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Subquasigroups in the framework of fuzzy points

Young Bae Jun, Seok Zun Song and Ghulam Muhiuddin

Abstract. A relation between (∈, ∈ ∨ q)-fuzzy subquasigroups and (q, ∈ ∨ q)-fuzzy subquasi-

groups is provided, and conditions for an (∈,∈∨ q)-fuzzy subquasigroup to be a (q,∈∨ q)-fuzzy
subquasigroup are considered. Conditions for the t-q-set (resp., the t-∈ ∨ q-set) to be a sub-

quasigroup are provided. The notion of (ε, δ)-characteristic fuzzy sets is introduced. Given a

subquasigroup S of a quasigroup Q, conditions for the (ε, δ)-characteristic fuzzy set in Q to be an

(∈,∈∨ q)-fuzzy subquasigroup, an (∈, q)-fuzzy subquasigroup, an (∈,∈∧ q)-fuzzy subquasigroup,
a (q, q)-fuzzy subquasigroup, a (q,∈)-fuzzy subquasigroup, a (q,∈∨ q)-fuzzy subquasigroup and

a (q,∈∧ q)-fuzzy subquasigroup are provided. Using the notions of (α, β)-fuzzy subquasigroup

µ
(ε,δ)
S , conditions for the S to be a subquasigroup of Q are investigated where (α, β) is one of

(∈,∈∨ q), (∈,∈∧ q), (∈, q), (q,∈∨ q), (q,∈∧ q), (q,∈) and (q, q).

1. Introduction

Quasigroups has useful applications in cryptography, physics and geometry etc. In
mathematics, especially in abstract algebra, a quasigroup is an algebraic structure
resembling a group in the sense that �division� is always possible. Quasigroups
di�er from groups mainly in that they need not be associative. The fuzzy sub-
quasigroup of a quasigroup is studied by W. A. Dudek in the paper [3]. M. Akram
andW. A. Dudek [1] introduced the notion of (α, β)-fuzzy subquasigroups where α,
β ∈ {∈, q , ∈∨ q , ∈∧ q } and α 6= ∈∧ q , and investigated some related properties.
They characterized (∈,∈∨ q )-fuzzy subquasigroups by their level subquasigroups,
and studied fuzzy subquasigroups with thresholds.

In this paper, we discuss a relation between (∈, ∈ ∨ q )-fuzzy subquasigroups
and (q, ∈∨ q )-fuzzy subquasigroups, and provide conditions for an (∈,∈∨ q )-fuzzy
subquasigroup to be a (q,∈∨ q )-fuzzy subquasigroup. We consider conditions for
the t- q -set (resp., the t-∈∨ q -set) to be a subquasigroup. We introduce the notion
of (ε, δ)-characteristic fuzzy sets in quasigroups. Given a subquasigroup S of a
quasigroup Q, we provide conditions for the (ε, δ)-characteristic fuzzy set in Q to
be an (∈,∈∨ q)-fuzzy subquasigroup, an (∈, q)-fuzzy subquasigroup, an (∈,∈∧ q)-
fuzzy subquasigroup, a (q, q)-fuzzy subquasigroup, a (q,∈)-fuzzy subquasigroup,
a (q,∈∨ q)-fuzzy subquasigroup and a (q,∈∧ q)-fuzzy subquasigroup. Using the

notions of (α, β)-fuzzy subquasigroup µ
(ε,δ)
S , we investigate conditions for the S
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to be a subquasigroup of Q where (α, β) is one of (∈,∈ ∨ q), (∈,∈ ∧ q), (∈, q),
(q,∈∨ q), (q,∈∧ q), (q,∈) and (q, q).

2. Preliminaries

A quasigroup (Q, ·) is a set Q with a binary operation � ·� such that for each a and
b in Q there exist unique elements x and y in Q such that a · x = b and y · a = b.
The unique solutions to these equations are denoted by x = a\b and y = b/a. The
operations �\� and �/� denote the de�ned binary opersations of left and right di-
vision (sometimes called parastrophe), respectively. This axiomatization of quasi-
groups requires existential quanti�cation and hence �rst order logic. The second
de�nition of a quasigroup is grounded in universal algebra, which prefers that
algebraic structures be varieties, i.e., that structures be axiomatized solely by
identities. An identity is an equation in which all variables are tacitly univer-
sally quanti�ed, and the only operations are the primitive operations proper to
the structure. Quasigroups can be axiomatized in this manner if left and right
division are taken as primitive.

A quasigroup Q = (Q, ·, \, /) is a type (2, 2, 2) algebra satisfying the identities:

(x · y)/y = x, x\ (x · y) = y, (x/y) · y = x, x · (x\y) = y

(cf. [2] or [4]). Hence if (Q, ·) is a quasigroup according to the �rst de�nition,
then Q = (Q, ·, \, /) is an equivalent quasigroup in the universal algebra sense. We
say also that (Q, ·, \, /) is an equasigroup (i.e. equationally de�nable quasigroup)
[4] or a primitive quasigroup [2]. The equasigroup Q = (Q, ·, \, /) corresponds to
quasigroup (Q, ·) where

x\ y = z ⇐⇒ x · z = y, x/y = z ⇐⇒ z · y = x.

