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An investigation on fuzzy hyperideals

of ordered semihypergroups

Bundit Pibaljommee, Kantapong Wannatong and Bijan Davvaz

Abstract. We introduce the notions of fuzzy hyperideals, fuzzy bi-hyperideals and fuzzy quasi-

hyperideals of an ordered semihypergroup and show that every fuzzy quasi-hyperideal is a fuzzy

bi-hyperideal and in a regular ordered semihypergroup, fuzzy quasi-hyperideals and fuzzy bi-

hyperideals coincide. Moreover, we show that in an ordered semihypergroup every fuzzy quasi-

hyperideal is an intersection of a fuzzy right hyperideal and a fuzzy left hyperideal.

1. Introduction

The concept of algebraic hyperstructures was introduced in 1934 by Marty [13].
The concept of a semihypergroup is a generalization of the concept of a semi-
group. Semihypergroups are studied by many authors, for example, Bonansinga
and Corsini [1], Davvaz [4, 5], De Salvo et al. [6], Freni [7], Hila et al. [9], Leore-
anu [14], and many others. In [8], Heidari and Davvaz studied a semihypergroup
(H, ◦) with a binary relation 6, where 6 is a partial order so that the monotony
condition is satis�ed. This structure is called an ordered semihypergroup. The
study of fuzzy algebras was started in [15] by Rosenfeld. In [10], the relationships
between some types of fuzzy ideals in ordered semigroups were investigated. In
[11], some equivalent de�nitions of fuzzy ideals of ordered semigroups were given.
In [3], Davvaz introduced the concept of a fuzzy right (resp. left, two-sided) hy-
perideal of a semihypergroup and proved some results in this respect. Now, in this
paper we study the notions of fuzzy hyperideals of ordered semihypergroups.

The paper is structured as follows. After an introduction, in Section 2 we
present some basic notions and examples on ordered semihypergroups. In Section
3, we introduce the notions of fuzzy hyperideals, fuzzy bi-hyperideals and fuzzy
quasi-hyperideals of an ordered semihypergroup and we give some results in this
respect. In particular, we show that every fuzzy quasi-hyperideal is a fuzzy bi-
hyperideal and in a regular ordered semihypergroup, fuzzy quasi-hyperideals and
fuzzy bi-hyperideals coincide. Moreover, we show that in an ordered semihyper-
group every fuzzy quasi-hyperideal is an intersection of a fuzzy right hyperideal
and a fuzzy left hyperideal.
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2. Preliminaries

A hypergroupoid consists of a non-empty set H and a mapping ◦ : H×H → P∗(H)
called a hyperoperation, where P∗(H) denotes the set of all non-empty subsets of
H. We denote by a ◦ b the image of the pair (a, b) in H ×H.

A hypergroupoid (H, ◦) is called a semihypergroup if it satis�es the associative
property, namely,

(a ◦ b) ◦ c = a ◦ (b ◦ c).

For any non-empty subsets A,B of H, we denote

A ◦B :=
⋃

a∈A,b∈B
a ◦ b.

Instead of {a} ◦A and B ◦ {a}, we write a ◦A and B ◦ a, respectively.

De�nition 2.1. Let H be a non-empty set and 6 be an ordered relation on H.
The triplet (H, ◦,6) is called an ordered semihypergroup if the following conditions
are satis�ed.

(1) (H, ◦) is a semihypergroup,

(2) (H,6) is a partially order set,

(3) for every a, b, c ∈ H, a 6 b implies a ◦ c 6 b ◦ c and c ◦ a 6 c ◦ b, where
a ◦ c 6 b ◦ c means that for every x ∈ a ◦ c there exists y ∈ b ◦ c such that
x 6 y.

A non-empty subset A of an ordered semihypergroup (H, ◦,6) is called a subsemi-
hypergroup of H if (A, ◦,6) is an ordered semihypergroup.

We note that for every a, b, c, d, e, f ∈ H with a◦ b 6 c◦d and e 6 f , we obtain
a ◦ b ◦ e 6 c ◦ d ◦ f .

For K ⊆ H, we denote

(K] := {a ∈ H | a 6 k for some k ∈ K}.

