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Finite 2-generated entropic quasigroups

with a quasi-identity

Grzegorz Biriczak and Joanna Kaleta

Abstract. We describe all 2-generated entropic quasigroups with a quasi-identity.

1. Introduction

Entropic quasigroups with a quasi-identity are term equivalent to abelian groups
with involution (i.e., every fundamental operation of abelian groups with involution
is the composition of fundamental operations of corresponding entropic quasigroup
with a quasi-identity and conversely).

Obviously every finite abelian group with involution is isomorphic to a finite
product of directly indecomposable finite abelian groups with involution. This
decomposition is unique up to reindexing and isomorphism of factors (cf. [6],
Theorem 6.39 ).

Hence to obtain structural theorem describing finite abelian groups with in-
volution it remains to find all finite directly indecomposable abelian groups with
involution.

We have already described (in [2]) directly indecomposable finite one-generator
abelian groups with involution.

There exists an infinite family of non-isomorphic two-generated abelian groups
with involution which are directly indecomposable (see [3]). Exact describtion of
finite abelian groups with involution by indecomposable finite abelian groups with
involution is difficult.

In this paper we propose another method. First we give some fundamental
definitions and facts. Next, we prove several technical results which will be used
later. In the main theorems we characterize finite two-generated abelian groups
with involution and finite two-generated quasigroups with a quasi-identity.

Finally using the equivalence between abelian groups with involution and en-
tropic quasigroup with a quasi-identity we obtain characterization of 2-generated
finite entropic quasigroups with a quasi-identity .
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Definition 1.1. An abelian group (G,+,—,0) is called an abelian group with
involution if there is an unary operation *: G — G such that

Va,be G 0"=0, a™ =a, (a+b)"=a" +b".

We denote the variety of all abelian groups with involution by AGI.

Definition 1.2. An algebra (Q,-,/,\,1) is an entropic quasigroup with a quasi-
identity if it satisfies the following axioms:

1) a-(a\b)="0b, (b/a)-a=0b,
a\(a-b) =b, (b-a)/a=b,
(a-b)-(c-d)=(a-c)-(b-d),

a-1=a, 1-(1-a)=a.

2
3

(
(
(
(4

)
)
)
)

One-generated entropic quasigroups with a quasi-identity are called monogenic
or cyclic.

Let us observe that the identities (1), (2) and (3) define entropic quasigroups,
whereas the identities (4) define the quasi-identity. We denote the variety of all
entropic quasigroups with a quasi-identity by EQ1.

More information on entropic quasigroups may be found in [4], [5], [7] and [8].
In the paper [1], it is proved that abelian groups with involution are equivalent (in
the sense of Theorems: 1.3 — 1.6) to entropic quasigroups with a quasi-identity.

Theorem 1.3. If G = (G,+,—,0,%) is an abelian group with involution, then
U(G) = (G,-,/,\,1) is an entropic quasigroup with a quasi-identity, where a-b :=
a+ (b*), a\b:=b"+(—a*), a/b:=a+ (-b*), 1:=0.

Theorem 1.4. If Q =(Q,-, /,\,1) is an entropic quasigroup with a quasi-identity,
then ®(Q) = (Q,+,—,0,*) is an abelian group with involution, where a + b :=
a-(1-b), (—a):=1/(1-a), 0:=1, a*:=1-a.

Theorem 1.5. If Q =(Q,-, /,\,1) is an entropic quasigroup with a quasi-identity,
then ¥(®(Q)) = Q.

Theorem 1.6. If G = (G,+,—,0,*) is an abelian group with involution, then
o(V(G) =0.

Let Q = (Q,-,/,\,1) be a monogenic entropic quasigroup with a quasi-identity.
Let Q@ = (z) and let ®(Q) = (Q,+,—,0,*) be the abelian group with involution
equivalent to (@, -, /,\,1).

We will consider three types of rank of the generator x:

ry(x) =min{n € N | nx =0, n > 1}, (additive rank)
ro(z)=min{n €N |n>1, Ik €Znz* =kz},
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Ter(x) =min{n € N | r,(z)a* = (r.(z) + n)x }.
Then we define
r(Q) =1 (2), 7.(Q) =ru(@), 7ot (Q) = ruy ().
This definition does not depend on the choice of the generator x (see [1]).

Theorem 1.7. (cf. [1]) If @ = (Q,-,/,\,1) is a finite monogenic entropic quasi-
group with a quasi-identity, then:

(a) 1+(Q) is a divisor of r(Q),
(b) r+(Q) is a divisor of r.1(Q),
(c) 0<74(Q) <7r4(Q),

(d) r4(Q) is a divisor of 2r..(Q) + T*r+((g))2

Proposition 1.8. (cf. [1]) Let Q@ =(Q,-,/.\,1) be a finite cyclic entropic quasi-
group with a quasi-identity and Q = (a) for some a € Q. If c € Z then ca =0 &
r+(Q)le.

Let E(a) be the integer part of a, (a), — the remainder obtained after dividing
abyb, Z,={0,1,....,n—1}.