A nonempty subset S of a quaisgroup Q = (Q, ·, \, /) is called a subquasigroup of
Q if it is closed with respect to these three operations, i.e., x∗y ∈ S for all x, y ∈ S
and ∗ ∈ {·, \, /}.

A fuzzy set µ in a set X of the form

µ(y) :=

{
t ∈ (0, 1] if y = x,
0 if y 6= x,

is said to be a fuzzy point with support x and value t and is denoted by xt.
For a fuzzy point xt and a fuzzy set µ in a set X, Pu and Liu [5] introduced the

symbol xtαµ, where α ∈ {∈, q ,∈∨ q ,∈∧ q }. To say that xt ∈ µ (resp. xt q µ), we
mean µ(x) > t (resp. µ(x) + t > 1), and in this case, xt is said to belong to (resp.
be quasi-coincident with) a fuzzy set µ. To say that xt ∈∨ q µ (resp. xt ∈∧ q µ),
we mean xt ∈ µ or xt q µ (resp. xt ∈ µ and xt q µ). To say that xt αµ, we mean
xtαµ does not hold, where α ∈ {∈, q,∈∨ q ,∈∧ q }.
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De�nition 2.1. ([3, De�nition 3.2]) A fuzzy set µ in a quasigroup Q is called a
fuzzy subquasigroup of Q if it satis�es:

µ(x ∗ y) > min{µ(x), µ(y)} (1)

for all x, y ∈ Q and ∗ ∈ {·, \, /}.

We have the following characterization of a fuzzy subquasigroup.

Proposition 2.2. Let Q be a quasigroup. A fuzzy set µ in Q is a fuzzy subquasi-

group of Q if and only if the following assertion is valid.

xt ∈ µ, ys ∈ µ =⇒ (x ∗ y)min{t,s} ∈ µ (2)

for all x, y ∈ Q, t, s ∈ (0, 1] and ∗ ∈ {·, \, /}.

Proof. Straightforward.

3. Subquasigroups in the framework of

(α, β)-type fuzzy sets

In what follows, let Q = (Q, ·, \, /) be a quasigroup unless otherwise speci�ed.

De�nition 3.1. ([1, De�nition 3.1]) A fuzzy set µ in Q is said to be an (α, β)-fuzzy
subquasigroup of Q, where α, β ∈ {∈, q ,∈∨ q ,∈∧ q } and α 6= ∈∧ q , if it satis�es
the following condition:

xt1αµ, yt2αµ ⇒ (x ∗ y)min{t1,t2} β µ. (3)

for all x, y ∈ Q, t1, t2 ∈ (0, 1] and ∗ ∈ {·, \, /}.

Lemma 3.2. ([1, Theorem 3.13]) A fuzzy set µ in Q is an (∈,∈∨ q )-fuzzy sub-

quasigroup of Q if and only if it satis�es:

(∀x, y ∈ Q) (µ(x ∗ y) > min{µ(x), µ(y), 0.5}) (4)

where ∗ ∈ {·, \, /}.

We know that there are twelve di�erent types of (α, β)-fuzzy subquasigroups
in Q, that is, (α, β) is any one of (∈,∈), (∈, q), (∈, ∈ ∧ q ), (∈, ∈ ∨ q ), (q,∈),
(q, q), (q,∈∧ q ), (q,∈∨ q ), (∈∨ q ,∈), (∈∨ q , q), (∈∨ q ,∈∧ q ), and (∈∨ q ,∈∨ q ).
Clearly, we have relations among these types which are described in the following



246 Y. B. Jun, S. Z. Song and G. Muhiuddin

diagrams.

(∈,∈)
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��
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(6)

If there exists x ∈ Q such that µ(x) > 0.5, then we have the following relation:

(∈∧ q ,∈)

#+

(∈∧ q ,∈∧ q )ks +3

��

(∈∧ q , q )

s{
(∈∧ q ,∈∨ q )

(∈,∈∨ q )

KS
(7)

We provide a relation between (∈, ∈∨ q )-fuzzy subquasigroups and (q, ∈∨ q )-
fuzzy subquasigroups.

Theorem 3.3. Every (q,∈ ∨ q )-fuzzy subquasigroup is an (∈,∈ ∨ q )-fuzzy sub-

quasigroup.

Proof. Let µ be a (q,∈ ∨ q )-fuzzy subquasigroup of Q. Let ∗ ∈ {·, \, /} and let
x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ and yt2 ∈ µ. Then µ(x) > t1 and
µ(y) > t2. Suppose (x ∗ y)min{t1,t2} ∈∨ q µ. Then

µ(x ∗ y) < min{t1, t2}, (8)

µ(x ∗ y) + min{t1, t2} 6 1. (9)
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It follows that

µ(x ∗ y) < 0.5. (10)

and from (8) and (10) that

µ(x ∗ y) < min{t1, t2, 0.5}.

