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Free semiabelian n-ary groups

Nikolay A. Shchuchkin

Abstract. Free n-ary groups in the class of semiabelian n-ary groups are described.

1. Introduction

The non-empty set G together with an n-ary operation f : G" — G is called an
n-ary groupoid (or an n-ary operative — in the Gluskin terminology, cf. [10]) and
is denoted by (G, f). We will assume that n > 2.

According to the general convention used in the theory of such groupoids we
will use the following abbreviated notation:

(1)
f(xlw'wxiaxv"' s Ly Lidt415- - - ,Z‘n) = f('r,iv x?‘x?—‘rt-{-l)’

t

k(n— n n— k(n—
f(k) (xl( 1)+1) = f(f( ) f(f(l‘l )5 I?H—ll)a .- ')a x(}i_l)l()rb+_11)+2)a
k

where (g:) and xf for ¢ > j are empty symbols. In certain situations, when the arity
of the operation f() does not play a crucial role or when it will differ depending
on additional assumptions, we will write f() instead of f).

The algebra (G, f) is called an n-ary group if it satisfies the generalized asso-
ciative law:

Flay fa ™ h,alint) = fla] ™ fay ) et (1)
and for all a1,...,a;-1,a;41,...,0y,,b € G the equation
flat, ... aj-125,a541,...,0,) =D
is uniquely solvable for each 7 = 1,...,n. Other equivalent definitions of n-ary

groups one can find in [4] and [5].

For n = 2 we obtain usual (binary) groups. Thus n-ary groups are a generali-
zation of groups.

Initial investigations of n-ary groups were presented in [2], [15] and [20]. The
necessity for such research is explained in the Kurosh’s book [13].
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The theory of n-ary groups differs from the theory of ordinary groups. This is
stipulated, for example, by absence of neutral elements. Therefore the invertibility
is also absent. Instead of this in n-ary groups is considered the skew element defined
as a solution of the equation f(a,...,a,z) = a. It is denoted by a and is called the
skew element for a. Since for each a € G it is uniquely defined we have the map
~:x — . Thus any n-ary group (G, f) may be considered as an algebra (G, f,”)
in which the generalized associative law (1) and the identities

f(y’z7"'7z7:f7x):f(x7j’x7""x’y):y' (2)

are fulfilled (for details see [3], [4] and [5]).
An n-ary group (G, f) is called semiabelian if

f(fﬂl,.’fg sy Tp—1, zn) = f(-Tn,xQ s 7xn—1axl)
and abelian or commutative if f(z1,...,2,) = f(To(1),- s To(n)) is valid for all
Z1,...,&, € G and all o € S,,. An n-ary group is semiabelian (G, f) if and only

if f(z,a,...,a,y) = f(y,a,...,a,z) for some a € G and all z,y € G (cf. [3]).

Note that in semiabelian n-ary groups the map ~: * — Z is an endomorphism
(ct. [4]), but it is an endomorphism also in some n-ary groups which are not
semiabelian (cf. [8]).

The class of all n-ary groups considered as algebras of the form (G, f,”) forms
a variety determined by (1) and (2). Free n-ary groups in this class are described
in [1]. Free n-ary groups in the class of all abelian n-ary groups were investigated
in [19], [17] and [18]. The description of structure of free n-ary groups in class of
abelian semicyclic (precyclic) n-ary groups one can find in [14].

In this paper we describe the structure of free n-ary groups in class of semi-
abelian n-ary groups.

2. Some facts on semiabelian n-ary groups

There is a close relationship between binary (i.e., classical) and n-ary groups. For
example, on any semiabelian n-ary group (G, f) the abelian group (G, +) may be
defined by putting a +b = f(a,c,..., ¢, ¢ b) for fixed element ¢ from G. Then (cf.
[10], [11]) for the element d = f(c,...,c) and for the map ¢(x) = f(c, z,¢, ..., ¢, &),
which is an automorphism of the group (G, +), we obtain

o(d)=d, ¢" Ya)==1 forany z € G, and (3)
flar,...,an) = a1+ @(a2) + ... + " 2(an_1) + an + d. (4)
It is easily to see that cis a zero of the group (G, +), and —a = f(c,qa,...,a,a,c).