Proposition 1.9. (cf. [1]) Let b,t,y € Z and b > 1. Then

(s R). o
W+ (1)), = (+1), - (2)

2. Auxiliary results

Abelian groups with involution generated by x can be described by three ranks:
ry(x), re(z) and rop(x) (cf. [1]). Abelian groups with involution generated by
two elements x1, x5 will be described by ten ranks defined below.

Definition 2.1. Let Q = (Q,-,/,\,1) = (x1,22) be a 2-generated finite entropic
quasigroup with a quasi-identity. Let A = ®(Q). Let

a1 = min{n € N\ {0} |nz1 € (x2)},

by =min{n € N\ {0} |Im € Z nx} —mazy € (z2)},

k1 = min{n € NU {0} | b1z} — (b1 + n)z1 € (x2)},

az = min{n € N\ {0} | nze = 0},

by =min{n e N\ {0} |3k € Z naxj — kzxs =0},

ko = min {n € NU{0} | boxj — (b2 + n)ze = 0}.
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Then there exist a12,a)y € Zq,, b12,b]5 € Zy, such that
a1T] = a12T2 + blg.’E; € <1’2>, bll':{ — (bl + kl)ifl = a’12x2 + b/121'; € <{I?2>

So, to every finite entropic quasigroup with a quasi-identity generated by x1, x>
we assign ten parameters:

1/)(14 5517152) (alablakl,a12;b12,a12ab12,a2,b27k2) € z'°.

Example 2.2. Let n,m € Z, m > 1 and n > 1 be fixed. Consider W, ,,, =
(Zam X Zg X Zaon,+,—,(0,0,0),*), where

(y1.v2,58) + (W, 95 v4) = (01 + 4 + B(EF2)2)0m, (2 + ¥h)2, (s + vh)2n ),
—(y1,92,y3) = ((—y1 + E(52)2)2m, (—y2)2, (—y3)2n),

((y2 + E(%)2)2m, (y1)2,Y3) for 2|y,

(g2 + 2"+ E(%)2)2m, (y1)2,y3)  for 24ys.

Then, by Theorem 9 in [3], Wy m = (z1,22) = W, (2m-10)(Q9m 5) € AGI,
where 71 = (1,0,0), 72 = (0,0,1). So 2% = (0,1,0), 23 = (2™~1,0,1) and

(Y1, y2,y3)" = {

o 2m 1y = (27 — 1)ag + a3,
o 227 =0,

e 2"xy =0,

o 2x5 —2x5 = 0.

Thus a; = 2m—1’ b1 =2,k =0,a12=2"—-1,b1o=1, a’12 =0, bllz =0, ay =27,
by = 2, ko = 0. 0

Definition 2.3. For ¢t = (al, bl, kl, a2, b12, 5 CL/12, bllz, ag, bg, k}g) S Zlo let Yt be the
function Z* — Zg, X Zp, X Za2 X Zy, such that

() = (m(y) + BE(2L)(by + k1)), ,
T2(Ve(y)) = (m2(Y))b, »
ra(y)+E "2(11) Ly Fabrs
m3(e(y)) = (ma(y) + E(5 )a12+aa12+E( W+ B b2 Sizted )(bz—I—kz))aQ;

ma(n(®) = (maw) + E(“iff’ Jbio + abiz),

+E(Z2W ) (b, 4k
for every y € Z*, where « = E (Wl(y) ( o o 1)> and m;(y1, Y2, Y3, Y1) = Yi

for i =1,2,3,4 and (y1,y2,y3,y4) € Z*.

Definition 2.4. For t = (a1,by, ki, a12,b12,a)9,b)o, a2, ba, ko) € Z° we define
Qt = (Zal X Zbl X Zag X Zb27+t7 _th7*t); and
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® (y1,Y2,Y3,Ya) ¢ (21, 22, 23, 24) = e (Y1 + 21, y2 + 22, Y3 + 23, ya + 24),
L _t(yl,y27y37y4) = ’Yt(_ylv —Y2, Y3, _y4)7 Q = (07 Oa 0; 0)7
b (y17y27y37y4)* = (y27y17y4ay3)a

° (yl,yz,y3,y4)*‘ = %(y2,y1,y4,y3), ie, y* = %(y*).

Definition 2.5. Let D be the set of tuples (ay, b1, k1, a12,b12,a}s, o, az, ba, ka)
such that:

bilar, bilky, a1|(2k1+’;—§>, ar =1, b1 21, 0< ki <a,

2
balaz, balks, a2|<2k2 + %>, ax =21, bp 21, 0< kg <ao,

ai

asl (br2 = (1+ £))are — ks + (1+ §2)(ar2 — (1+ £)bra — §206,),

2k1+,ji
b2|<a12 -1+ %)612 - %b’m), by (a’12 +(1+ %) o + = b12),

2
2k1+ﬁ

ai

k‘g / kl / 2k1+%
@i+ (1+ £2)(@h + (1+ £ + = bis )

ai

a2 (o + (1 + 2))ay +

li /
12,01y € La,, bi2, b9 € Zp,.