Thus

1− µ(x ∗ y) > 1−min{t1, t2, 0.5} > max{1− µ(x), 1− µ(y), 0.5},

and so there exists δ ∈ (0, 1] such that

1− µ(x ∗ y) > δ > max{1− µ(x), 1− µ(y), 0.5}. (11)

The right inequality in (11) induces µ(x) + δ > 1 and µ(y) + δ > 1, that is,
xδ q µ and yδ q µ. Since µ is a (q,∈∨ q )-fuzzy subquasigroup of Q, it follows that
(x ∗ y)δ = (x ∗ y)min{δ,δ} ∈ ∨ q µ. But, from the left inequality in (11), we get
µ(x ∗ y) + δ 6 1, that is, (x ∗ y)δ q µ, and µ(x ∗ y) 6 1− δ < 1− 0.5 = 0.5 < δ, i.e.,
(x∗y)δ ∈µ. Hence (x∗y)δ ∈∨ q µ, a contradiction. Therefore (x∗y)min{t1,t2} ∈∨ q µ,
and thus µ is an (∈, ∈∨ q )-fuzzy subquasigroup of Q.

Regarding (α, β)-fuzzy subquasigroups, Theorem 3.3 and �gure (6) induces the
the following relations.

(q,∈)

!)

(q,∈∧ q )ks +3

��

(q, q)

u}
(q,∈∨ q )

��
(∈,∈∨ q )

(12)

The converse of Theorem 3.3 is not true in general (see [1, Example 3.6]).
We provide conditions for an (∈,∈∨ q )-fuzzy subquasigroup to be a (q,∈∨ q )-

fuzzy subquasigroup.

Theorem 3.4. If µ is an (∈,∈∨ q )-fuzzy subquasigroup of Q in which µ(x) 6 0.5
for all x ∈ Q, then µ is a (q,∈∨ q )-fuzzy subquasigroup of Q.

Proof. Let µ be an (∈,∈∨ q )-fuzzy subquasigroup of Q such that µ(x) 6 0.5 for
all x ∈ Q. Let ∗ ∈ {·, \, /}, x, y ∈ Q and t1, t2 ∈ (0, 0.5] be such that xt1 q µ
and yt2 q µ. Then µ(x) > 1 − t1 > t1 and µ(y) > 1 − t2 > t2, that is, xt1 ∈ µ
and yt2 ∈ µ. Since µ is an (∈,∈ ∨ q )-fuzzy subquasigroup of Q, it follows that
(x ∗ y)min{t1,t2} ∈∨ q µ. Consequently, µ is a ( q ,∈∨ q )-fuzzy subquasigroup.
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The �gure (5) and Theorem 3.4 induces the following corollary.

Corollary 3.5. Let µ be an (α, β)-fuzzy subquasigroup of Q where (α, β) is any

one of (∈,∈), (∈, q), (∈,∈∧ q ), (∈∨ q ,∈), (∈∨ q , q), (∈∨ q , ∈∧ q ), and (∈∨ q ,
∈∨ q ). If every fuzzy point has the value t in (0, 0.5], then µ is a (q,∈∨ q )-fuzzy
subquasigroup of Q.

For a fuzzy set µ in Q and t ∈ (0, 1], consider the q-set and ∈ ∨ q -set with
respect to t (brie�y, t-q-set and t-∈∨ q -set, respectively) as follows:

Qtq := {x ∈ Q | xt q µ} and Qt∈∨ q := {x ∈ Q | xt ∈∨ q µ}.

Note that, Qrq ⊆ Qtq and Qr∈∨ q ⊆ Qt∈∨ q for all t, r ∈ (0, 1] with t > r. Obviously,
Qt∈∨ q = U(µ; t) ∪Qtq, where

U(µ; t) := {x ∈ Q | µ(x) > t}.

Theorem 3.6. If µ is an (∈,∈)-fuzzy subquasigroup of Q, then the t-q-set Qtq is

a subquasigroup of Q for all t ∈ (0, 1] whenever it is nonempty.

Proof. Let ∗ ∈ {·, \, /} and x, y ∈ Qtq. Then xt q µ and yt q µ, that is, µ(x) + t > 1
and µ(y) + t > 1. It follows that

µ(x ∗ y) + t > min{µ(x), µ(y)}+ t = min{µ(x) + t, µ(y) + t} > 1

and so that (x∗y)t q µ. Hence x∗y ∈ Qtq, and therefore Qtq is a subquasigroup.

Corollary 3.7. If µ is an (∈,∈∧ q )-fuzzy subquasigroup of Q, then the t-q-set Qtq
is a subquasigroup of Q for all t ∈ (0, 1] whenever it is nonempty.

Theorem 3.8. If µ is a (q,∈∨ q )-fuzzy subquasigroup of Q, then the t-q-set Qtq
and the t-∈∨ q -set Qt∈∨ q are subquasigroups of Q for all t ∈ (0.5, 1] whenever it

is nonempty.