De�nition 2.2. A non-empty subset A of an ordered semihypergroup (H, ◦,6)
is called a right (resp. left) hyperideal of H if

(1) A ◦H ⊆ A (resp. H ◦A ⊆ A),

(2) for every a ∈ H, b ∈ A and a 6 b implies a ∈ A.

If A is both right hyperideal and left hyperideal of H, then A is called a
hyperideal (or two-side hyperideal) of H.

De�nition 2.3. A subsemihypergroup A of an ordered semihypergroup (H, ◦,6)
is called a bi-hyperideal of H if
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(1) A ◦H ◦A ⊆ A,

(2) for every a ∈ H, b ∈ A and a 6 b implies a ∈ A.

De�nition 2.4. A non-empty subset Q of an ordered semihypergroup (H, ◦,6)
is called a quasi-hyperideal of H if

(1) (Q ◦H] ∩ (H ◦Q] ⊆ Q,

(2) for every a ∈ H, b ∈ Q and a 6 b implies a ∈ Q.

Example 2.5. The set H = {a, b, c, d, e} and the hyperoperation de�ned by the
table

◦ a b c d e
a a {a, b, d} a {a, b, d} {a, b, d}
b a b a {a, b, d} {a, b, d}
c a {a, b, d} {a, c} {a, b, d} {a, b, c, d, e}
d a {a, b, d} a {a, b, d} {a, b, d}
e a {a, b, d} {a, c} {a, b, d} {a, b, c, d, e}

is a semihypergroup (cf. [2]).
We de�ne order relation 6 as follows:

6:= {(a, a), (b, b), (c, c), (d, d), (e, e), (a, c), (a, d), (a, e), (b, d), (b, e), (c, e), (d, e)}.

We give the covering relation ≺ and the �gure of H:

≺= {(a, c), (a, d), (b, d), (c, e), (d, e)}.
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Now, (H, ◦,6) is an ordered semihypergroup, {a, b, d} is a hyperideal and {a}, {a, c}
are left hyperideals and also bi-hyperideals of (H, ◦,6).

Now, we use the ordered semigroup de�ned in Example 3.3 in [16] to construct
a semihypergroup in a similarly way of Example 3.10 in [2] and give an example
of quasi-hyperideals of an ordered semihypergroup.

Example 2.6. Let H = {a, b, c, d, e}. De�ne the hyperoperation ◦ on H by the
following table.
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◦ a b c d e
a a a a a a
b a {a, b} a {a, d} a
c a {a, e} {a, c} {a, c} {a, e}
d a {a, b} {a, d} {a, d} {a, b}
e a {a, e} a {a, c} a

Suppose that the order relation 6 as follows:

6:= {(a, a), (b, b), (c, c), (d, d), (e, e), (a, b), (a, c), (a, d), (a, e)}.

We give the covering relation ≺ and the �gure of H:

≺= {(a, b), (a, c), (a, d), (a, e)}.
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Now, (H, ◦,6) is an ordered semihypergroup. It is easy to show that all proper
quasi-hyperideals ofH are {a}, {a, b}, {a, c}, {a, d}, {a, e}, {a, b, d}, {a, c, d}, {a, b, e}
and {a, c, e}.

Let (H, ◦,6) be an ordered semihypergroup and a ∈ H. We denote

Aa := {(b, c) ∈ H ×H | a 6 b ◦ c}.

A fuzzy subset µ of a semihypergroup (H, ◦) is a function µ : H → [0, 1]. Let
t ∈ [0, 1] and µ be a fuzzy subset of H. The set µt = {a ∈ H | µ(a) > t} is called a
level subset of µ. For fuzzy subsets µ and ν of H, we de�ne the fuzzy subset µ ◦ ν
of H by letting a ∈ H,

(µ ◦ ν)(a) :=

 sup
(b,c)∈Aa

{min{µ(b), ν(c)}}, if Aa 6= ∅,

0, otherwise.

At the end of this section, we recall the notions of a fuzzy subsemihypergroup
of a semihypergroup introduced by Davvaz in [5] as the following. A fuzzy sub-
set µ of a semihypergroup is called a fuzzy subsemihypergroup if inf

x∈a◦b
µ(x) >

min{µ(a), µ(b)} for all a, b ∈ H.
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3. Fuzzy hyperideals of ordered semihypergroups

In this section, we de�ne the concepts of a fuzzy right (left) hyperideal, a fuzzy
bi-hyperideal and a fuzzy quasi-hyperideal and give relationships between them.