Lemma 2.6. If G = (x) is a finite abelian group with involution, a = ri({(x)),
b=r.((x), k =r«((z), m,n € Z and mz+nz* = 0, then bln and a|m+(1+%)n.

Proof. If mx 4 nx* = 0, then mz 4 (E(%)b+ (n)y)z* = 0. Thus we have (n),z* =

(=m — E(%)b)z and 0 < (n), < b. By definition of b we obtain (n), = 0 so b|n.
Moreover, mx = —nz* = —pbz* = —nP(b+ k)z, so (m + 7 (b +k))r = 0 and

by Proposition 1.8 we have a|(m + %(b+ k)). Thus a|m + (1 + £)n. O

Proposition 2.7. If G = (x1,23) is a finite abelian group with involution, then
t= ¢(G,Z‘1,$2) eD.

Proof. Let G=(x1, z2) be a finite abelian group with involution and t=4(G, z1, x2)
= (al,bl,]{il,alg,blg,allz,blu,ag,bg,kg). Then ag = 7‘+(<!B2>), b2 = T*(<.”L'2>) and
ke =1 ((22)), a1 = r(G/(x2)), b1 = 1 (G/(x2)), k1 = 141 (G/(22))-

By Theorem 1.7 we have by |a1, b1|k1, a1|(2k1+’;—1%), a1 21,0021, 0< k1< ay,

k2
balaz, bolka, az|(2k2 + 32), a2 =21, ba 21, 0 < kg < as.
Now we prove that

k K
2kt 5
1
@ blg) and

o2
2k1+ﬁ
a

1

ba(ahs + (14 §1)bis +

2

2k1+%
ay

as|(bip + (1 + ))al, + a1z + (1+ ) (aly + (1 + )by + b12).

By definition of ¢ we obtain

a1r1 = a12x2 + blgsz S <£L’2>, (3)
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bz — (b + k1)x1 = ajpwa + V23 € (22). (4)

i

So, (b1 + k1)af = (1 + kl) (1+ %)((bl + k1)xy + diqze + boxd) and
(

(b1 + K1)zt = ((by + k1)z1)” = (b1$1 a9 = Uip3)" = bran — a1525 — b1,
Hence 0 = ((1+’Zi)(b1+k1) by)zy+(bg+(1+52 i )alz)wg—i-(alz—i-(l—l— 1)bl,)zs and

N3

((1+%)(b1 k1) = b))z = (2k1 + 3+ by )x1 = malﬂh ® 2k1+bl

ay

(@122 + b1223).

k2 k
1+ 2k1+ 4+

Lay2)ws + (ajy + (1 + kl) 12 T

S0, 0= (by + (1 4+ K1)ay + 228

ai

From this, applying Lemma 2.6, we obtain bs|(a)s + (1 + kl) 1o+

i 2k

and as| (B, + (1+ £))ag, + 22000 a12+(1+’“2)<a12+(1+’“) +

Now we prove that b2|(a12 — (1 + )b12 — H ) and a2|(b12 — (1 + %))alg —
prayy +(1+ k;)(am (14 3 )bia — al bia)-
Let us observe that a12x§ + bioxg = (0,12.232 + blgxz)* @ alx*l‘ = b71b1$>{
L ((by 4 k1)1 + aloxa + bjgad) = (1 + kl)alzcl + 3 a12x2 + & b’ = (1+
L)(a1222 + b1223) + §rajore + § b’12x2
ThUS 0 = (b12 — (]. -+ kl )a12 — bl alz)xg + ((llQ — (]. -+ kl )blg — %b,12)£§
After applying Lemma 2.6 we conclude that b2|(a12 - (1 + & )bz — 31bi,) and
as|(bra — (14 §1))ars — §rajy + (14 32)(ar2 — (1 + §1)biz — $204,). O

b
IL
by

The following two lemmas and proposition serve as technical help to prove the
Theorem 3.1.

Lemma 2.8. [ft = (a‘1>b17k17a127b127a/127b/127a27b27k2) € D7 T,y € Z4J then

Yz +y) =+ 1)) (5)

If x € Zoy X Zp, X Zay X Zp,, then
Yie(z) = . (6)

Proof. Let t = (a1, b1, k1, a12,b12,a}o, b)o, a2, ba, ko) € D, z,y € Z*. We show that
mi(y(z +7(y)) = mi(ve(z +y)) for i = 1,2,3,4.