Moreover,

QDS(:C)Zf(C7:L‘, c 76)' (5)
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Since f(z,...,z,Z) = x, from (4) we get = + p(x) +... + " 2(x) + T+ d = z.

Thus, 7 = —p(x) — ... — " %(x) — d, and consequently,
0 (2) = @*(—p(x)— ... — " (2) = d) = —¢*(p(2)) — ... — *(¢"*(2)) — ¥*(d)
=—pt(@)— ... — " 2(@)—z—p@)—... - N z) - d
ot (@)= =" 2 (@) — (@) — . = " (@) — (@) —d—a + ¢ (x)
=z—xz+¢°(x)
Hence
¢*(z) =T —z+¢°(2). (6)

The group (G, +) is called the retract of an n-ary group (G, f) and is denoted
by ret.(G, f). Two retracts of the same n-ary group are isomorphic (cf. [6]). For
an abelian n-ary group (G, f) the automorphism ¢ is the identity map.

The converse is also true: if (G, +) is an abelian group, ¢ its automorphism such
that for some d € G the conditions (3) are satisfied, then (G, f) with the operation
defined by (4) is a semiabelian n-ary group. Such obtained an n-ary group (G, f)
is called (¢, d)-derived from the group (G, +) and is denoted by der, 4(G,+). In
the case ¢ = 1@, d = 0 we say that an n-ary group der, 4(G, +) is derived from
the group (G, +).

One can prove (cf. [6]) that

(G,+) = ret.dery, (G, +), (G, f) = dery qret(G, f). (7)

An n-ary group with a cyclic retract is called semicyclic [16] or precyclic [8].
A semicyclic n-ary group ((a), f) which is (¢, d)-derived from the cyclic group
((a),+) of order k has the form der, j4{(a), +), i.e.,

f(s1a,...,8,a) = (51 + som + s3m? ... + s,_1m" > + 5, + 1)a,

where 0 < m,l < k, m and k are relatively prime, Im =1 (mod k) and m|n — 1.
Any finite semicyclic n-ary group of order k is isomorphic to an n-ary group
((a), f) = derm ia{(a), +), where l|ged(1 +m +m? + ...+ m" "2 k) (see [16]).

Using the basic idea of 7], the structure of homomorphisms of n-ary groups
was investigated in [12]. We need the special case of Theorem 1.2 from [12].

Theorem 2.1. Let (G, f) = der, q(G,+) and (H, h) = der,, ,(H,®) be two semi-
abelian n-ary groups and ¢ : (G, f) — (H,h) be a homomorphism. Then there
exists a € H and a group homomorphism o : (G,+) — (H,®) such that ¥(z) =
o(x) ®a for any € G. In this case

h(a,...,a)=oc(d)®a and cop=poo.

Moreover, if a and o satisfy these two conditions, then ¥(z) = o(x) @ a is a
homomorphism (G, f) — (H, h).
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3. Generating sets of semiabelian n-ary groups

It is not difficult to see that

TRy (n—=3) _ (n—=3) _ =
f(x?):f()( Tn s Tny..., L1 ,1’1), x:f(n—?))(x7"'71‘)'

n—2

Theorem 3.1. If a semiabelian n-ary group (G, f) is generated by the set X =
{zala € I}, then its retract ret,, (G, f) is generated by the set

Y = {f((f»c;), a5 N 78) |70 € X\{z5}, i=1,...,n— 1} U {f(&”ﬁ))} .

Proof. Let (G,+) = ret,,(G, f) for some x5 € X. Then x5 is a zero of (G, +)

and (3) is valid for d = f(gcng)) and p(z) = f(zs,z, (nx_gg),afg).

Denote by B the subset of (G, +) generated (in (G, +)) by Y. Obviously d € Y.
So, also —d,zg € B. We will show that B = G.

