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A note on (m,n)-ideals in regular duo

ordered semigroups
Limpapat Bussaban and Thawhat Changphas

Abstract The purpose of this note is to prove that, for a regular duo ordered semigroup, every
(m,n)-ideal is a two-sided ideal. The result obtained is more general than that of the result for

regular duo semigroups (without order) proved by Lajos.

1. Introduction

Let S be a semigroup (without order). Then S is said to be regular if a € aSa
for any a € S, i.e., if for any a € S there exists z € S such that a = aza. The
semigroup S is called a duo semigroup if every one-sided (left or right) ideal of S
is a two-sided ideal of S. In [9], S. Lajos introduced the concept of (m,n)-ideal of
S as follows: let m,n be non-negative integers. A subsemigroup A of S is called
an (m,n)-ideal of S if

AMSA™ C A.

Here, A’S = SA® = S. The author proved in [10] that every (m,n)-ideal of a
regular duo semigroup is two-sided ideal.

In this paper, using the concept of (m,n)-ideals for ordered semigroups intro-
duced and studied by J. Sanborisoot and the second author in [11], we extend the
results obtained by S. Lajos in [10] to ordered semigroups.

A semigroup (5, -) together with a partial order < that is compatible with the
semigroup opration, that is, for any a,b,c in .S,

a<b=ac<be, ca<ch,

is called an ordered semigroup.
The subset (A] of S is defined to be the set of all elements x € S such that
x < a for some a € A, that is,

(A] ={z € S|z < afor some a € A}.
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Note that the following conditions hold: (1) A C (4]; (2) (A](B] C (AB]J; (3) If
A C B, then (4] C (B] (cf. [6]).

A non-empty subset A of an ordered semigroup (.5, -, <) is called a left (resp.
right) ideal of S if it satisfies the following conditions:

(i) SAC A (resp. AS C A);
(i) (4] = A

And, A is called a two-sided ideal, or simply an ideal of S if it is both a left and a
righ ideal of S [6, 8].
A subsemigroup B of an ordered semigroup (.5, -, <) is called a bi-ideal [7] of S
if it satisfies the following conditions:
(i) BSB C B;
(ii) (B] = B.

Let m,n be non-negative integers. A subsemigroup A of an ordered semigroup
(S,-,<) is called an (m,n)-ideal of S if it satisfies the following conditions:
(i) A™SA™ C A;
(ii) (A] = A.
Here, let A°S = SA° = S [11].
An ordered semigroup (5, -, <) is regular if, for every a € S, a € (aSal, i.e., if
for any a € S, a < azxa for some x € S [7]. It was proved in [3] that the following
holds for a regular ordered semigroup.

Theorem 1.1. Let (S,-,<) be a regular ordered semigroup. Then a non-empty
subset A of S is a bi-ideal of S if and only if there exists a left ideal L of S and a
right ideal R of S such that A = (RL).

As in [9], the concept of m-ideal of an ordered semigroup (.5, -, <) are defined
by: a subsemigroup S,, of S will be called attainable if there are subsemigroups S;
(i=1,2,...,n—1) of S such that

SpC8-1C...C5CS5CS=S

holds, where S; (i =1,2,...,n) is an one-sided (left or right) ideal of S;_;. With
every such chain above, we use the letters [ (resp. r) in which the i-th for a
subsemigroup S; of S which is contained in S;_1 is a left (resp. a right) ideal of
S;_1. If S; is a two-sided ideal of S;_1, then either of [ and of r can be choosen.
And, a product of the letters [ and r will be denoted by 7. Now, a subsemigroup
A of S will be called a 7w-ideal of S if A is attainable.

In what follows, for the product m, we let m and n be the numbers of the
factors I and r, respectively. The following two theorems can be found in [2].

Theorem 1.2. Let A be a subset of an ordered semigroup (S,-,<). Then the
following three statements are equivalent:

(1) A is an lr-ideal of S;
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(2) A is an rl-ideal of S;
(3) Ais an (1,1)-ideal of S.

Consequently,

Corollary 1.3. Let A be a subset of an ordered semigroup (S,-,<). Then A is a
m-ideal of S if and only if A is an r™("-ideal of S.

Theorem 1.4. Let (S,-, <) be an ordered semigroup. Then a subset A of S is a
m-ideal of S if and only if A is an (m,n)-ideal of S.

2. Main results

An ordered semigroup (5, -, <) will be called a duo ordered semigroup if every one-
sided (left or right) ideal of S is a two-sided ideal of S. An ordered semigroup S
will be called a regular duo ordered semigroup if it is both regular and duo [3].