We have

o Mz + 7)) = (mi(z +7(y)) + BTN by 4 k),

= (m1(2) + m (3 (y) + B0 () 4 ),

= (m(z) + (<>+ﬂ“”xm+m» + BT Wy 4y ),
2)( (@) +m(y )-|-E(7T2b—(ly))(b1—|—k1) +(E (Wz(a:)lerz(y))_E( b(ly)))(b1+k1))a1
= (mi(2) + m(y) + (B0 = 7 (2 + 1)),

(1

\./
A
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o mo(Ve(z +1(y) = (m2(z +7:(y)))o, = (zrz)(w) + m2(7(¥)))b,
2
= (m2(@) +(m2(y)p, )by = (m2(@) +72(y))p, = m2(1(z+y)).
e Let us introduce the following abbreviations:
a1 = m1(y) + BB (b + k),
(m<x+m(y>>+E<”2“tW)<bl+kl))
Qo = E

ay

ai

mo(x)+(72(y))
e (m(w>+<a1>a1+E<%““)(mkl))
- )

az = ma(y) + B(H5)biy + E(&)bia,
as=F 7r4($)+(043)b2+E(”2<b:+(b:2(y))b1)b'12+a2b12>,

b

o — B w1 (@) (y)+ B(T2EET200) (b, 1k )
2 — aq

h= E(medy)méb”w(”““ﬂ"“”)b?)
ay = .
4 by

By Proposition 1.9 we have
<m<x>+<a1>a1+E<"2(’””i’f“’”"l)(mm))

E( )+042 )+ E

aiy

mo(2)+(m2(¥))y
T2 ) (by 4k )

ai

) ( 1 (@)1 (9)+ B39 (b1 o)+ B

x 7o (@) +(m2 (¥))
1 (z) 471 (y)+ E( 2(’”)+E(w))(b1+k1)
= a1
(1) w1 (2)+m1 (y) +E(”2(w)+"2(u>)(b k1) ,
: al = 052,
SO
aq
E(—)+ay= 042 (7)
ai
Moreover,
mo(@)+ (72 (¥)py |,
T4 (@) 4 () by +E( 20 by
Qs 73 2 by 12
E(b2)+a4— b)+E< by

(2@ 2wy i

i <7r4(x)+a3+E Ty +aobia
= 5

b o (z)+(m2(y))
ma(@)+7a(y)+ ()b, + B(2 1)b12+E(“b1”bl>b;2+azbm>

ba

™ o (2)+(72(y))
l (7"4(570 +7a(y)+E( 2(y))1712+0‘2bl2+E(72 b12 L )b/12)
= >
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w E<”4(1)+7f4(y)+a'2b1§;r13(W)biz> = o,
S0 o
E(b—j)+a4 = aj. (8)
Hence,

ms(ve(@ + 1 (y)) = e
il " B2z W) gy aob
Gg(xﬂt( ))JFE(M I+%(y )a'12+042@12+E< R bzbl e 12>(52+k2))
az

<”3<x>+< (W) +E(2 )apy+ B(2 >a12+E<a3><bz+k2>>+E<’W”<’”“’”“)au

2(x)+(m2(y))p
a(x)+ (s +E 71 b ytanby
+azaiz + E( el b2 ) : 2)(b2+k2)>
az
e (7?3(93) + ma(y) + aty (B(3) + B(REHRN ) 0y (B(2) + ag)+
(02 + ka)as + B(32) )
az
(1),(7),(8

().(5) <7r3<z> T may) + e B(REA0)) | 0r 4 (b, kzm)

2
o (x wa(z+y)+abLb +Embi
(33+Z/)+a/12E(W)—!—amaé—i-(bg—&—kg)E( ety eshe B >)>
az

m3(71(2 + y))

Il
/—\

o Let B1=m(y)+ E(%(ly))(h-i-lﬁ), fo=E

= <ﬂ1(1)+(ﬁ1)a1+E(7W:2(y))bl)(b1+k1)> .

ﬂl(ﬂf+’vt(y))+E(W)(b1+k1))

ai

al

Then
B1 )
E(E) +6 = FE

ai

o () + (72 (y))
<7r1(w)+61+E(2 — bl)(b1+k1)>

=B

mo(z)+(m2(y))
m<x>+m<y)+E<”%i‘”)(b1+k1>+E<zbl“”lxbﬁkl))
ay

—_

V) o (m(w)+m<y)+E<"2”’;“2“’>><b1+k1))

ai

Therefore

B - ©

So we conclude that
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ma (e (2 +7()))
= (o () + B0t 1

ay

1 (@4 () + B2 ) (by &y ) )512)
b2

+
ba

E(?TZ’(CL')"FE(:'Z(ZJ))Z)I )b/12 + 52[)12)
ba

™ B(Z29) (b, +k
— <7T4(:L')+ <7T4(y)+E(7T2b(1y))b/12+E( l(y)+ (abll )( 1+ 1))b12>

—_
M
—

T N NN

ma(@) + ma(y) + (B(2W) 4 p(2@H ™ )y 4 (B(8r) 4 ﬂz)bu)b
2

Y (714(2) + maly) + (B0 (8 6z)b1z>
ba

7r1<m)+7r1<y>+E<"“"“:1"2<”><b1+k1>) )
b12
b2

—
=

ai

ra(x ty) + (B(E ) +E(
— ma(ulz + ).