First observe that ¢*(z,) € Y C Bforeverys=1,...,n—1and z, € X\{z3}.
For x5 we obtain ¢*(z3) = 25 € B. Since Zo = —@(x4) — ... — " *(24) — d, by
(2) and (4), we see that ¢*(Z,) € B for every z, € X.

Now consider an arbitrary element g € G. By our assumption each element
g € G has the form g = fi)(Yay, - - -+ Ya,, ), Where m = k(n — 1) + 1, yo, = 24, Or
Yoy = Tayy Ty € X, 0 =1,...,m. This, according to (4), means that each element
g of G can be written in the form

9="Yay +ho+o(h1) + @*(ha) + ...+ ¢" *(hp—2) + hp_1 + d,

where

n—2(

hj = yaj(n—1)+2 + (p(yaj(n—l)-w) +.o. ¥ yaj(n,—1)+n—1) + yaj(n,—1)+n + d

and j =0,1,...,k — 1. Since z3 is a zero of (G, +), each y;, and consequently, g
depends only on z,Z, and Zg. But Z3 = —d and d € Y. Thus g depends only on
d and z, € X\{zg}. Therefore Y generates G, so B = G. O

Corollary 3.2. If a semiabelian n-ary group (G, f) is generated by the set X =
{zola € I}, then the retract ret.(G, f) is generated by the set

(i-1)  (n—i—1) 3

{f(f( Tz 7 25) e 1) | wa € X\{zs), 1 <i<n— 1} U

{f(f&"é)f"é‘“? :, w)} ,

where xg is an arbitrary fized element of X.
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Proof. It is not difficult to see that the map o : ret,, (G, f) = ret.(G, f) defined by

n—3
o(z) = f(x,( c ), ¢,xzp) is an isomorphism of retracts which transfers generators
of red,,(G, f) onto generators of red.(G, f). O

Theorem 3.3. If an abelian group (G, +) is generated by the set Z = {z4|a € I},
then a semiabelian n-ary group (G, f) = dery, 4(G,+) is generated by the set X =
{=d+ zo | € I} U{0}.

(n—=3) _ (n—=3) _ (n)
Proof. In this case a+b= f(a, 0 ,0,b), o(x) = f(0,z, 0 ,0),d= f(0) and
(n-1)

—d =0. Thus z,, = f( 0 ,—d+ 24,). Moreover, for n; > 0 we obtain

(n=3) _ (n=3) _ (n=3) _
NiZa; :f(ni—l)(zai7 0 3072047‘,7 0 70,"'72:047:7 0 aO’ZOLi)

(n—1) (n—=3) _ (n—=3) _ (n—1)
:f(nl—l)(f( 0 77d+za7‘,)7 0,0,..., 0 707f( 0 ,*d+2’a1))

Since

I ()
—d+20,=f(—d+ za;, —d + 2Za;, —d + 2a;)

=—d+za,+p(—d+za,) + 03 (—d+20,)+ - .. +0"2(—d+24,)—d + 2o, +d,
we have
Ry = (p(_d + ZOéi) + 902(_61 + Zai) +.o.t wniz(_d—’_ Zai)

=—d+ @<_d+zai) +902(_d+ ZOéi) +...+ (pn_Z(_d+ Zou) +0+d
- (n—3) o (n—3)
= f(=d,—d+ za,, —d + 24,,0) = f(0,—d + z4,, —d + 24,,0).
Thus, for n; < 0 we have

(n—=3) _ (n—=3) _ (n—=3) _
NiZa; = (7711')(720471):f(—nri—l)(fzam 0,0, —Rays 0 ,0,...,—24;, 0,0, 720‘1‘)

. (n=3) (n—3) _ . (n=3) (n—=3) _
:f(fnifl)(f(07_d+zam —d+2’a1, 0)7 0 707f(07 _d+zan _d+ZCKi 5 O)v 0 707

. (n=3) (n—3) _ - (n=3)
. f(0,—=d+24,, —d+24,,0), 0,0, f(0, —d+zq,, —d+24,,0)).

