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Abstract

It is known that the set of conjugates (the conjugate set)
of a binary quasigroup can contain 1,2,3 or 6 elements. We
describe all six possible conjugate sets with regard to equality
("assembling”) of conjugates, study conjugate-orthogonality of
quasigroups and the corresponding graphs.
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1 Introduction

A quasigroup is an ordered pair (Q, A) where @ is a set and A is a binary
operation defined on @ such that each of the equations A(a,y) = b
and A(x,a) = b is uniquely solvable for any pair of elements a,b in
Q. It is known that the multiplication table of a finite quasigroup
defines a Latin square and six (not necessarily distinct) conjugates (or
parastrophes) are associated with each quasigroup (Latin square) [1].

Two quasigroups (@, A) and (Q, B) are orthogonal if the system
of equations {A(z,y) = a, B(z,y) = b} is uniquely solvable for all
a,b € Q. A set ¥ = {A;, Ag,..., Ay} of quasigroups, defined on the
same set, is orthogonal if any two quasigroups of it are orthogonal.

The notion of orthogonality plays the important role in the theory
of Latin squares, also in the quasigroup theory and in distinct applica-
tions, in particular in the coding theory and cryptography. Quasigroups
which are orthogonal to some of their conjugates or two conjugates of
which are orthogonal (known as conjugate-orthogonal or parastrophic-
orthogonal quasigroups) have the particular interest.
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It is known that the set of conjugates (the conjugate set) of a bi-
nary quasigroup can contain 1,2,3 or 6 elements [2]. We describe all six
possible conjugate sets with regard to equality (”assembling”) of con-
jugates. The spectrum of quasigroups six (five) conjugates of which are
distinct and pairwise orthogonal is studied. Such quasigroups are called
totally conjugate orthogonal quasigroups, shortly, totCO-quasigroups
(near totally conjugate orthogonal quasigroups). Necessary and suffi-
cient conditions are established under which a T-quasigroup is a totCO-
quasigroup (a near totC'O-quasigroup). As a consequence, we obtain
some information about the spectrum of Latin squares realizing the
complete conjugate-orthogonal Latin square graphs and near complete
conjugate-orthogonal Latin square graphs.

2 Conjugate sets of quasigroups and graphs

With any quasigroup (@, A) the system ¥(A) of six (not necessarily dis-
tinct) conjugates (parastrophes) is connected: L(A) = (A, A, A, "4,
", A), where U(z,y) = x, A(z,2) =y, "A(y,2) = z, "A(z,z) = v,
Ay, z) = z.

If |X(A)| = 6, then a quasigroup (@, A) has six distinct conjugates.
Theorem 1 . The following conjugate sets of a quasigroup (Q,A) are
only possible:

X1 (4) = {A};

So(A) = {AA) = A=A = "4 U =74 =54},
Se(A) ={A, A, A A U AY;

Y3(A) = {A"AIA} and three cases are only possible:
ThHA) ={A="4, A =14, "4 =AY},

To(A) ={A=U, A="U A=A},
To(A)={A=H, A="14 U=rU}

The described conjugate sets of quasigroups give only six types of
the conjugate equality Latin square graphs corresponding to them.

A quasigroup (Q,A) is a T-quasigroup if there exist an abelian
group (@, +), its automorphisms ¢, and an element ¢ € @) such that
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A(z,y) = px + Yy + ¢ for any z,y € @Q [3]. The conjugates of a
T-quasigroup are also T-quasigroups.

Theorem 2 [4]. A T-quasigroup (Q,A): A(xz,y) =px+1vy+cisa
totC'O-quasigroup if and only if all maps p+¢, p —e, Y +¢, Y — ¢,
24+, Y2+, o — 1, o+, P — e are permutations.

Using this theorem we obtain the following information with respect
to the spectrum of totCO-quasigroups.

Theorem 3 [4]. For any number n > 11 which is relatively prime to
2,3,5 and 7 there exists a totC'O-quasigroup of order n.

In [5] a situation is considered when the orthogonal relationships of
the conjugates of a Latin square L are represented by a graph where
the conjugates are the vertices and two vertices are joined if and only if
the corresponding conjugates are orthogonal. Such a graph is called a
conjugate-orthogonal Latin square graph of L. It is still open the prob-
lem to determine completely the spectrum of Latin squares realizing
the complete conjugate-orthogonal Latin square graph K.

It is evident that any finite totCO-quasigroup corresponds to the
complete conjugate-orthogonal Latin square graph Kg, so from Theo-
rem 3 it follows

Proposition . For everyn = p’flpg?..pﬁg where p; s a prime number,

pi #£2,3,5,7, ki >1,1=1,2,....8, s > 1, there exists a Latin square of
order n realizing the complete conjugate-orthogonal Latin square graph
Ks.

Denote a quasigroup A by 1 and its conjugate A by o.
Theorem 4 . If a quasigroup is not a totCO-quasigroup, then the
sets 1 = {l,r,rl,lr,s}, ¥s = {1,r,1,rl,lr} of its conjugates are or-
thogonal if and only if all pairs of conjugates, besides of the pair (1, s)
are orthogonal;

the sets ¥y = {1,r,rl,lr,s}, Xy = {1,r,1,rl, s} of its conjugates
are orthogonal if and only if all pairs of conjugates, besides of the pair
(I1,1r) are orthogonal;

the sets ¥, = {1,1,rl,lr,s}, ¥ = {1,r,1,lr,s} of its conjugates
are orthogonal if and only if all pairs of conjugates, besides of the pair
(r,rl) are orthogonal.
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A near complete graph (a complete graph without one edge) corre-

sponds to any near totCO-quasigroup.
Theorem 5 . A T-quasigroup (Q,A): A(x,y) = px + Yy + ¢, which
is not a totCO-quasigroup, is a near totCO-quasigroup if and only if
from all mappings in Theorem 4 the unique mapping ¢ —e (Y — e or
© + 1) is not a permutation.

The following statement gives some information about the spectrum
of near totC'O-quasigroups realizing near complete conjugate orthogo-
nal Latin square graphs.

Theorem 6 . For any number n which is relatively prime to 2,3 and
5 there exists a near totCO-quasigroup of order n.
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