Let x = (x1,22,23,24) € Za, X Ly, X Lay X Ly, 1t is clear that if y € Z,,, then
(y)n =y and B(¥) = 0. So,

o m((x)) = (z1 + E(32)(b1 + k1))ay = (T1)ay = 71,

o mo(7(7)) = (T2)p, = 72,

z T —‘,—E(E—Q)b'1 +ab
o ma(na)) = (x5 + B(2)aly + aars + E (b) (bs + k),

= (mB)az = I3 since o = F <W) = E(ﬂ) — O,

ai
o mi(Ve(z)) = (za + E(32)b1 + abi2)p, = (¥4)p, = 74
Hence v (x) = =. O

Proposition 2.9. If z,y,b € Z and b > 1 is a divisor of x — y, then

2 -2 ()=

Proof. Tt is obvious. O

Lemma 2.10. Fort € D and y € Z* we have

V(") = 1 (7)), (10)

where y* = (y1,Y2,Y3,Y4)* = (Y2, Y1, Y4, Y3).
Proof. Let y € Z*, t = (a1, by, k1, a12, b12, @}y, by, az, ba, ko) € D and

e m((y*) = (L1)ay, m2(e(y)) = (L2)b,,
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o m3(Ve(y*)) = (L3)ay, Ta(0e(y™)) = (La)b,,
T (v ((ve(®))) = (R1)ay,  m2(ve((7:(y))*)) = (R2),,
(

m3(ve((7(¥))")) = (Bs)as,  ma(e((7:(¥))7)) = (Ra)o, -

We show that a1|R1 - Ll, b1|R2 - LQ, a2|R3 - L3 and b2‘R4 — L4. Let
Br = mi(y) + B(ZL) (b + k),

By = (<7r2<y>>b1+E<“*”“1 ) (b tk)
ma( )+E(’""(“))b’ +E(54)b
/33 _ ( 4\Y - 12 1

)
Ba = m3(y) + E(2)al, + B(2 )ara + Bs(bs + ka),
Bl =my) + B(™ <y>)(b1 + k).

First we show that
_ ki m(y)\ a1 (B
( )—“+bJE(b1>‘mE(m>’ (1)

£ (42)-
() B R () s bn(®).

(Ba)ug + (D01 )b;2+ﬂ2bu> . < <u)+E("1<y>)b12+E(§§>b12>

);

)

ba

)(ahs + (14 )b/12

2
2k1+ 7L 13
al : b12)+ ( )

“
o

e Let us observe that
(Bar—m1(y) == E(2)ar—m(y) = my) + (5L ) (by +h1) — E(2 )ay —mi(y)
= E(Tr?b—(l”))(b +ki)— L)ai 50 b1|(B1)a, —mi(y), and by Proposition 2.9 we

E(G
- 2@y (hy 4 k1) - E(L)a
conclude E ((ﬂll)zal) E (71'1(7!)) — (Bl)albl l(y) — E( by )( 1';11) E(al) 1 —

(1+ %)E (WQb(ly)) - E (ﬁl) So, we obtain (11).

)arz — (1+ F)bio — Ebly) + (b2 + k2)B3 — (34)a2> .

<<wm+EUW“xm+MJ (ma(y) + B ("}
() 4 (b + k) (E G%@)—E(g)>

~B(B) + (b + k) (1 + 5B (B2) - 2B (2))
)

1
2
= B2k + 4) — an(1+ 52)E (2)

(11)

is divided by a; since a;|(2k; + ]Z%)
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By Proposition 2.9 we have

Y (m2 (), +E(LH
%8 () =

7o (y) k2 k 8 k2
mctenl o ipet) Lo () o e (1),

)(br+k1)—(m2 () +E(H) (b +51))
al -

ay ay ay

so we obtain (12).

o (B0)as + B0 + Bobiz — (ma(y) + B, + B(5)bi )
= (Ba)as — ma(y) + Vyo(B(E0) — B (1)) 4 by (8 — E(%))
WL 5, (5, — maly )+b’12((1+’;;)E( 20y _ a1E<§1))+

L S
b (L (300 - (14 ()
= m3(y) + B(2)aty + B(E)ars + B3(ba + ko) — m3(y) — B(2)as+

a2
b+ BBCH) - B2 ) + 0 ) - (14 fB(E) )
2k1+§

o2
27€1+ﬁ

BE(™

= B(3) (aly + (1 + £)bis + biz)+
B2 )(alz*(l+ L)b1y — $b15) + (ba + k2) B3 — E(24)ay)

2k1+;—;

is divided by b2 because by|ag, ba|(ba +k2), ba|(aly + (14 §2)bjo+ bia),
ba|(a12 — (1 —|— L)b1a — §1b),), whereas last two divisions are consequence of
the assumptlon ‘that ¢ 6 D.

By Lemma 2.9 we have

((ﬁ4)a2+E(<Bl)al )b/12+/32b12> _E (ﬂs(v)+E(ﬂl(y))b/12+E(fi)b12>

E bg b2

- b<</34>a2 B, 4 Byby — (maly) + (B, + B( >bu>)

So we obtain (13).