Hence, in any case n;z,, can be expressed in (G, f) = der, q(G,+) by elements
of X. Since each element of G has the form g = n12,, + ... + Ng2q,, the above
means that an n-group (G, f) = der, 4(G, +)is generated by X. O

4. Structure of free semiabelian n-ary groups

Let 8 be the class of n-ary groups. An n-ary group (F, f) from R is free in £ with
the set X of free generators if any map 1y of X to any n-ary group (B, f) from
the class & can be uniquely extended to a homomorphism ¢ : (F, f) — (B, f).
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Denote by Cj, where 0 < I < [%], the class of all abelian semicyclic n-ary
groups (1, la)-derived from cyclic groups. An abelian semicyclic n-ary group con-
structed on a cyclic group ((a), +) of order k has the form dery ;,4((a), +), where
0 <!l; < k—1. By Lemma 1 in [9], n-ary groups deri ;,4((a), +) and der; 1,4 {(a), +)
of order k are isomorphic if and only if ged(ly,n — 1,k) = ged(lz,n — 1, k). So,
an n-ary group dery,q{((a),+) is isomorphic to an n-ary group deryi,q((a),+),
where ged(lh,n — 1, k) = lo. If lo = n — 1, then dery 1,4((a),+) = der1 o((a),+).
Thus, dery,4((a), +) € Co. If Iy < n —1, then 1 < I < [251] which means that
dery i q((a),+) € Cp,. If der1,q4((a),+) is an infinite abelian semicyclic n-ary
group, then dery;,4((a), +) = der114((a), +), where 0 < I < [251] (see Theorem
3 in [16]). Thus deri ;,4((a),+) € C;. This shows that each abelian semicyclic
n-ary group belongs only to one class Cj, where 0 <1 < [”771]

Each class C; has only one (up to isomorphism) free n-ary group. It has the
form dery ;Z, where Z is the additive group of integers (see [14]).

Free n-ary groups in the class of all abelian n-ary groups are described in the

following theorem proved in [18].

Theorem 4.1. An n-ary group is free in the class of abelian n-ary groups if and
only if it is an infinite cyclic n-ary group or a direct product of an infinite cyclic
n-ary group and an n-ary group derived from a free abelian group.

To describe all free n-ary groups in the class of all semiabelian n-ary groups
consider the set {z, |« € I}. For each element z, we determine the direct sum
(Ao, +) = Z;L;l((:r(,]), +) of infinite cyclic groups ((z4;),+) and the direct sum
(F,+) = ((a),+) + > ,cr(Aa,+), where ((a),+) is an infinite cyclic group. On
each group (4,,+) we select an automorphism ¢, such that

Wa(tlzal + t2xo¢2 +...+ tn—lxan—l) == tn—lx(xl + tlxa2 +...+ tn—2xom—1

for any t17q1 +t2%a2 + ... + tho1Tan—1 € Aa.

Then ¢ defined by ¢(sa+ Y2 z0,) = sa+ 37, @u, (2a,) is an automorphism
of the group (F,+). Since d = a and ¢ satisfy (3), on the group (F,+) we can
construct the semiabelian n-ary group (F, f) = der,, o(F,+) with the operation f
defined by (4).

Proposition 4.2. The n-ary group (F, f) is generated by the set
X ={-a+zan|aecl}Uu{0}.
Proof. The abelian group (F,+) is generated by the set
Z={atU{zq|lael}U{zq|acI}U...U{zqn_1|a €I}
Thus, according to Theorem 3.3, the n-ary group (F, f) is generated by the set

T={0}U{-a+zam|ael}U{—a+zap|acI}U...U{-a+zan_1]a eI}
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Note that for « € I and 7 =2,...,n — 1 we have

) . (i-1) (n—i-1) _
—a+Toj=—a+ @i N za1) =9 H—a+2a1)=f( 0 ,—a+za1, 0 ,0),

(i—1) (n—i—1) _ (i=1) (n—i—-1) _
—0+Ta; =f( 0 ,—a+z40, 0 ,00=f(0 ,—a+za1, 0 ,0)

(i=1) (n—i—1) ((n—2)?)

