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Errata to “Shortest single axioms with neutral

element for groups of exponent 2 and 3”

Nick C. Fiala and Keith M. Agre

The purpose of this note is to correct an error in [1] pointed out in [2] and to
explain the source of this error. Upon initial review of [1], one reviewer requested
that multiplicative dots be used to reduce the large number of parentheses in
the identities. For instance, (ey)((((yy)(xzz))z)z) = x would be changed to ey -
((yy - zz)z - z) = x. A program was written to facilitate this conversion for the
the large number of identities contained in Theorems 6.1 and 6.2 of [1]. Given
that the right hand side of every identity in Theorem 6.1 should be z, the right
hand side of every identity in Theorem 6.2 was inadvertently changed to x as well.
For example, e((z(zy)z)y) = z became e(x(zy - z) - y) = « instead of the correct
e(z(xy - z) - y) = z. Below is the corrected version of Theorem 6.2 of [1].

Theorem. The following 173 identities with neutral element (and their mirrors)
are single axioms with neutral element for Boolean groups.

e(z(zy-2) y) =2 ex - (vy-zy) =2z e(z-y(r-2y)) =2
e(zy - (z-2y)) =2 ex - y(x-zy) =2 (e-zy)(y-22) =2
e((z-yz) ay) =2 ex-y(z -ay) =z e(z-y(z-yx)) =2
e((z-yz)y-z)==z2 ex-y(z -yzr) ==z (r-yz) -yx ==z
e-(x-yz)z)zr =y zley - (z-2y)) =z ze-y(z-2y) =2
ze-(yr-2)y==z2 (ze-y)(z-2y) =2 (z-(ey-x)2)y =2
(x-(ey-z)z)z =1y (ze-(yz-2))z=y ze - y(yz-x) =2
(ey-(z-2y)) =2 z((e-yz) xy) =2 z(ey-z) xy==2
z((le-yz)x-2)=y ze - (y-zx)z=1y ze - (yz-x)z =y
(ze-y) - z2)2 =y (z-ey)z-2)z2=y (ze-y)z-x)2 =1y
z(e-y(zy-z)) =2 z((ey - 2) yz) =2 (ze-y)(zy-z) =2
z(ey-z) yr =2 (z(e-yz) Yz ==z (ze-y)z-y)z ==z
(z(e-yz)-2)z =y (ze-yz)z -z =y z(z(ey-z)-y) =z
T (ze yz)y =2 z(z(y-ez) y) =z z(y-e(z-2y)) =2
z(ye- (z-2y)) =2 zy-(ex-2)y =2 z(y-(e-yz)z) =2
(ye (yz z)) =2 ry - (ey z)x =2 (55 : ye)(y : ZI) =z
(xzy-(e-yz))z ==z (z-ye) -yz)z == z(y-e(z-zy)) ==z
(z-ye)(zx-y) =z z(y-ez) - ay==z (z-ye)z-z)y ==z
(zy-ez) - zz=y (z-ye)z-zz=1y (zy-ez)z-z=y
z(y-ez) yr =2 (z-ye) - zy)z =2 z((y-ez) zzx)=y
(zy-ez) zz=y (z(y-ez)-z)z=y e(z-(z-yz)y) =2
(em (zy - Z))y =z e(x (yzx - Z)y) =z e(xy~ (xz - y)) =z
T (yz-2y) =2 (e zy)(z-2y) =2 (e x(y-z2))y ==z
(rry rz) Yy =2 (ex - (yz - 2))y == ((e-ay) -zz)y =2
(ez-(y-z2))z=1y (ex - (yz-2))z=y e(ry - (yz-z)) =2
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ex - y(ys-z) = 2 (e 4)(yz-z) = 2 ((e-2y) - y2)o =2
e(z- (y2 o)y) = 2 ex - (yz - zy) = 2 (e 2y 22))y = »
e((zy-2)z-2)=y er-(yz-x2) =y er-(yz-x)z=y
e(zy-z) w)z=y e(z-ylzy-z)) =2 e((x-yz) yz) =2
ex-(yz-yx) =z (ex-yz) -yz =z e((z-yz)y-2)==x
e(ry-2) - yz==x e(ry-zy)-z==x ((e-zy)-zy)z=x
(e(z-yz) y)z == (ex-yz)z- -z =y e((z-yz)z-y) ==z
e(zy-2) - zy== z-elyr-zy) =z z((ey-x)-zy) =z
z((e-yz)z-y) =2 (z-ey)(zz-y) =2 (z-e(yz-2))y ==
z(ey-xz) - y=2 (ze- (y-z2))y ==z (ze-y) - z2)y =2
ze-(y-xz2)z=y (z-e(yz-2))z=y ((ze-y) - z2)z=y
z(e-y(yz-z)) =2 z-e(yz xy) =2 z(e- (yz - z)y) =2
z((ey - 2) xy) =2 z((e-yz)z-y) =2 (z-e(y-2x))y==2
(ze-y) - zz)y =2 z(e- (yz-z)z) =y (ze-yz) zz2=y
z-elyz-yr) =z z(ey - (z-yx)) =2 (ze-yz) - zx =1y
z((z-ey) - zy) =2 z((ze-y)z-y) =2 (z-(z-ey)z)y==z
z(zy - (e-2y)) =2 z(z(ye-2) y) =2 z-(zy-ex)y==z
z((zy-e)z-y) =z z(zy-ez) - y==z zy-e(r-2y) =2
zy-e(zz-y) =2 (zy-e)(z-2y) =2 (z-yle-z2))y ==
x(ye-zz) - y==z2 (zy - (e-z2))y ==z ((zy-e)-z2)y =z
z(y-(ey-z)x) =z zy-e(y-zz) =2 zy-e(lyz-r) ==z
(zy-e)(y-2z) =2 (zy-e) yz)z ==z z((y-ex)zr-y) ==z
(z-yle-zz))y =z z((y-ez) xz)=y z-(ye-zx)z =1y
z((y-ex)r-2)=y (z-yle-2x))z =y (z-ylez-2))2 =y
z(ye-zx) 2=y (zy-e)-zz)z=y z(y-e(zy-x)) =2
z(y - (ez-y)r) =2 (z(y-ez) ylz ==z z(ye-z) zx =y
e(z-(vy-2)y) =2 e(z(yz-2) y) =2 (ex - (y-w2))y =2
e(z(yx-2)-2)=y ((e-zy) - yz)x =z (ex-yz) -zy==z
(e(z-yz) ylz ==z z(ye-z)-xz =y e((zy-2)-yz) ==
z(e(r-yz) y) =2 z(e(zy-2) y) =2 ze- (T-y2)y ==z
z-elzy-zy) =z z-(ex-yz)y==z2 z((e-xy)z-y) ==z
ze-(xy-2)y==z2 (z-e(zy-2)y==z

A finite model of any of the following 5 identities with neutral element (or their
mirrors) is a Boolean group with neutral element e.

((ex-y)z-z)z =y (ex-y)z-yz ==

(ex-yz)z-y==x

(ex-y)z-z2=1y
(ex-yz)y-z==

Any additional single axioms with neutral element for Boolean groups are among
these b identities with neutral element (up to renaming, mirroring, and symmetry).
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