Example 2.1. Let S = {a,b,¢,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

QAo o
QU U O &
SRS U SIS H e
QL |

a
b
c
d

<={(a,a), (b,b), (¢c,c),(d,d),(a,d), (b,d), (c.d)}
We give a covering relation and the figure of S by:
== {(a’ d), (b7 d)’ (07 d)}’

()

Then we obtain (5, -, <) is a regular duo ordered semigroup.

Example 2.2. Let S = {a,b,c,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

QL o o

Q oAl
> o o> o o
SIS S N Es)
[SUS IS I SHESY
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<={(a,a),(b,b), (¢, c), (d,d), (a,b), (a,c), (b, c), (d,b), (d,c)}
We give a covering relation and the figure of S by:
== {<a’ b)v (d7 b)’ (b’ C)}
©

(D)
@ @

Then we obtain (S, -, <) is a regular duo ordered semigroup.

Example 2.3. Let S = {a,b,c,d} be an ordered semigroup such that the multi-
plication and the partial order are defined by:

L QL QL
QU T
QU o0
[SHESUESHESH Y

QL O T

<= {(a’a)a (bv b)v (67 C)a (da d)7 (av d)a (b’ d)7 (Ca d)}

We give a covering relation and the figure of S as follows:
<= {(G, d)) (b7 d)a (C, d)}

(d)

@QG

Then we obtain that (S, -, <) is a regular duo ordered semigroup.
The following theorem was shown in [3].

Theorem 2.4. Let (S,-,<) be a reqular duo ordered semigroup. Then every bi-
ideal of S is a two-sided ideal of S.

We now present the main result of this paper.

Theorem 2.5. Let (S,-,<) be a regular duo ordered semigroup, and let m,n be
non-negative integers such that m +n > 0. Then every (m,n)-ideal of S is a
two-sided ideal of S.
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Proof. Let A be an (m,n)-ideal of S; thus A™SA™ C A and (A] = A. There are
four cases to consider:

CAsSE 1: m=0,n# 0. If n =1, then A is a left ideal of S; hence A is a two-sided
ideal of S, since S is a regular duo ordered semigroup. Suppose that every (0, k)-
ideal of S is a two-sided ideal of S for integers & > 1. Assume now that A is an
(0, k + 1)-ideal of S. By Theorem 1.4, there are subsemigroups L;(i = 1,2,...,k)
of S such that

A=Lp 1 CLL,CLy 1C...CLyCLiCLy=S5

where Li—lLi - Ll(l = 1, 2,37 ey k+ 1)
We have

SAF = SAARY C S(ASAJAR! C (SASAY] C (L1 A¥) C (L1 Lo A1
C (LAY C .. C(LpA) C (A = A

Hence A is an (0, k)-ideal of S, and so A is a two-sided ideal of S.

CASE 2: m # 0,n = 0. This can be proceed as the case before.

CASE 3: m # 0,n # 0. Let A be an (1,n)-ideal of S. If n = 1, then A is a
bi-ideal of S. By Theorem 2.4, A is a two-sided ideal of S.

Let n > 1. By Theorem 1.4, there are subsemigroups R, L;(i =1,2,...,n—1)
of S such that

A:LngLnflgLn72ggL2gL1gRgS

where Li—lLi g LZ (7, = 2,3, N .,n), RLl g Ll, RS Q S.
We consider
SA™ C S(ASAJA"™! C (SASA™] C (RA™] C (RL1A™ 1]
C (LA™ C ... C(LnA] C (A = A
Then A is an (0,n)-ideal of S, and so A is a two-sided ideal of S.

Suppose that every (k,n)-ideal of S is a two-sided ideal of S for integer k > 1.
Assume that A is an (k+1,n)-ideal of S. By Theorem 1.4, there are subsemigroups
R; (j=1,2,...,k+1),L; (i=1,2,...,n—1) of S such that

A:LngLnfl CL,2C...CLyCLy
CRry1 CRyC...CRy,CRICRy=65,
where
LiflLi Q Lz (’L = 2,3, e ,n),
Ryi1Lq C Ly,
RiR;_ CR; (j=12... k+1).
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Consider:

AFSA™ C AFT1(ASA]SA™ C (AFSASA™] C (A*R A" C (AF'RyR A"
C (AP 1RyA™M C ... C (Rps1A™) € (R LA™Y C (LA™
C (L1LyA™ 2| C (LA™ 2] C ... C (L1 A] C (A] = A.

Hence A is an (k,n)-ideal of S. Therefore, A is a two-sided ideal of S.
This completes the proof of the theorem. O
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