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On the principal (m,n)-ideals in the direct product

of two semigroups
Panuwat Luangchaisri and Thawhat Changphas

Abstract. We characterize properties of the equivalence relation determined by two (m,n)-
ideals of a semigroup S and describe properties of this relation in the direct product of two
semigroups.

1. Preliminaries

Let m,n be non-negative integers. A subsemigroup A of a semigroup S is called
an (m,n)-ideal of S if

AMSAT C A

(Here, A’S = SA® = S). This notion was first introduced by S. Lajos [3] in 1961.
The principal (m,n)-ideal of S generated by a € S will be denoted by [a] (),
and it is of the form

[a](m,n) = U:”f;tn{az} U a™Sa™
(see [2]).

Now, let T' be a semigroup, and thus the direct product S x T is a semi-
group under the coordinate wise multiplications. In this paper we introduce the
equivalence relation J,, )y on S by, for any a,b € S,

ax7(m,n)b — [a](m,n) = [b](m,n)

2. Main results

Throughout this section, let m,n be non-negative integers and S be a semigroup.
We begin this section with the following lemmas:

Lemma 2.1. Let S and T be any two semigroups, and let s € S, t € T. Then
(5,)™(S x T)(s,t)" = s™Ss™ x t™Tt".
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Hence,
(8, )] (mmy) = Ul {(s,1)1} U s™Ss™ x ™ Tt™,
Proof. This follows by
(5, )™ (S x T)(s,t)™ = (s, t")(S x T)(s™,t") = s™Ss™ x t"Tt". O
Lemma 2.2. Let s be an element of a semigroup S. Then
[8](m,n) = 8™ 95" — s5€s™Is".

Proof. It is clear that [s](,, ) = s Ss" implies s € s™Ss".
Conversely, if s € s™Ss", then

[$](m,n) = Uri™{s' U s™Ss™ C s™Ss™
By s™85" C [s](m,n)s [8](m.n) = 858", O

Lemma 2.3. Let S and T be any two semigroups, and let s € S, t € T. Then
[(Svt”(m,n) - [S](mm) X [t](m,n)'
Proof. This follows by Lemma 2.1. 0
We now prove the first main purpose of this paper.

Theorem 2.4. Let S and T be any two semigroups, and let s € S, t € T. Then
[(8, )] (m.n) = [8](m,n) X [tlm,n) if and only if at least one of the following conditions
holds:

(1) s™Ss™ ={s},
(2) t"Ttn = {t},
(3) s€s™Ss"™ and t € t™Tt".

Proof. Assume first that [(s,%)](m,n) = [5](m,n) X [t](m,n)- Suppose that s ¢ s™Ss"
ort ¢ t™Tt". If s ¢ s™Ss", then s # s* for all k € {2,3,...}; hence
{s} x t"™Tt™ = {(s,t)}.

This implies that t™Tt" = {t}. Similarly, if ¢ ¢ t"Tt", then s™Ss" = {s}.

Conversely, we assume that (1), (2) or (3) holds. If s™Ss™ = {s}, then, by
Lemma 2.2, it follows that

Sy X [y = (5 % Flommy = U (560} Uls) x T8

= UZ’:{" (st U s™Ss™ X t™Tt" = [(8,1)] (m,m)-

Thus [(sat)](m,n) = [S](m,n) X [t](m,n)-

Similarly, if t™Tt™ = {t}, then [(5,1)](m,n) = [8](m,n) X [t]m,n)-
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Finally, we assume that s € s Ss” and t € t"Tt". By Lemmas 2.2 — 2.3, we
have

[(5, )] (m,m) S [8lom,m) X [,y = 8™58™ x ATt C (s, 8)](m,m)-
Therefore [(s,2)](m,n) = [5(m.n) X [t](m,n), as required. O
Now, we consider the second aim of this paper.
Lemma 2.5. For any s € S, if Jun n),s 187 Ss™ # 0, then Jiy, n),s C s Ss".
Proof. For J(;, n),s N s™Ss™ # () there exists u € J(;, ),s N 5™ Ss™. Thus

s € [S}(m,n) = [u}(m,n)'

We have s € s™Ss". Indeed, if s = u’ for some i € {1,2,...,m + n}, then
s € smSs™. And, if s € u™Su", then s € u"™Su™ C (s™Ss™)S(s™Ss™) C s™Ss™,
and so s € s Ss”.

Now, if v € Jim n),s, then [v](m.n) = [8](m,n); hence v € [s](y, ). This implies
V € [8](m,n) = s™S5s™ by Lemma 2.2. Therefore J(,, ) s € 5™ Ss™. O

Lemma 2.6. If for s € S the cardinality |, )| > 1, then J(y, ny,s € s™Ss™.
Proof. For |J(y n,s| > 1 there exists u € Jiy, n),s such that u # s. We have

u e [u](mm) = [8](m7n).