De�nition 3.1. Let (H, ◦,6) be an ordered semihypergroup. A fuzzy subset
µ : H → [0, 1] is called a fuzzy right (resp. left) hyperideal of H if

(1) µ(a) 6 inf
c∈a◦b

{µ(c)} (resp. µ(b) 6 inf
c∈a◦b

{µ(c)} for every a, b ∈ H,

(2) for every a, b ∈ H, a 6 b implies µ(b) 6 µ(a).

If µ is both fuzzy right hyperideal and fuzzy left hyperideal of H, then µ is
called a fuzzy hyperideal (or fuzzy two-sided hyperideal) of H.

Example 3.2. Consider the ordered semihypergroup (H, ◦,6) de�ned in Example
2.5. We de�ne two fuzzy subset µ and λ of H as follows:

µ(x) =

{
0.7 if x = a, b, d
0.3 if x = c, e.

λ(x) =

 0.9 if x = a
0.8 if x = c
0.5 if x = b, d, e

Then, µ is a fuzzy hyperideal and λ is a fuzzy left hyperideal of H.

De�nition 3.3. Let (H, ◦,6) be an ordered semihypergroup. A fuzzy subsemi-
hypergroup µ : H → [0, 1] is called a fuzzy bi-hyperideal of H if the following
assertions are satis�ed:

(1) min{µ(b), µ(d)} 6 inf
a∈b◦c◦d

{µ(a)} for every b, c, d ∈ H,

(2) for every a, b ∈ H, a 6 b implies µ(b) 6 µ(a).

De�nition 3.4. Let (H, ◦,6) be an ordered semihypergroup. A fuzzy subset
µ : H → [0, 1] is called a fuzzy quasi-hyperideals of H if the following assertions
are satis�ed:

(1) (µ ◦ 1) ∩ (1 ◦ µ) ⊆ µ,

(2) for every a, b ∈ H, a 6 b implies µ(b) 6 µ(a),

where 1 : H → [0, 1] is a constant function de�ned by 1(a) = 1 for all a ∈ H.

Lemma 3.5. Let (H, ◦,6) be an ordered semihypergroup and µ be a fuzzy subset
of H. Then, µ is a fuzzy right (resp. left) hyperideal of H if and only if for every
t ∈ [0, 1], the non-empty level subset µt is a right (resp. left) hyperideal of H.
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Proof. Assume that µ is a fuzzy right hyperideal of H. Let t ∈ [0, 1] with µt 6= ∅.
Let a ∈ µt ◦ H. We have a ∈ b ◦ h for some b ∈ µt, h ∈ H. By assumption,
t 6 µ(b) 6 inf

a∈b◦h
{µ(a)}, we have µ(a) > t. This implies µt ◦ H ⊆ µt. Let

x ∈ µt, y ∈ H with y 6 x. Since t 6 µ(x) 6 µ(y), we obtain y ∈ µt. Therefore, µt
is a right hyperideal of H.

Conversely, we assume that for every t ∈ [0, 1], µt is a right hyperideal ofH. We
show that µ(a) 6 inf

c∈a◦b
{µ(c)} for all a, b ∈ H. We put t0 = µ(a). By assumption

µt0 is a right hyperideal of H. Since a ∈ µt0 , a ◦ b ⊆ µt0 . Then, for every c ∈ a ◦ b,
we obtain t0 6 µ(c) and hence, µ(a) = t0 6 inf

c∈a◦b
{µ(c)}. Let a, b ∈ H with a 6 b.

Since a 6 b, b ∈ µµ(b) and µµ(b) is a right hyperideal of H, we get a ∈ µµ(b). So,
µ(b) 6 µ(a). Therefore, µ is a fuzzy right hyperideal of H.

Corollary 3.6. Let (H, ◦,6) be an ordered semihypergroup and χI be the charac-
teristic function of I. Then, I is a left (resp. right) hyperideal of H if and only if
χI is a fuzzy left (resp. right) hyperideal of H.