2
2k + 31
)(ats + (1+ kl )b/12 —

b12) + E(2 ) (a1 — (1+ £ )bia

Sp,) 4 (ba ko)~ B <ﬂ4>a2);2.

In this part of the proof we show that ay|(R; — L1). Indeed:
Ry = Ly = (m(n(y)") + E(2RE) (b1 + k1)) = maly) + BT (b1 + )

(m1( >+E<"2<y’>(b +k1))a .
= ((m2(y))e, + BE(— L) (by A+ Ky )) — o (y) — BT (by + Ky

T Bl a
= —B(=W)p, + BBy, 1 ky) - B9 (b, + k1)
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(11)

—E(” W)y 4 (by + k) <(1 +1)E(3Y) - uE (ﬁ)>

)(2k;1 + ) (1+ %)alE (%) is divided by a; since a1|(2k; + %)

— B(=

Now we show that by |(Rs — Lo):
Ry — Ly = ma(n(y)*) — m2(y*) = (m1(y) + E(Z) (by + k1))a, — m1(y)

- 1 >+E<"2““><b +k1)
=mi(y) + E(2L) (0 + k) — B(————"")a; — my(y)
- m2 ()
= E(ﬂzgy))(b + k1) — E( L)+ E abll )(b1+k1))a1 is divided by b; since b1|a;
and b1|k1

The third our task is to show that as|(Rs — L3):

7o (4" T4 (y*)+E m2(u") +ab
L3 — W&(y*) + E(%)a/u + aags + E 4(y™) ( ;21 P 12) (b2 + ]{32),
1 (v 2 p 4k - LELCORVON ,
where o = E( 1) +B( ail ) (b1t 1)> = E< 2(4) 5 abll ) 1+k1)> = E(%) So,
m3( )+E(”1‘y))b’ +E(SL L)b
Ly = mi(y) + B(5)al, + B(Z)ar + B | = e 2 ) (b2 + ka).
% o (ve(y)™ a(ve(y)™ )JrE(w)b +a’b
Ry =mo(y(y) >+E<2<1fy>>>a32+a/au+E< il T ) k),
w1 (v (y) )+ E T (ve (¥ ™) by 4k 7o (s E(FLOt@W) yop. 1
where of = B(m0:®)+ (a1 H2) (0t n) _ E( 2 (e W)+ (albl ) (b1 + n) _
5 ((772(y))b1+E(a(fl)a1 )(b1+k1)) _ g,
Moreover,
m3(1(v)) =

s p +E 7r2(y) b otab
(Ws(y)JrE( 2b(1y>)a/12+a,,a12+E( L)+ E( i )it 12)(b2+k2)> 14)
as
= (B4)a2

where "
RIS SO
Hence

73 (Ve B(T1Ot@) g b
Rg7T4('yt(y))JrE(mm(y)))a'ngrﬂzam+E< 3 (e (1) +B( = b5 +B2 12>(b2+k2)

= ( a(y) + E(M(y))b 2 T E(ﬁl )b12)b + E(L;Zal )ais + Baaia+
2
5 <w3(m<y>>+E(”},ial )b;2+52b12>

b (b2 + k2)

= (maly) + ECSE g+ B(2biz) + (T )i, + fomat+
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(51)(11 ,

Thus
Rg — L3 <7T4( ) + E(Tr2(y) )b/12 + E( )612) + E( (51)a1 )a12 + 62&124’

b2
watE (B1)ay b b
((ﬂ4) > +HE( 212 )blo+ 062 12) (b2 +k2) _ ( ( )+E( ))a12+E( )a12+

E

ﬂ' B9y (Bl
E< 3(y)+E(=; bi 12+HE(GT) 12) (bs + k2)> = maly) + E( ))b'12 + E( )b12 _

w4 (y)+E(Z2 2y BB . /
p (AR )y, 1y (B — B + ana(f — ECED)+

ay

(batka)(E ( 2 -E b

E(ﬂ'Qb(ly)) 1o + E(ﬁl )b12 — B3b2 + a12(( + ]Z—ll)E (Wzb(ly)> _ alE (al))+
((/34)a2+E( (ﬁl)al )b/12+52512) B

(Ba)ay +E(CD™ )b, + b1z () + B0, + B2 )b (11),(12)
) 7T4(3/)

bz
73 (9)+ B ), + B2 b5 | | (13) . . ]
E<3 e ) (14 B (S2) - 3 (2))+

2k +ﬁ T T
ara( 1“E(1@)—@+@QE(%»+{@+kﬂOﬂ%@x%fwl+ﬁ)b+

s (5001808 () s

2
21+ oL
ﬁ;w@+E@Mm(+gm2gm9+@+@mE%ma;+

-
B U%+E<ﬂm&mE<>(%+a+?mm+iJlm+
(14 52)(atg + (14 §5)bia + I”Ib 2) +E(§1)(bu—(1+’zi>+au—z‘;a’12+