If u € sSs", then Ji, n).s N s™Ss™ # 0. So, Jimny,s C s™Ss™, by Lemma 2.5.
Let u = s* for some ¢ € {2,3,...,m+n}. If s =’ for some j € {2,3,...,m+n},
then s € s™Ss™. Therefore, by Lemma 2.5, it follows that Jip p)s © s™5s™.
If s € w™Su™, then Jimpnys = Jimpn)u © w™Su™ = s™Ss™ C s™Ss™. This
completes the proof. O

Let S and T be any two semigroups. Define g : SXT — Sand np : SXT — T,
respectively, by:

(s,tyrs=sforallse S and (s,t)rp=tforallteT.

Then 7g (resp. mr) is a projection from S x T onto S (resp. 7). Moreover, for
any (S,t) S S x T we have [(S,t)](mm)ﬂs = [5](7”7”) and [(S7t)}(m,n)7TT = [t}(m,n)-

Theorem 2.7. Let S and T be any two semigroups, and let (s,t) € S x T. Then
(1) J(m,n),(s,t) g J(m,n),s X J(m,n),t; and

(2) if Jim,n),(s,¢) 15 a proper subset of Jim ny.s X Jim.n),es then Jim ny s X Jimm).e
is the union of at least two J(y, n)-classes in S X T.

Proof. To prove (1), let (u,v) € Jim.n),(s,6)- Then [(8,6)](mn) = [(% V)] (m,n)

[8](m,n) = [(S7t)](m,n)7r5 = [(u7v)](m,n)7r5 = [U](m,n)
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and

(tlm.n) = (8, D)) m.mymr = [(W V)] (m,m) T = [0](m,n)-
Thus (u,v) € Jimn),s X Jmn)t-
(2). Let (u,v) € Jimn),s X Syt \ Jimon),(s,0)- Then [u]om ny = [8](m,n) and
[v]m,n) = [tl(m,n)- Thus
Jmn) (o) © Jemn)u X mn),0 = Jonm),s X Jmn) - -

Corollary 2.8. Let S and T be any two semigroups, and let (s,t) € S x T. If
Jimon),s = {8} and Jiy 0y, = {t}, then

Jmn) (s,t) = Jmmny,s X Jomamy e = {(s,8)}

Theorem 2.9. Let S and T be any two semigroups, and let s € S;t € T. Then
Jimn),s X Jmn)t = Jmon),(s,t) if and only if at least one of the following conditions
holds:

(1) J(m,n),s = {S} and J(m,n),t = {t},
(2) se€s™Ss™ and t € t™TL".
Proof. Assume that J(m,n)’s X J(m’n)ﬂg = J(m,n),(s,t)' If |J(m,n),(s,t)| =1, then

J(m;n),s X J(m,n),t = J(mm),(s,t) = {(Svt)}

That is, J(m,n),s = {S} and J(m,n),t = {ﬁ}

If [ J(mn),s,0)] > 1, then, (s,t) € Jim p),(s,0) € 8™ Ss™ x t™T't", by Lemma 2.2.

Conversely, if (1) holds, then Ji, n),s X Jim.n)t = J(m.n),(s,t), Py Corollary 2.8.
By (2) and Theorem 2.4, we get [(,t)](m.n) = [5](m.n) X [t](m,n)- By Theorem 2.7,
J(m,n),(s,t) - J(m,n),s X J(m,n),t-

To prove the reverse inclusion let (u,v) € Jim n).s X Jim,n) .t

CASE 1: (u,v) = (s,t). Then (u,v) € J(m’n)’(s’t), and so J(m’n)’s X J(m,n),t -
(), (s,t)-

CASE 2: u # s. By Lemma 2.6, we have u € Jy n),u C© u™Su", because
S,u € J(m,n),s = J(m,n),u-

CAsE 2.1: v =t. We have v € v™Tv". By Theorem 2.4,

[(wv)](m,n) = [u](m,n) X [U}(m,n) = [5](m,n) X [t](m,n) = [(Sat)](m,n)'
Thus (uvv) € J(m,n),(s,t)- Therefore J(m,n),s x J(m,n),t - J(m,n),(s,t)-
Case 2.2: v #t. We have v € Juypn),0 S v"T0v". As Case 2.1 we have
(u,v) € Jm,n),(s,t), and thus
J(m,n),s X J(m,n),t - J(m,n),(s,t)-

CASE 3: u =t,v # t. Analogously as Case 2.1.
This completes the proof. O
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Using the thereom above we have the following.