Example 3.7. Let H = {a, b, c, d}. We consider the ordered semihypergroup
(H, ◦,6), where the hyperoperation ◦ and the order relation 6 on H are de�ned
as follows:

◦ a b c d
a a {a, b} {a, c} a
b a {a, b} {a, c} a
c a {a, b} {a, c} a
d a {a, b} {a, c} a

6:= {(a, a), (b, b), (c, c), (d, d), (b, a), (c, a)}.

We give the covering relation ≺ and the �gure of H:

≺= {(b, a), (c, a)}.
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Now, we de�ne the fuzzy subset µ of H as follows:

µ(x) =

{
0.8 if x = a, b, c,
0.3 if x = d.

Then, µ is a fuzzy hyperideal of H.
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Lemma 3.8. Let (H, ◦,6) be an ordered semihypergroup and µ be a fuzzy subset
of H. Then, µ is a fuzzy bi-hyperideal of H if and only if for every t ∈ [0, 1], the
non-empty level subset µt is a bi-hyperideal of H.

Proof. Assume that µ is a fuzzy bi-hyperideal of H. Let t ∈ [0, 1] with µt 6= ∅.
Let a ∈ µt ◦ H ◦ µt. We have a ∈ b ◦ h ◦ c for some b, c ∈ µt, h ∈ H. Since t 6
min{µ(b), µ(c)} 6 inf

a∈b◦h◦c
{µ(a)}, we have µ(a) > t. This implies µt ◦H ◦ µt ⊆ µt.

Let x ∈ µt, y ∈ H with y 6 x. Since t 6 µ(x) 6 µ(y), we obtain y ∈ µt. Therefore,
µt is a bi-hyperideal of H.

Conversely, we assume that for every t ∈ [0, 1], µt is a bi-hyperideal of H.
We show that min{µ(b), µ(c)} 6 inf

a∈b◦h◦c
{µ(a)} for all b, c, h ∈ H. We choose

t0 = min{µ(b), µ(c)}. By assumption µt0 is a bi-hyperideal of H. Since b, c ∈
µt0 , b ◦ h ◦ c ⊆ µt0 . Then, for every a ∈ b ◦ h ◦ c, we have t0 6 µ(a) and so
min{µ(b), µ(c)} = t0 6 inf

a∈b◦h◦c
{µ(a)}. Let a, b ∈ H with a 6 b. Since a 6 b,

b ∈ µµ(b) and µµ(b) is a bi-hyperideal of H, we get a ∈ µµ(b). So, µ(b) 6 µ(a).
Therefore, µ is a bi-hyperideal of H.

Corollary 3.9. Let (H, ◦,6) be an ordered semihypergroup and χI be the charac-
teristic function of I. Then, I is a bi-hyperideal of H if and only if χI is a fuzzy
bi-hyperideal of H.

Lemma 3.10. Let (H, ◦,6) be an ordered semihypergroup and µ be a fuzzy subset
of H. Then, µ is a fuzzy quasi-hyperideal of H if and only if for every t ∈ [0, 1],
the non-empty level subset µt is a quasi-hyperideal of H.

Proof. Assume that µ is a fuzzy quasi-hyperideal of H. Let t ∈ [0, 1] with µt 6= ∅.
We show that (µt◦H]∩(H ◦µt] ⊆ µt. Let a ∈ (µt◦H]∩(H ◦µt]. Then, a ∈ (µt◦H]
and a ∈ (H ◦ µt], i.e., a 6 b ◦ h and a 6 k ◦ c for some b, c ∈ µt, h, k ∈ H, i.e.,
(b, h), (k, c) ∈ Aa. This implies (µ ◦ 1)(a) = sup

(x,y)∈Aa

{min{µ(x), 1(y)}} > t and

(1 ◦ µ)(a) = sup
(x,y)∈Aa

{min{1(x), µ(y)}} > t. By assumption, we obtain µ(a) >

min{(µ◦1)(a), (1◦µ)(a)} > t. Therefore, (µt◦H]∩(H◦µt] ⊆ µt. Let x ∈ µt, y ∈ H
with y 6 x. Since t 6 µ(x) 6 µ(y), we obtain y ∈ µt. Therefore, µt is a quasi-
hyperideal of H.