Proof. Let ∗ ∈ {·, \, /} and µ a (q,∈∨ q )-fuzzy subquasigroup of Q. Let x, y ∈ Q
be such that x ∈ Qtq and y ∈ Qtq for all t ∈ (0.5, 1]. Then xt q µ and yt q µ, which
imply that (x ∗ y)t ∈ ∨ q µ, i.e., (x ∗ y)t ∈ µ or (x ∗ y)t q µ. If (x ∗ y)t q µ, then
x∗y ∈ Qtq. If (x∗y)t ∈ µ, then µ(x∗y) > t > 1− t since t > 0.5. Hence (x∗y)t q µ,
that is, x ∗ y ∈ Qtq. Therefore Qtq is a subquasigroup of Q. Now, let x, y ∈ Qt∈∨ q .
Then xt ∈∨ q µ and yt ∈∨ q µ. Hence we have the following four cases:

(i) xt ∈ µ and yt ∈ µ,

(ii) xt ∈ µ and yt q µ,

(iii) xt q µ and yt ∈ µ,

(iv) xt q µ and yt q µ.
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For the �rst case, we have µ(x) + t > 2t > 1 and µ(y) + t > 2t > 1, that is, xt q µ
and yt q µ. It follows that (x ∗ y)t ∈∨ q µ and so that x ∗ y ∈ Qt∈∨ q . In the case
(ii), xt ∈ µ implies µ(x) + t > 2t > 1, that is, xt q µ. Hence (x ∗ y)t ∈∨ q µ and
so x ∗ y ∈ Qt∈∨ q . Similarly, the third case implies x ∗ y ∈ Qt∈∨ q . The last case
implies (x ∗ y)t ∈∨ q µ and so x ∗ y ∈ Qt∈∨ q . Consequently, t-∈∨ q -set Qt∈∨ q is a
subquasigroup of Q for all t ∈ (0.5, 1].

Corollary 3.9. If µ is any one of a (q,∈)-fuzzy subquasigroup, a (q,∈∧ q )-fuzzy
subquasigroup and a (q, q)-fuzzy subquasigroup of Q, then the t-q-set Qtq and the t-
∈∨ q -set Qt∈∨ q are subquasigroups of Q for all t ∈ (0.5, 1] whenever it is nonempty.

Proof. It follows from the �gure (6) and Theorem 3.8.

Lemma 3.10. ([1, Theorem 3.12]) For a subquasigroup S of Q, let µ be a fuzzy

set in Q such that

(1) µ(x) > 0.5 for all x ∈ S,

(2) µ(x) = 0 for all x ∈ Q \ S.

Then µ is a (q,∈∨ q )-fuzzy subquasigroup of Q.

Using Theorem 3.8 and Lemma 3.10, we have the following result.

Theorem 3.11. For a subquasigroup S of Q, if µ is a fuzzy set in Q such that

(1) µ(x) > 0.5 for all x ∈ S,

(2) µ(x) = 0 for all x ∈ Q \ S,

then the nonempty t-q-set Qtq and the t-∈∨ q -set Qt∈∨ q are subquasigroups of Q
for all t ∈ (0.5, 1].

Theorem 3.12. If µ is an (∈,∈∨ q )-fuzzy subquasigroup of Q, then the nonempty

t-q-set Qtq is a subquasigroup of Q for all t ∈ (0.5, 1].

Proof. Let ∗ ∈ {·, \, /}. Assume that Qtq 6= ∅ for all t ∈ (0.5, 1]. Let x, y ∈ Qtq.
Then xt q µ and yt q µ, that is, µ(x) + t > 1 and µ(y) + t > 1. It follows from
Lemma 3.2 that

µ(x ∗ y) + t > min {µ(x), µ(y), 0.5}+ t

= min {µ(x) + t, µ(y) + t, 0.5 + t}
> 1.

So (x ∗ y)t q µ. Hence x ∗ y ∈ Qtq, and therefore Qtq is a subquasigroup.
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In what follows, let ε, δ ∈ [0, 1] be such that ε > δ unless otherwise speci�ed.

For a nonempty subset S of Q, de�ne a fuzzy set µ
(ε,δ)
S in Q as follows:

µ
(ε,δ)
S (x) :=

{
ε if x ∈ S,
δ otherwise.

We say that µ
(ε,δ)
S is an (ε, δ)-characteristic fuzzy set in Q over S. In particular,

the (1, 0)-characteristic fuzzy set µ
(1,0)
S in Q over S is the characteristic function

χS of S.

Theorem 3.13. For any nonempty subset S of Q, the following are equivalent:

(1) S is a subquasigroup of Q.

(2) The (ε, δ)-characteristic fuzzy set µ
(ε,δ)
S is a fuzzy subquasigroup of Q.

Proof. Assume that S is a subquasigroup of Q and let x, y ∈ Q. If x, y ∈ S, then
x ∗ y ∈ S and so

µ
(ε,δ)
S (x ∗ y) = ε = min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y)

}
.

If x /∈ S or y /∈ S, then µ(ε,δ)
S (x) = δ or µ

(ε,δ)
S (y) = δ. Hence

µ
(ε,δ)
S (x ∗ y) > δ = min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y)

}
.