(1+ %)(am -1+ %) biz — alb’lz)) + Ba((bg + k2)? 5 — ba) — b2+k2E(§;‘) as =

- +ﬂ 2k _;'_il
E( 21;(1y))< Il2+(1+lzjl) 12+ gy + (1452 )(a12(1+k1) 12+ 1a1b1 b12))+

ﬂ&(m—u+ﬁmm—a%ﬁﬂ+gmM—u+ﬁwu—a%0+&@@+
(

2y

5 1+ %)E(@)ag is divided by as because we have as|(2ks + %) and

az

1-|-b1

2
2k + 5k
a2|<b/12 + 1+ IZI) aip + arz + (1 + %)(alu 1+ %)blu * 1‘“ " b12)),

a2| (blg — (1 + %)alg — Z—Ia’m + (1 + %)(alg — (1 + %)blz — Zib/lz)), where two

last divisions are consequence of the assumption on t € D.
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It remains to show that by| (R4 — Ly4):
Ry, = 7T4(’Yt( ) )+E(W2(7t(y) ))b + F

7o (Ve BTty 4k
_ 7{_3(7t(y)) + E(ﬂl(ztl(y)))b/12 +E< 2 (e (¥)+E( by )(b1+ 1)) b12

ay

m<w<y)*)+E(“2”,ff”*)>(b1+k1>)
bi2

ay

(B1)a1

T E b1 +k
W (310 + Bty 4 (SR )y,
= (Ba)as + E(Z22)0,5 + Babra.

. —— w2 (y™)
Ly =m4(y*) + E(mgij ))b/u +E ( LWOTE(, )(b1+k1)) b12

al

1 a2 ( )+E(w1(y))(b1+k1)
— may) + B(T) 32+E( d )blz

=m3(y )“‘E(m(y)) +E( )b12
Hence
Ry — Ly = (B1)a, + E(%) fo + Pabia — (m3(y )+E(m(1y)) +E( >b12>

= 4= B(G)as — msy) + bia(B(T5) = B(H) + buo(Br — B(ZE)
M B(2)as + maly >+E<“Z< Jats + E(E)ar + B +k2) = ms(y)

4o (14 5 B2 — 8 BE) + bio 2 B - <1+’“>E<M>)

2k
= —B(8)ay + Bs(bz + ko) + B2 (@l + Uhp(1 + 51) 4 by 1“1)
+E(%)(a12 - b12b —bia(1 + L3 ))

2k1+ﬁ

is divided by bg because bslaz, bolks and bo|(ais + (1 + )b’12 + 1+b1

b12),
bo|(a1z — (1 + )b12 §1b1,), where last two divisions are consequence of the
assumption on t eD.

Therefore v, (y*) = (7 (y)*) and the proof of Lemma 2.10 is finished. O

3. Main results

Theorem 3.1. If t € D, then Q; is a 2-generated abelian group with involution.

Proof. Obviously the operation +; is commutative. We show that +; is associative:
T (y+i2) = Feny+2) = ne Fuly+2) L ula+ (y+2)

— (@ +y) +2) D nla+ 1)+ 2) = W@ +1y) +2) = (@ +19) + 2).
Ifx €Zy X Zy, X Loy, X Zy, then v¢(x) © x,80 ¢ +; 0 =v(zx+0) =y(x) =2

Moreover, x +; (—x) = Y(x + (=) = %(x + %:(—2)) = © vz + (7)) =
7:(0) = 0.
Hence the group reduct of @, is an abelian group.
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If © € Za, X Zp, X Lay X Zp, then (z*)*t = v ((2*)*) = y(w(z*)*) =
6
W((@)) = () L e
10
W,y € Zay XLy, X Lig, XLy, then (x+y)* = v ((x+:y)*) = ve((ve(z+y))*) (19)

(@ +9)*) = nl@* + %) C nn@®) +nly) = @ Fy) = @ oy,
Also 0** = (0*) = (0) = 0. Thus Q; is an abelian group with involution.

Let T = (15 07 07 0) and T2 = (07 Oa 17 0)7 then Qt = <x17 l’2> since (yla Y2,Ys3, y4) =
Y121+ Y2} +ysxa+yaxs for every (y1,y2,Ys, ya) € Loy X Ly X Lg, X Ly, . Therefore
Q: is 2-generated. O

Proposition 3.2. If G = (x1,x2) is a finite abelian group with involution and
¢: Z* — G is such that ¢(y1, Y2, Y3, Y1) = Y121 + Y227 + y3a + yaxs, then

Ve =
fOT‘ t= ’lr/)(G71:17a:2) = (a17b1) klaa127b123a/127b/12aa23b27k2)-

In other words, if Z = Za, X Zp, X Lq, X Zsp,, then the following diagram

74 ¢

Ve 0]

G

Zc— 7*
18 commautative.