Conversely, we assume that for every t ∈ [0, 1], µt is a quasi-hyperideal of H.
We show that (µ ◦ 1) ∩ (1 ◦ µ) ⊆ µ. Let a ∈ H. If Aa = ∅, then it is clear that
min{(µ ◦ 1)(a), (1 ◦ µ)(a)} 6 µ(a). If Aa 6= ∅, then there exist x, y ∈ H such that
a 6 x ◦ y. Let t0 = min{µ(x), µ(y)}. Since µt0 is a quasi-hyperideal, a 6 x ◦ y and
x, y ∈ µt0 , we have a ∈ (µt0 ◦H] ∩ (H ◦ µt0 ] ⊆ µt0 . Then, µ(a) > t0. This means
µ(a) > min{µ(x), µ(y)} for all (x, y) ∈ Aa. Now, we have:

((µ ◦ 1) ∩ (1 ◦ µ))(a) = min{(µ ◦ 1)(a), (1 ◦ µ)(a)}
= min{ sup

(x,y)∈Aa

{min{µ(x), 1(y)}}, sup
(x,y)∈Aa

{min{1(x), µ(y)}}}
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= min{ sup
(x,y)∈Aa

{µ(x)}, sup
(x,y)∈Aa

{µ(y)}}

= sup
(x,y)∈Aa

{min{µ(x), µ(y)}}

6 µ(a).

Thus, (µ ◦ 1) ∩ (1 ◦ µ) ⊆ µ. Let a, b ∈ H with a 6 b. Since a 6 b, b ∈ µµ(b) and
µµ(b) is a quasi-hyperideal of H, we get a ∈ µµ(b). So, µ(b) 6 µ(a). Therefore, µ
is a qausi-hyperideal of H.

Corollary 3.11. Let (H, ◦,6) be an ordered semihypergroup and χI be the char-
acteristic function of I. Then, I is a qausi-hyperideal of H if and only if χI is a
fuzzy quasi-hyperideal of H.

Example 3.12. Consider the ordered semihypergroup (H, ◦,6) de�ned in Exam-
ple 2.5. De�ne fuzzy subsets µ and ν of H by letting x ∈ H,

µ(x) =

 0.7 if x = a,
0.5 if x = b, d,
0.3 if x = c, e,

ν(x) =

 0.8 if x = a,
0.6 if x = c,
0.2 if x = b, d, e.

By Lemma 3.5, µ is a fuzzy left hyperideal of H, since every non-empty level subset
of µ is a left hyperideal of H. Similarly, by Lemma 3.8, ν is a fuzzy bi-hyperideal
of H.

Example 3.13. Consider the ordered semihypergroup (H, ◦,6) de�ned in Exam-
ple 2.6. De�ne a fuzzy subset ρ : H → [0, 1] by letting x ∈ H,

ρ(x) =


0.9 if x = a
0.8 if x = c
0.5 if x = d
0 if x = b, e.

By Lemma 3.10, ρ is a fuzzy quasi-hyperideal of H, since every non-empty level
subset of ρ is a quasi-hyperideal of H.

Theorem 3.14. Let (H, ◦,6) be an ordered semihypergroup. Then, every fuzzy
right (resp. left) hyperideal of H is a fuzzy quasi-hyperideal of H.

Proof. Let µ be a fuzzy right hyperideal of H and a ∈ H. We have

((µ ◦ 1) ∩ (1 ◦ µ))(a) = min{(µ ◦ 1)(a), (1 ◦ µ)(a)}.

If Aa = ∅, then it is clear that min{(µ ◦ 1)(a), (1 ◦ µ)(a)} ⊆ µ.
Let Aa 6= ∅. Let (x, y) ∈ Aa. We have a 6 x ◦ y. This means a 6 z for some

z ∈ x ◦ y. Since µ is a fuzzy right hyperideal of H, µ(a) > µ(z) > inf
z∈x◦y

{µ(z)} >
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µ(x). It follows

µ(a) > sup
a6x◦y

{µ(x)}

= sup
(x,y)∈Aa

{min{µ(x), 1(y)}} = (µ ◦ 1)(a)

> min{(µ ◦ 1)(a), (1 ◦ µ)(a)}
= ((µ ◦ 1) ∩ (1 ◦ µ))(a).

Therefore, µ is a fuzzy quasi-hyperideal of H.