Therefore µ
(ε,δ)
S is a fuzzy subquasigroup of Q.

Conversely, suppose that µ
(ε,δ)
S is a fuzzy subquasigroup of Q. Let x, y ∈ S.

Then µ
(ε,δ)
S (x) = ε and µ

(ε,δ)
S (y) = ε. It follows that

µ
(ε,δ)
S (x ∗ y) ≥ min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y)

}
= ε.

Thus x ∗ y ∈ S, and therefore S is a subquasigroup of Q.

Theorem 3.14. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is an (∈, ∈∨ q )-fuzzy subquasigroup of Q.

Proof. Assume that S is a subquasigroup of Q and let x, y ∈ Q. If x, y ∈ S, then
x ∗ y ∈ S and so

µ
(ε,δ)
S (x ∗ y) = ε > min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y), 0.5

}
.

If x /∈ S or y /∈ S, then µ(ε,δ)
S (x) = δ or µ

(ε,δ)
S (y) = δ. Hence

µ
(ε,δ)
S (x ∗ y) > δ > min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y), 0.5

}
.

It follows from Lemma 3.2 that µ
(ε,δ)
S is an (∈,∈∨ q )-fuzzy subquasigroup.
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In order to consider the converse of Theorem 3.14, we need additional condi-
tions.

Theorem 3.15. For any nonempty subset S of Q, if δ < 0.5 and the (ε, δ)-

characteristic fuzzy set µ
(ε,δ)
S is an (∈,∈∨ q )-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q.

Proof. Assume that δ < 0.5 and the (ε, δ)-characteristic fuzzy set µ
(ε,δ)
S is an

(∈,∈∨ q )-fuzzy subquasigroup of Q. Let x, y ∈ S. Then µ(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y).

Using Lemma 3.2, we have

µ
(ε,δ)
S (x ∗ y) > min

{
µ
(ε,δ)
S (x), µ

(ε,δ)
S (y), 0.5

}
= min{ε, 0.5}

=

{
0.5 if ε > 0.5,
ε otherwise,

and so that µ
(ε,δ)
S (x ∗ y) = ε. Thus x ∗ y ∈ S, and S is a subquasigroup of Q.

Corollary 3.16. A nonempty subset S of Q is a subquasigroup of Q if and only if

the characteristic function χS of S is an (∈,∈∨ q )-fuzzy subquasigroup of Q.

Theorem 3.17. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is an (∈, q )-fuzzy subquasigroup of Q whenever if any element t in (0, 1]

satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ < t and 1− t < ε.

Proof. Let ∗ ∈ {·, \, /} and let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ
(ε,δ)
S

and yt2 ∈ µ
(ε,δ)
S . Then µ

(ε,δ)
S (x) > t1 > δ and µ

(ε,δ)
S (y) > t2 > δ. It follows that

µ
(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), and so x, y ∈ S. Since S is a subquasigroup of Q, we

have x ∗ y ∈ S. Hence µ
(ε,δ)
S (x ∗ y) = ε, and thus µ

(ε,δ)
S (x ∗ y) + min{t1, t2} =

ε+min{t1, t2} > 1 which shows that (x ∗ y)min{t1,t2} q µ
(ε,δ)
S . Therefore µ

(ε,δ)
S is an

(∈, q )-fuzzy subquasigroup of Q.

Corollary 3.18. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is an (∈,∈∨ q )-fuzzy subquasigroup of Q whenever if any element t in

(0, 1] satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ < t and 1− t < ε.

Theorem 3.19. Let S be a nonempty subset of Q. If ε + δ 6 1 and the (ε, δ)-

characteristic fuzzy set µ
(ε,δ)
S is an (∈, q)-fuzzy subquasigroup of Q, then S is a

subquasigroup of Q.

Proof. Let ∗ ∈ {·, \, /}. Assume that ε+ δ 6 1 and the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is an (∈, q)-fuzzy subquasigroup of Q. Let x, y ∈ S. Then µ(ε,δ)

S (x) = ε =

µ
(ε,δ)
S (y), and so xε ∈ µ(ε,δ)

S and yε ∈ µ(ε,δ)
S . Hence (x∗ y)ε = (x∗ y)min{ε,ε} q µ

(ε,δ)
S ,
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which implies that µ
(ε,δ)
S (x ∗ y) + ε > 1. Therefore µ

(ε,δ)
S (x ∗ y) > 1 − ε > δ, and

thus µ
(ε,δ)
S (x ∗ y) = ε, that is, x ∗ y ∈ S. Consequently, S is a subquasigroup.

Corollary 3.20. Let S be a nonempty subset of Q. If ε + δ 6 1 and the (ε, δ)-

characteristic fuzzy set µ
(ε,δ)
S is an (∈,∈∧ q )-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q.

If we take ε = 1 and δ = 0 in Theorems 3.17 and 3.19, then we have the
following corollary.

Corollary 3.21. A nonempty subset S of Q is a subquasigroup of Q if and only

if the characteristic function χS of S is an (∈, q)-fuzzy subquasigroup of Q.