Corollary 2.10. Let S and T be any two semigroups, and let s € S;t € T. If
|J(m,n)7s| > 1 and |J(m,n)7t| > 17 then J(m,n),(s,t) = J(m,n),s X J(m,n)ﬂt'

Corollary 2.11. Let S and T be any two semigroups, and let s € S;t € T. If
Jim,n),s X J(m,n),t 18 the union of at least two Jm n)-classes, then necessarily either
|J(m,n),s| > 1, J(m,n),t = {t} or |J(m,n),t| > 17<](m,n),s = {S}

Theorem 2.12. Let S and T be any two semigroups, and let s € S,t € T. Then
Jimn),s X Jmn),¢ 18 the union of at least two J(p, ny-classes if and only if either

Tyl > 1 Jonmye = {t}, t & Tt
or
|J(m»’fl)7t| > 1} J(m,n),s = {3}; S ¢ s™MSs™,

Proof. Assume that Ji, n).s X J(m,n),¢ is the union of at least two J(,, n)-classes.
By Corollary 2.11,

"](m,n)ﬁ > 17 J(m;n),t = {t}

or
|J(m,n),t| > 1, J(m,n),s = {S}

CASE 1: [Jimn),sl > 1, Jimmye = {t}. Then t ¢ t™Tt" because otherwise,
5 € Jimn),s € 8MSs™ and t € tTt"™ imply that Jim, n)s X Jimn)t = Jmn),(s,)-

CASE 2: |[Jimn) el > 1, Jimn),s = {s}. This can be proceed analogously, and
hence s ¢ s™Ss™.

For the opposite direction, it suffices to consider the case [Jn )l > 1,
Jimmye = {t}, t ¢ t"Tt". Let u € Jm s such that u # s. Then (u,t) €
Jimom),s X Jimony,e- Since t ¢ t™Tt", we have (s,t) ¢ s™Ss™ x t™Tt". Thus, by
Lemma 2.6, we have (u,t) & {(s,1)} = Jim,n).(s,t)- 0

The rest of this paper, relationships between maximal J(;, n)-classes in S x T
and maximal J,, »)-classes in S and in T" will be investigated.

Theorem 2.13. Let S and T be any two semigroups, and let s € S, t € T be such
that (s,t) € s Ss" xt™Tt". Then, for anyu € S,v € T, [(5,1)](m,n) € [(% V)] (m,n)
if and only if [s](m.n) C [U](mn) and [t](mn) € [V]mn)-

Proof. Assume that [(s,%)](m,n) € [(%,V)](m,n). Then
[s ] (m,n) = = [(s, t)](m n)Ts & [(u, )](m,n)ﬂs = [u](mm)7
[ } (m,n) — [(57 )](m n)TT - [( )](7n,n)7TT = [U](m,n)-
Hence [S}(m’n) - [’U,}(m’n) and [t](m’n) - [U](mm).
Assume that [s](m.n) € [t](m,n) and [t]m.n) € [V](mn). Since s € s™S5s™ and
t € t™Tt", it follows by Theorem 2.4 and Lemma 2.2 that

[(S7t)](m,n) = [S](m,n) X [t](m,n) = s™Ss™ x t"™Tt".
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If (xay) € [(Svt)}(m,n)a then
(z,y) € sSs"™ x t"Tt" Cu™Su™ x v™Tv"™ C [(u,V)](m,n)-
Thus [(S,t)](m’n) - [(uw)](m,n). O

Theorem 2.14. Let S and T be any two semigroups, and let s € S, t € T be
such that (s,t) € s™Ss™ x t™Tt". Then Jim ) (s, 15 @ mazimal Jm ,)-class in
S x T if and only if Jinny,s and Jon n)e are mazimal Jpy, n)-classes in S and in
T, respectively.

Proof. Assume first that J(,, ) (s, 18 @ maximal J(,, »)-class in S x T'. Suppose
that J(,, 5),s is not a maximal J(,, n)-class in S. Then there exists u € S such
that [s] () C [t](m,n)- By Theorem 2.13, [(5,1)](m,n) € [(1:1)](m,n). We have

(uvt) ¢ M(m,n) X [t](m,n) = [(S’t)}(m,n)-

Thus [(8,t)](m,n) C [(4;t)](m,ny- This contradicts to the maximality of Jm 5, (s.e)-
In the same manner, if J(,, . is not a maximal J(,, »)-class in T', then we get a
contradiction.

Conversely, we assume that Ji,, n) s and J(;, n),, are maximal J,, ,)-classes in
S and in T, respectively. Suppose that Ji, n) (s, i not maximal. Then there
exists (u,v) € S x T such that [(s,)](m,n) C [(%V)](m,n). Thus

[*ﬂ(m,n) X [t](m,n) = [(S,t)}(m,n) C [(uav)](m,n) g [u](m,n) X [U](m,n)-

This is a contradiction. O
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