Theorem 3.15. Let (H, ◦,6) be an ordered semihypergroup. Then, every fuzzy
quasi-hyperideal of H is a fuzzy bi-hyperideal of H.

Proof. Let µ be a fuzzy quasi-hyperideal of H and x, y, z ∈ H. We show that
min{µ(x), µ(z)} 6 inf

a∈x◦y◦z
{µ(a)}. Since a ∈ x ◦ y ◦ z 6 x ◦ (y ◦ z), we obtain

(µ ◦ 1)(a) = sup
(u,v)∈Aa

{min{µ(u), 1(v)}} > min{µ(x), 1(w)} = µ(x), ∀w ∈ y ◦ z.

Since a ∈ x ◦ y ◦ z 6 (x ◦ y) ◦ z, we obtain

(1 ◦ µ)(a) = sup
(u,v)∈Aa

{min{1(u), µ(v)}} > min{1(t), µ(z)} = µ(z), ∀t ∈ x ◦ y.

By assumption, we have

µ(a) > ((µ ◦ 1) ∩ (1 ◦ µ))(a) = min{(µ ◦ 1)(a), (1 ◦ µ)(a)}.

Hence,

inf
a∈x◦y◦z

{µ(a)} > min{(µ ◦ 1)(a), (1 ◦ µ)(a)} > min{µ(x), µ(z)}.

Therefore, µ is a bi-hyperideal of H.

An ordered semihypergroup (H, ◦ 6) is called regular, if for every a ∈ H, there
exists x ∈ H such that a 6 a ◦ x ◦ a.

Theorem 3.16. Let (H, ◦,6) be a regular ordered semihypergroup and µ is a
fuzzy subset of H. Then, µ is a fuzzy quasi-hyperideal if and only if µ is a fuzzy
bi-hyperideal.

Proof. Let µ is a fuzzy bi-hyperideal. We show that µ is a fuzzy quasi-hyperideal
of H, i.e., (µ ◦ 1) ∩ (1 ◦ µ) ⊆ µ.

Let a ∈ H. If Aa = ∅, then it is clear that ((µ ◦ 1) ∩ (1 ◦ µ))(a) 6 µ(a).
If Aa 6= ∅, then

(µ ◦ 1)(a) = sup
(x,y)∈Aa

{min{µ(x), 1(y)} and (1 ◦ µ)(a) = sup
(u,v)∈Aa

{min{1(u), µ(v)}.
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If (µ ◦ 1)(a) 6 µ(a), then µ(a) > ((µ ◦ 1) ∩ (1 ◦ µ))(a).
If (µ ◦ 1)(a) > µ(a), then there exists (x, y) ∈ Aa such that min{µ(x), 1(y)} =

µ(x) > µ(a). We claim that (1 ◦µ)(a) 6 µ(a). Let (u, v) ∈ Aa. Since H is regular,
there exists w ∈ H such that a 6 a ◦ w ◦ a. It turns out a 6 x ◦ y ◦ w ◦ u ◦ v, i.e.,
there exists b ∈ x ◦ y ◦ w ◦ u ◦ v such that a 6 b. Since µ is a fuzzy bi-hyperideal
of H,

µ(a) > µ(b) > inf
c∈x◦y◦w◦u◦v

{µ(c)} > min{µ(x), µ(v)}.

Ifmin{µ(x), µ(v)} = µ(x), then µ(a) > µ(x). This gives a contradiction. Then,
min{µ(x), µ(v)} = µ(v) and so µ(a) > µ(v) = min{1(u), µ(v)} for all (u, v) ∈ Aa.
Hence, µ(a) > sup

(u,v)∈Aa

min{1(u), µ(v)} = (1 ◦ µ)(a). Now, the claim was proved.

Therefore, min{(µ ◦ 1)(a), (1 ◦ µ)(a)} 6 µ(a), i.e., (µ ◦ 1) ∩ (1 ◦ µ) ⊆ µ.

Lemma 3.17. Let (H, ◦,6) be an ordered semihypergroup and µ a fuzzy subset of
H such that µ(a) > µ(b) for every a, b ∈ H with a 6 b. Then,

(1) µ ∪ (1 ◦ µ) is a fuzzy left hyperideal of H,

(2) µ ∪ (µ ◦ 1) is a fuzzy right hyperideal of H.