:f( 0 ,—a+za, 0 7f(n—3)( 0
This completes the proof. O

Theorem 4.3. The n-ary group (F, f) is free in the class of semiabelian n-ary
groups.

Proof. Let (B, f') be an arbitrary semiabelian n-ary group and vy be a map of
the set X into B. Let 1¢(0) = ¢ and o(—a + x41) = Yo for all a € I. Choose
in (B, f’) an n-ary subgroup (G, f’) generated by the set Y = {c¢} U {yn |a € I}
and consider the retract (G,+) = ret.(G, f’). By Theorem 3.1, this retract is
generated by the set

i—1 —i—1
U=(7("" e ael i=1 - 1yuis ().

Since d' = f’((z)) and ¢'(z) = f'(c, z, (nE3),E) satisfy (3), we see that (G, f') =
d€T¢/7d/ <G, +>
Moreover, the map o : Z — U such that o¢(a) = d’ and

(J—-1) (n—j3—-1) _ i—
00(Ta;) = F'(7¢ Yoy & ) +d =7 (ya) + '

foralla €I, j=1,...,n—1, can be extended to the homomorphism
o:(F,+)— (G,+)

with the property o(0) = ¢ and o(—a + x41) = —0(a) + 0(Za1) = Ya-

Let us show that o is a homomorphism of an n-ary group (F, f) into an n-
ary group (B, f’). For this consider z = sa + Zle Za; € (F,4), where z,, =
tilxail + tigiraig +...+ tinflxainfb Then

ploo(z)= ¢'(so(a) + Z?:l(tilo'(xail) +tioo(za,2) + oo+ tin—10(Tan—1)))
= @(sd+ 30 (ti (Yt d) Ftio (@ Yo, +d) o A tin1 (@™ (Ya,)+d')))

= sd+ 3 (tin—1 (Yo + &) F i1 (¢ (Wa) +d) - - Ain—2(0"™ (Yo, ) +d')).
On the other hand
gop(x)=o(sa+ Zle Vo, (ti1Tas1 FtioZa 2+ .o F tin—1Zan—1))

=o(sa+ Ele(tinfl-rail +tinTa2+ ..+ lin—2%Tam—1))
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= 50(a) + S0 (tin-10(Tas1) + t10(Tas2) + .. + tin—20(Zan-1)))
=sd + S8 (tine1 Yo, + &) + 11 (@ W) + &) + oo+ tin—2 (" 2 (Ya,) +d))).

Thus o o p(z) = ¢’ o o(z) for any z € F.

Since the neutral element of (G,+) (i.e., the element ¢) and o satisfy the
conditions of Theorem 2.1, ¢ is the homomorphism of an n-ary group (F, f) into
an n-ary group (B, f’). Obviously, o is the extension of the map ¢y : X — B. O

Theorem 4.4. In the class of semiabelian n-ary groups a free n-ary group freely
generated by the set W = {z, | o € I}U{c} is isomorphic to an n-ary group (F, f).

Proof. Let (H,h) be a free n-ary group generated by W. Then there is a homo-
morphism ¢ from (H, h) into an n-ary group (F, f), which is the extension of the
map ¢ = 0, o, =& —a + 41, @ € I. On the other hand, by Theorem 4.3, there
exists a homomorphism 7 : (F, f) — (H,h), which is the extension of the map
0— ¢, —a+Ta1 = To, @ € I. This means that 7o¢(w) = w for all w € W. Also,

Toy(w) =Toy(w)=w for all w e W.
Now if ¢(u) = ¥(v) for some u,v € H, then

U= h(k)(yau “ee 7yak(n71)+1)a U= h(l)(zau SRR Zal(n—l)Jrl)’

where y,, and z,, are elements of W or are skew to some elements of W. Thus

Top(u)=ToY(hx)(Yars- - > Yarm-1ys1))

= 7(fe) (VW) - - Y Warin-1)41)))

= hey (T (Yo )5 - > T Yergo1ya1 )
= he)(Yay s - - - 71‘/%(”71)“) = U.