Proof. Let G = (x1,x2) be afinite abelian group with involution and t = ¥(G, z1, x2)
- (ala b17 kla a/127 b12a a//127 b/127 a/2a b27 kQ) Then

a1T1 = 1272 + biaxy € (12), (15)

bl.’lﬁ’{ - (bl + k‘l)l'l = (l/12.’132 + b/12$§ € <.’172>, (16)
ATy = O7 (17)

ngz = (bQ + kz)l’z. (18)

For a; = Y1 + E(%)(bl + kl) and B = Ya + E(%)bIIQ + E(%ll)blg, where
y = (y1,92,Y3,y4) € ", we obtain

(Y)=y121 + Y2r] + Y32 + yazs = Y121 + (E(F2)b1 + (Y2)v,)2T + Y322 + yaz3
W s + EC2) (b1 + ks + iy + Vo) + (y2)on 2 + Yz + yay
= (1 + E(§) (b1 +k1))z1 + (y2)n, 27 + (Y3 + E(32)ala) w2 + (ya + E(F)by) 23
= a1@1 + (Y2)u, 27 + (s + E(§)arp)ze + (ya + E(32)b1y) 73
= (BE(21)ar + (a1)ay)z1 + (y2)u, 27 + (y3 + E(§2)ai) 22 + (ya + E(32)b12) 23
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(15)E( L) (a12224+b1225) + (1) ay T1+(Y2)6, 21+ (Y3 +E (32 )alo) 22+ (ya+E(

= (1) o, 21+ (Y2)p, 21+ (Y3 + E(L)aio+E (51 )ar2)za+(ya+ E(E )V +E(5
= (a1)a,T1 + (Y2)0, 27 + (y3 + E(§2)as + E(51)ar2)r2 + Bz}

2 )bi2)ws
T )bi2) @

Sk oS

= (@1)ay 71 + (U2)0, @7 + (43 + E(12)ay + B(2)a1s)ws + (E($2)ba + (B)s,) 5

(1) a1+ (Y2)0, 0+ (g5 + E(2) o E(22)ar2)w + E(L) (ba+ka)wa +(8)p, 3

:(al)a1$1+(y2)b1$1‘+(y3+E( 2)ahy + E(2)arz + E(£ )(bz+k2)>$2+(5)b2$§

Dla)ar+ @i+ (vs+ )l + B2 )a+ B(R)(ba+k2) 20+ ()

= o(1(y))- N

The main theorem of this paper is formulated in the following way:

Theorem 3.3. If G = (x1,xz2) is a finite abelian group with involution, then

G=Qy fort=v(G,z1,22).
Proof. Indeed, let t = (G, z1,22) = (ay,b1, k1, a12,b12, a4, b5, as, ba, ko) € Z'°
and Z = Zy, X Zy, X La, X Ly,. Consider the map ¢: Z* — G defined by
(Y1,Y2, Y3, Ya) = Y171 + Y2T] + Y3T2 + YaTs.
Then ¢|Z is an isomorphism of @; and G.
In fact,
. ¢|Z is onto: if g € G then there exist y1, Y2, y3, y4 € Z such that

g = 121 + yox} + ysxo + yaxs = ¢(y1,y2,y3,ya) = O (Y1, Y2, Y3, y4)) and
Ye(Y1, Y2, Y3, ¥4) € Z.

L4 ¢|Z is injective: if ¢(y1> Y2,Y3, y4) = ¢(ylla yéa yéa yzll)a then
Y11 + Y207 + Y32 + yawy = Y121+ yort + ysaz + yis.

Thus (y2 —y5)xt — (Y] —y1)x1 € (x2) and |y2 — y4| € Zp,, which by definition
of by, implies yo = y5. Hence (y] — y1)z1 € (x2) and |y1 — ¥i| € Z,,, and
by definition of a;, we have y; = y{. So yszza + yaxd = y4x2 + yyas and
(yq — y4)x2 (y4 — y3)x2 and |ys — y}| € Zsp,. This by definition of by gives
ya = yy. Therefore, (y5 — y3)za = 0 and |y — y3| € Z,,, which by definition
of as implies y3 = yg This shows that ¢|7 is injective.

. ¢|Z is a homomorphism since for all y,7’ € Z we have

Py +iy) =0y +y)) =y +y') = dy) + oy).
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Moreover, for all (y1,y2,¥ys,y4) € Z we also have:

A((Y1,Y2,Y3,Y4)*") = d(ve (Y2, Y1, Y4, Y3)) = ¢(Y2, Y1, Ya, Y3)
= Yoy + Y177 +yaz2 + Y375 = (Y121 + Y207 +y32e +yazs)*
= (¢(ylvy27y37y4))*- O

Corollary 3.4. G is a 2-generated finite abelian group with involution if and only
if G=Q; for somet e D.

Proof. If G is a 2-generated finite abelian group with involution, then by Theorem
3.3 we have G 2 @, where t = (G, x1,x2) and t € D by Proposition 2.7.
The converse statement is a consequence of Theorem 3.1. O

Corollary 3.5. Q is a 2-generated finite entropic quasigroup with a quasi-identity
if and only if G 2V (Q;) for somet € D.
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