Proof. (1) Let a, b ∈ H and c ∈ a ◦ b. We have

(µ ∪ (1 ◦ µ))(c) = max{µ(c), (1 ◦ µ)(c)}
> (1 ◦ µ)(c) = sup

(x,y)∈Ac

{min{1(x), µ(y)}} = sup
(x,y)∈Ac

{µ(y)}

> µ(b), ( since c ∈ a ◦ b and then (a, b) ∈ Ac).

Next, we show that (1 ◦ µ)(c) > (1 ◦ µ)(b). Let Ab 6= ∅ and (r, s) ∈ Ab. Since
(a, b) ∈ Ac, we have

(r, s) ∈ Ab ⇒ b 6 r ◦ s
⇒ a ◦ b 6 (a ◦ r) ◦ s
⇒ c 6 (a ◦ r) ◦ s
⇒ c 6 t ◦ s, for some t ∈ a ◦ r.

We have (1 ◦µ)(c) > min{1(t), µ(s)} = µ(s) = min{1(r), µ(s)}. Thus, (1 ◦µ)(c) >
sup

(r,s)∈Ab

{min{1(r), µ(s)}} = (1 ◦ µ)(b) and then (µ ∪ (1 ◦ µ)(c) > (1 ◦ µ)(b). This

implies inf
c∈a◦b

{(µ ∪ (1 ◦ µ))(c)} > (µ ∪ (1 ◦ µ))(b). Next, we show that for any

a, b ∈ H and a 6 b implies (µ ∪ (1 ◦ µ))(a) > (µ ∪ (1 ◦ µ))(b). Since Aa ⊇ Ab, we
have (1 ◦ µ)(a) > (1 ◦ µ)(b). Then, max{µ(a), (1 ◦ µ)(a)} > max{µ(b), (1 ◦ µ)(b)}.
This means (µ ∪ (1 ◦ µ)(a) > (µ ∪ (1 ◦ µ)(b). Altogether, µ ∪ (1 ◦ µ) is a fuzzy left
hyperideal of H.

(2) It can be proved similarly.
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Similarly to Corollary 1 in [10], we have the following lemma.

Lemma 3.18. If H is an ordered semihypergroup, then the set of all fuzzy subsets
of H is a distributive lattice.

Now, we show that every fuzzy quasi-hyperideal is exactly an intersection of a
fuzzy right hyperideal and a fuzzy left hyperideal and vice versa.

Theorem 3.19. Let (H, ◦,6) be an ordered semihypergroup and µ a fuzzy subset
of H. Then, µ is a fuzzy quasi-hyperideal of H if and only if there exist a fuzzy
right hyperideal ν and a fuzzy left hyperideal ρ of H such that µ = ν ∩ ρ.

Proof. By Lemma 3.17 and Lemma 3.18, we have µ = (µ∪ (1 ◦ µ))∩ (µ∪ (µ ◦ 1)).
Conversely, let ν be a fuzzy right hyperideal and ρ be a fuzzy left hyperideal of H
such that µ = ν∩ρ. We show that µ is a fuzzy quasi-hyperideal ofH. Let a ∈ H. If
Aa = ∅, then it is clear that ((µ◦1)∩(1◦µ)) ⊆ µ. Let Aa 6= ∅ and (x, y) ∈ Aa. We
have a 6 x◦y. Then, there exists b ∈ x◦y such that a 6 b. Since ν is a fuzzy right
hyperideal of H and µ = ν ∩ ρ, we have ν(a) > ν(b) > inf

c∈x◦y
{ν(c)} > ν(x) > µ(x).

Now, we have ν(a) > µ(x) for all (x, y) ∈ Aa. Hence,

(µ ◦ 1)(a) = sup
(x,y)∈Aa

{min{µ(x), 1(y)}} = sup
(x,y)∈Aa

{min{µ(x)}} 6 ν(a).

Similarly, we can show that (1 ◦ µ)(a) 6 ρ(a). Thus,

((µ ◦ 1) ∩ (1 ◦ µ))(a) = min{(µ ◦ 1)(a), (1 ◦ µ)(a)}
6 min{ν(a), ρ(a)}
= (ν ∩ ρ)(a) = µ(a).

Therefore, µ is a fuzzy quasi-hyperideal of H.
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