Theorem 3.22. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is a (q, q)-fuzzy subquasigroup of Q whenever if any element t in (0, 1]

satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ 6 1− t < ε.

Proof. Let ∗ ∈ {·, \, /}. Let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
S

and yt2 q µ
(ε,δ)
S . Then µ

(ε,δ)
S (x) + t1 > 1 and µ

(ε,δ)
S (y) + t2 > 1, which imply that

µ
(ε,δ)
S (x) > 1 − t1 > δ and µ

(ε,δ)
S (y) > 1 − t2 > δ. It follows that µ

(ε,δ)
S (x) = ε =

µ
(ε,δ)
S (y) and so that x, y ∈ S. Since S is a subquasigroup of Q, we have x ∗ y ∈ S

and so µ
(ε,δ)
S (x ∗ y) = ε. Thus

µ
(ε,δ)
S (x ∗ y) + min{t1, t2} = ε+min{t1, t2} > 1,

that is, (x ∗ y)min{t1,t2} q µ
(ε,δ)
S . This shows that µ

(ε,δ)
S is a (q, q)-fuzzy subquasi-

group.

Corollary 3.23. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is a (q,∈ ∨ q )-fuzzy subquasigroup of Q whenever if any element t in

(0, 1] satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ 6 1− t < ε.

Theorem 3.24. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}
and ε+ δ 6 1. If the (ε, δ)-characteristic fuzzy set µ

(ε,δ)
S is a (q, q)-fuzzy subquasi-

group of Q, then S is a subquasigroup of Q.

Proof. Let ∗ ∈ {·, \, /} and let x, y ∈ S. Then µ
(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), which

implies that

µ
(ε,δ)
S (x) + ε = ε+ ε > 1 and µ

(ε,δ)
S (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
S and yε q µ

(ε,δ)
S . Since µ

(ε,δ)
S is a (q, q)-fuzzy subquasigroup of Q,

it follows that (x∗y)ε = (x∗y)min{ε,ε} q µ
(ε,δ)
S . Hence µ

(ε,δ)
S (x∗y) > 1− ε > δ, and

therefore µ
(ε,δ)
S (x∗y) = ε. This proves that x∗y ∈ S, and S is a subquasigroup.
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Corollary 3.25. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}
and ε + δ 6 1. If the (ε, δ)-characteristic fuzzy set µ

(ε,δ)
S is a (q,∈ ∧ q )-fuzzy

subquasigroup of Q, then S is a subquasigroup.

If we take ε = 1 and δ = 0 in Theorems 3.22 and 3.24, then we have the
following corollary.

Corollary 3.26. A nonempty subset S of Q is a subquasigroup of Q if and only

if the characteristic function χS of S is a (q, q)-fuzzy subquasigroup of Q.

Theorem 3.27. For any nonempty subset S of Q and the (ε, δ)-characteristic

fuzzy set µ
(ε,δ)
S , assume that if any element t in (0, 1] satis�es xt ∈ µ

(ε,δ)
S for

x ∈ Q then δ 6 1 − t and t < ε. If S is a subquasigroup of Q, then µ
(ε,δ)
S is a

(q,∈)-fuzzy subquasigroup of Q.

Proof. Let ∗ ∈ {·, \, /}. Let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
S

and yt2 q µ
(ε,δ)
S . Then µ

(ε,δ)
S (x) + t1 > 1 and µ

(ε,δ)
S (y) + t2 > 1, which imply that

µ
(ε,δ)
S (x) > 1 − t1 > δ and µ

(ε,δ)
S (y) > 1 − t2 > δ. Hence µ

(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y),

and so x, y ∈ S. Since S is a subquasigroup of Q, we have x ∗ y ∈ S and thus

µ
(ε,δ)
S (x ∗ y) = ε > min{t1, t2},

that is, (x ∗ y)min{t1,t2} ∈ µ
(ε,δ)
S . This shows that µ

(ε,δ)
S is a (q,∈)-fuzzy subquasi-

group of Q.

Corollary 3.28. For any nonempty subset S of Q and the (ε, δ)-characteristic

fuzzy set µ
(ε,δ)
S , assume that if any element t in (0, 1] satis�es xt ∈ µ

(ε,δ)
S for

x ∈ Q then δ 6 1 − t and t < ε. If S is a subquasigroup of Q, then µ
(ε,δ)
S is a

(q,∈∨ q )-fuzzy subquasigroup of Q.

Theorem 3.29. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}.
If the (ε, δ)-characteristic fuzzy set µ

(ε,δ)
S is a (q,∈)-fuzzy subquasigroup of Q, then

S is a subquasigroup of Q.

Proof. Let ∗ ∈ {·, \, /} and let x, y ∈ S. Then µ
(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), which

implies that

µ
(ε,δ)
S (x) + ε = ε+ ε > 1 and µ

(ε,δ)
S (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
S and yε q µ

(ε,δ)
S . Since µ

(ε,δ)
S is a (q,∈)-fuzzy subquasigroup of Q,

it follows that (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈ µ
(ε,δ)
S and so that µ

(ε,δ)
S (x ∗ y) = ε, that

is, x ∗ y ∈ S. Therefore S is a subquasigroup of Q.