In a similar way we obtain 7 o ¢)(v) = v, whence, by the uniqueness of 7, we
conclude v = v. So, ¥ is one-to-one. It is surjective too. Indeed, each g € F has
the form

g = f(k?) (yozla MR yak(n,1)+1)7

where y,, € X or is skew to some element from X. For each y,, € X there exists
Za; € W such that ©(z4,) = Ya,- If ya, is skew to some element from X, then
also there exists z,, € W which is skew to some element from W and such that
¥(2a;) = Ya;- This means that for each u = h(x)(2ay;- - -5 Zay, 1y, ) We have

’(/J(u) = w(h(k) (Zaw SR Zak(n—l)«l»l))
= f(k) (7/)(2041)» sy ¢(Zak(n71)+1))
= f(k)(ya17~ - 7y01k(n71)+1) =g.

So % is surjective. Therefore v is a bijection. This completes the proof. O



Free semiabelian n-ary groups 317

References
[1] V.A. Artamonov, Free n-groups, (Russian), Mat. Zamietki 8 (1970), 499 — 507.
[2] W. Dérnte, Untersuchungen iber einen verallgemeinerten Gruppenbegrieff, Math.
Zeitshr. 29 (1928), 1 — 19.
[3] W.A. Dudek, Remarks on n-groups, Demonstratio Math. 13 (1980), 165 — 181.
[4] W.A. Dudek, On some old and new problems in n-ary groups, Quasigroups and
Related Systems 8 (2001), 15 — 36.
[5] W.A. Dudek, K. Glazek and B. Gleichgewicht, A note on the azioms of
n-groups, Colloquia Math. Soc. J. Bolyai, 29 (1977), 195 — 202.
[6] W.A. Dudek and J. Michalski, On a generalization of Hosszi theorem, Demon-
stratio Math. 15 (1982), 783 — 805.
[7] W.A. Dudek and J. Michalski, On retracts of polyadic groups, Demonstratio
Math. 17 (1984), 281 — 301.
[8] W.A. Dudek and N.A. Shchuchkin, Skew endomorphisms on some n-ary
groups, Quasigroups and Related Systems 17 (2009), 205 — 228.
[9] K. Glazek, J. Michalski and I. Sierocki, On evaluation of numbers of some
polyadic groups, Contributions to General Algebra 3 (1985), 159 — 171.
[10] L.M. Gluskin, Positional operatives, (Russian), Mat. Sbornik 68(110) (1965),
444 — 472.
[11] M. Hosszt, On the explicit form of n-group operations, Publ. Math. Debrecen 10
(1963), 88 — 92.
[12] H. Khodabandeh and M. Shahryari, Simple polyadic groups, Siberian Math. J.
55 (2014), 734 — 744.
[13] A.G. Kurosh, General algebra, Lectures 1969-1970, (Russian), Nauka, Moscow,
1974.
[14] V.M. Kusov and N.A. Shchuchkin, Free abelian semicyclic n-ary groups, (Rus-
sian), Chebyshevskii Sh. 12 (2011), no. 2(38), 68 — 76.
[15] E.L. Post, Polyadic groups, Trans. Amer. Math. Soc. 48 (1940), 208 — 350.
[16] N.A. Shchuchkin, Semicyclic n-ary groups, (Russian), Izv. Gomel Univ. 3(54)
(2009), 186 — 194.
[17] N.A. Shchuchkin, Free abelian n-ary groups (Russian), Chebyshevskii Sb. 12
(2011), no. 2(38), 163 — 170.
[18] N.A. Shchuchkin, Subgroups of free abelian m-ary group, (Russian), Izv. Gomel
State Univ. 6(81) (2013), 94 — 103.
[19] F.M. Sioson, On free abelian n-groups II, Proc. Japan. Acad. 43 (1967), 880 — 883.
[20] A.K. Sushkevitch, Thory of generalized groups, (Russian), Chostechizdat,

Kharkov - Kiev, 1937.

Received 6 May, 2015

Volgograd State Pedagogical University, Lenina prosp., 27, 400131 Volgograd, Russia
E-mail: shchukin@fizmat.vspu.ru, nikolaj shchuchkin@mail.ru



