, 1985.

[32] Arnold V.I. Mathematical methods of classical mechanics,
Moscow, “Science”, 1974. Russian

[33] Dubrovin V.A., Novikov S.P., Fomenko A.T. Modern geometry,

Moscow, “Science”, 1986. Russian

[34]
derivatives, Moscow, Phismath, 1947. Russian

[35]
ence”, 1966. Russian

203

Rashevsky P.K. Geometric theory of the equations with partial

Gantmakher F.R. Lectures on analytical mechanics, Moscow, “Sci-



G.Kondrat’ev, A.Balabanov

[36]

[37]

[43]

[44]

Dobronravov  V.V. Fundamentals of analytical mechanics,
Moscow, “Higher School”, 1976. Russian

Arnold V.I., Kozlov V.V., Neishtatd AI. Mathematical aspects of
classical and celestial mechanics, Totals of science and engineering,
Dynamic systems, v. 3, 1985. Russian

Perelomov A.M. Integrable systems of classical mechanics and Lie
algebras, Moscow, “Science”, 1990. Russian

Kirillov A.A. Elements of the theory of representations, Moscow,
“Science”, 1978. Russian

Gromov M. Differential relations with partial derivatives, Moscow,
“World”, 1990. Russian

Kondrat’ev G.V. Class of systems with invarient foliation of the
Bellman- Lyapunov function, in “Systems of data proseccing and
control”, N. Novgorod, 1995. Russian

Laptev G.F. Basic infinitesimal structures of higher orders on a
smooth manifold, Proceedingss of geometric seminar, v. 1, 1966.
Russian

Evtushik L.E., Lumiste Yu.G., Ostianu N.M., Shirokov A.P.
Differential-geometric structures on manifolds, Totals of science
and engineering, Problems of geometry, volume 9, 1979. Russian

Sinyukov N.S. Geodesic mappings of Riemannian spaces, Moscow,
“Science”, 1979. Russian

204



Methods of solving of the optimal stabilization problem. .. (Part I)

G.Kondrat’ev, A.Balabanov

G.Kondrat’ev

State Technical University of
Nizhniy Novgorod (NSU),
Computing mashinery Departament,
str. Minin, 24,

603000, N.Novgorod, Russia,

phone: (8312) 36-82-28; Fax 360-569
e—mail: nstu@nnpi.nnov.su

A.Balabanov,

Technical University of Moldova,
Automatica Departament,
Stefan cel Mare 168,

2012, Kishinev, Moldova,

phone: (373-2) 497694, 497014;
fax: (373-2) 497014, 497022

Received 10 September, 1999

e—mail: besliuQcc.acad.md or astQutm.usm.md

205