Corollary 3.30. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}.
If the (ε, δ)-characteristic fuzzy set µ

(ε,δ)
S is a (q,∈∧ q )-fuzzy subquasigroup of Q,

then S is a subquasigroup of Q.
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If we take ε = 1 and δ = 0 in Theorems 3.27 and 3.29, then we have the
following corollary.

Corollary 3.31. A nonempty subset S of Q is a subquasigroup of Q if and only

if the characteristic function χS of S is a (q,∈)-fuzzy subquasigroup of Q.

Theorem 3.32. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is an (∈,∈∧ q )-fuzzy subquasigroup of Q whenever if any element t in

(0, 1] satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ < t and 1− t < ε.

Proof. Let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ
(ε,δ)
S and yt2 ∈ µ

(ε,δ)
S .

Then µ
(ε,δ)
S (x) > t1 > δ and µ

(ε,δ)
S (y) > t2 > δ, which imply that x, y ∈ S and ε >

min{t1, t2}. Since S is a subquasigroup ofQ, we have x∗y ∈ S. Hence µ(ε,δ)
S (x∗y) =

ε > min{t1, t2}, i.e., (x ∗ y)min{t1,t2} ∈ µ
(ε,δ)
S . Now, µ

(ε,δ)
S (x ∗ y)+min{t1, t2} = ε+

min{t1, t2} > 1 and so (x∗y)min{t1,t2} q µ
(ε,δ)
S . Therefore (x∗y)min{t1,t2} ∈∧ q µ

(ε,δ)
S ,

and consequently µ
(ε,δ)
S is an (∈,∈∧ q )-fuzzy subquasigroup of Q.

Corollary 3.33. If S is a subquasigroup of Q, then the (ε, δ)-characteristic fuzzy

set µ
(ε,δ)
S is both an (∈,∈∨ q )-fuzzy subquasigroup and an (∈, q )-fuzzy subquasi-

group of Q whenever if any element t in (0, 1] satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then

δ < t and 1− t < ε.

Theorem 3.34. Let S be a nonempty subset of Q. If ε + δ 6 1 and the (ε, δ)-

characteristic fuzzy set µ
(ε,δ)
S is an (∈,∈∧ q )-fuzzy subquasigroup of Q, then S is

a subquasigroup of Q.

Proof. Assume that ε + δ 6 1 and the (ε, δ)-characteristic fuzzy set µ
(ε,δ)
S is an

(∈,∈∧ q )-fuzzy subquasigroup of Q. Let x, y ∈ S. Then µ(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y),

and so xε ∈ µ(ε,δ)
S and yε ∈ µ(ε,δ)

S . Hence (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈∧ q µ
(ε,δ)
S , that

is, (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈ µ
(ε,δ)
S and (x ∗ y)ε = (x ∗ y)min{ε,ε} q µ

(ε,δ)
S . Hence

µ
(ε,δ)
S (x ∗ y) > ε and µ

(ε,δ)
S (x ∗ y) + ε > 1. If µ

(ε,δ)
S (x ∗ y) > ε, then µ

(ε,δ)
S (x ∗ y) = ε

and thus x ∗ y ∈ S. If µ(ε,δ)
S (x ∗ y) + ε > 1, then µ

(ε,δ)
S (x ∗ y) > 1 − ε > δ and so

µ
(ε,δ)
S (x ∗ y) = ε, which shows that x ∗ y ∈ S. Therefore S is a subquasigroup of
Q.

If we take ε = 1 and δ = 0 in Theorems 3.32 and 3.34, then we have the
following corollary.

Corollary 3.35. A nonempty subset S of Q is a subquasigroup of Q if and only if

the characteristic function χS of S is an (∈,∈∧ q )-fuzzy subquasigroup of Q.

Theorem 3.36. If S is a subquasigroup of Q, then the fuzzy set µ
(ε,δ)
S is a (q,

∈∧ q )-fuzzy subquasigroup of Q under the condition that if any element t in (0, 1]

satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ 6 1− t and t < ε.



Subquasigroups in the framework of fuzzy points 255

Proof. Let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
S and yt2 q µ

(ε,δ)
S . Then

µ
(ε,δ)
S (x)+t1 > 1 and µ

(ε,δ)
S (y)+t2 > 1, which imply that µ

(ε,δ)
S (x) > 1−t1 > δ and

µ
(ε,δ)
S (y) > 1− t2 > δ. Hence µ

(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y) and ε > max{1− t1, 1− t2},

and so x, y ∈ S. Since S is a subquasigroup of Q, we have x ∗ y ∈ S and thus

µ
(ε,δ)
S (x ∗ y) = ε > min{t1, t2},

that is, (x∗y)min{t1,t2} ∈ µ
(ε,δ)
S . Now, µ

(ε,δ)
S (x∗y)+min{t1, t2} = ε+min{t1, t2} > 1,

and so (x ∗ y)min{t1,t2} q µ
(ε,δ)
S . Hence (x ∗ y)min{t1,t2} ∈ ∧ q µ

(ε,δ)
S , and µ

(ε,δ)
S is a

(q,∈∧ q )-fuzzy subquasigroup of Q.

