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On A-center of a Quasigroup
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Abstract

We introduce concept of A-center of a quasigroup and give
some its properties.
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1 Classical definitions of center

We recall standard Garrison’s [6] definition of quasigroup nuclei. Let
(Q,0) be a quasigroup. Then Ny ={a € Q | (acx)oy=ao(zoy)},
Ny, ={a€@ | (xoy)oa=zo(yoa)}and N, ={a € Q | (xoa)oy =
x o (aoy)} are respectively its left, right and middle nuclei [6, 2, 8].
Let (Q,-) be a quasigroup. Nucleus is given by N = N, N, N N,
[8]. A center of a loop (Q, ) is defined in the following way [1, 4, §].

Definition 1 Let (Q,-) be a loop. Then center Z of loop (Q,-) is the
following set Z(Q,-) = NNC, where C ={a € Q | a-x = z-a Yz € Q}.

It is well known that in loop case Z(Q) is normal abelian subgroup
of the loop @ [4].

J.D.H. Smith [5, 10, 11, 12] has given definition of center of a
quasigroup in the language of universal algebra (Congruence The-
ory). J.D.H. Smith defined central congruence in a quasigroup. Center
of a quasigroup is a coset class of central congruence. Notice that
any congruence of quasigroup @ defines a subquasigroup of Q2 [10].
G.B. Belyavskaya and J.D.H. Smith definitions are close.

Quasigroup (Q,-) is a T-quasigroup if and only if there exists an
abelian group (Q, +), its automorphisms ¢ and v and a fixed element
a € @ such that z -y = px + Yy +a for all z,y € Q [7].
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Notice, a quasigroup is central, if it coincides with its center.

Theorem 1 (Belyavskaya Theorem). A quasigroup is central (in
Belyavskaya and Smith sense) if and only if it is a T-quasigroup [3].
An overview of various definitions of quasigroup center is in [9].

2 A-centers of a loop

Definition 2 Let Q be a loop. Autotopy of the form {(Lg, €, Ly) |a €
Z(Q)} we shall name the left central autotopy. Group of all left central
autotopies we shall denote by ZZA.

Autotopy of the form {(e,Lq, La)|a € Z(Q)} we shall name the
right central autotopy. Group of all right central autotopies we shall
denote by Z2.

Autotopy of the form {(La, L;',¢)a € Z(Q)} we shall name the
middle central autotopy. Group of all middle central autotopies we shall
denote by Z2.

Definition 3 The set of all autotopisms of the form (a,e,v) of a
quasigroup (Q,o), where € is the identity mapping, is called the left
autotopy nucleus (left A-nucleus) of quasigroup (Q, o).

Similarly, the sets of autotopisms of the forms («, 3,¢) and (g, 3,7)
form the middle and right A-nuclei of (Q,0). We shall denote these
three sets of mappings by NlA, an}b and N,ﬁ4 respectively.

Theorem 2 Let () be a loop, K = NZA . N,f‘ . N;?L. Then
(i) K/Z{ = (N} x No) /2 < N2 22
(ii) K/Z4 = (N x NA)/ZA x NAj 24

(iii) K/Z3 = (Nf* x NA)/ZA x N2/ ZA.

3 A-centers of a quasigroup

Definition 4 Let QQ be a quasigroup. We name
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(i) the group (N2 x Ni) N N as left A-center of Q and denote by
zZ;

(ii) the group (NlA x NAYNNA as right A-center of Q and denote by

ZA,'

r

(iii) the group (N x N2A) N Nj as middle A-center of Q and denote
by Z4.

The set of all autotopisms of a quasigroup (Q,o) is denoted by
Avt(Q, o).
Theorem 3 In any quasigroup Q we have ZZA Q4 Avt(Q), ZA <
Avt(Q), ZA < Avt(Q).
Theorem 4 In any quasigroup (Q,-) the groups ZZA, zZA, 74, 1ZlA,
3ZlA, QZ,f‘, ;»,Z;4 1Z;2, 22{2 are isomorphic to an abelian group.
Theorem 5 The group 12{* (32, 227, 321, 12}, 2224 ) of a quasi-
group (Q,-) acts on the set Q simply transitively if and only if quasi-
group (Q,-) is abelian group isotope.

Definition 5 A-central quasigroup is a quasigroup @ with transitive
action of at least one from its components of A-centers on Q.
Using this definition we formulate main theorem of the paper.

Theorem 6 A quasigroup is A-central if and only if it is an isotope of
abelian group.

Corollary 1 Any central quasigroup in G.B. Belyavskaya and
J.D.H. Smith sense is an A-central quasigroup.
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