Corollary 3.37. If S is a subquasigroup of Q, then the fuzzy set µ
(ε,δ)
S is a (q,

∈∨ q )-fuzzy subquasigroup of Q under the condition that if any element t in (0, 1]

satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ 6 1− t and t < ε.

Theorem 3.38. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}.
If the fuzzy set µ

(ε,δ)
S is a (q, ∈ ∧ q )-fuzzy subquasigroup of Q, then S is a sub-

quasigroup of Q.

Proof. Let x, y ∈ S. Then µ(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), which implies that

µ
(ε,δ)
S (x) + ε = ε+ ε > 1 and µ

(ε,δ)
S (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
S and yε q µ

(ε,δ)
S . Since µ

(ε,δ)
S is a (q,∈∧ q )-fuzzy subquasigroup of

Q, it follows that (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈∧ q µ
(ε,δ)
S and so that µ

(ε,δ)
S (x ∗ y) > ε.

Hence x ∗ y ∈ S and S is a subquasigroup of Q.

If we take ε = 1 and δ = 0 in Theorems 3.36 and 3.38, then we have the
following corollary.

Corollary 3.39. A nonempty subset S of Q is a subquasigroup of Q if and only

if the characteristic function χS of S is a (q,∈∧ q )-fuzzy subquasigroup of Q.

Theorem 3.40. Let S be a nonempty subset of Q. Assume that if any element t

in (0, 1] satis�es xt ∈ µ(ε,δ)
S for x ∈ Q then δ 6 1 − t. If S is a subquasigroup of

Q, then the fuzzy set µ
(ε,δ)
S is a (q,∈∨ q )-fuzzy subquasigroup of Q.

Proof. Let x, y ∈ Q and t1, t2 ∈ (0, 1] be such that xt1 q µ
(ε,δ)
S and yt2 q µ

(ε,δ)
S . Then

µ
(ε,δ)
S (x)+t1 > 1 and µ

(ε,δ)
S (y)+t2 > 1, which imply that µ

(ε,δ)
S (x) > 1−t1 > δ and

µ
(ε,δ)
S (y) > 1−t2 > δ. Hence µ

(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), and so ε > max{1−t1, 1−t2}

and x, y ∈ S. Since S is a subquasigroup of Q, we have x ∗ y ∈ S and thus

µ
(ε,δ)
S (x∗y) = ε which implies that µ

(ε,δ)
S (x∗y)+min{t1, t2} = ε+min{t1, t2} > 1,

i.e., (x ∗ y)min{t1,t2} q µ
(ε,δ)
S . It follows that (x ∗ y)min{t1,t2} ∈∨ q µ

(ε,δ)
S . Therefore

µ
(ε,δ)
S is a (q,∈∨ q )-fuzzy subquasigroup of Q.
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Theorem 3.41. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}
and ε+ δ 6 1. If the fuzzy set µ

(ε,δ)
S is a (q,∈∨ q )-fuzzy subquasigroup of Q, then

S is a subquasigroup of Q.

Proof. Let x, y ∈ S. Then µ(ε,δ)
S (x) = ε = µ

(ε,δ)
S (y), which implies that

µ
(ε,δ)
S (x) + ε = ε+ ε > 1 and µ

(ε,δ)
S (y) + ε = ε+ ε > 1,

that is, xε q µ
(ε,δ)
S and yε q µ

(ε,δ)
S . Since µ

(ε,δ)
S is a (q,∈∨ q )-fuzzy subquasigroup of

Q, it follows that (x ∗ y)ε = (x ∗ y)min{ε,ε} ∈∨ q µ
(ε,δ)
S , that is, µ

(ε,δ)
S (x ∗ y) > ε or

µ
(ε,δ)
S (x∗ y)+ ε > 1. If µ

(ε,δ)
S (x∗ y) > ε, then x∗ y ∈ S. If µ(ε,δ)

S (x∗ y)+ ε > 1, then

µ
(ε,δ)
S (x ∗ y) > 1− ε > δ and so µ

(ε,δ)
S (x ∗ y) = ε. Thus x ∗ y ∈ S, and therefore S

is a subquasigroup of Q.

Corollary 3.42. Let S be a nonempty subset of Q. Assume that ε > max{δ, 0.5}
and ε + δ 6 1. If the fuzzy set µ

(ε,δ)
S is an (α, β)-fuzzy subquasigroup of Q for

(α, β) ∈ {(q,∈), (q,∈∧ q ), (q, q)}, then S is a subquasigroup of Q.

If we take ε = 1 and δ = 0 in Theorems 3.40 and 3.41, then we have the
following corollary.

Corollary 3.43. A nonempty subset S of Q is a subquasigroup of Q if and only

if the characteristic function χS of S is a (q,∈∨ q )-fuzzy subquasigroup of Q.
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