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On right weakly regular ordered

ternary semigroups

Nareupanat Lekkoksung and Prakit Jampachon

Abstract. The concept of fuzzy subsemigroups and various types of fuzzy ideals of an ordered
ternary semigroup is introduced and properties of such fuzzy sets are investigated. Characteri-
zations of right weakly regular ordered ternary semigroups by fuzzy ideals and fuzzy quasi-ideals
are presented.

1. Introduction

The concept of fuzzy subset was initiated by Zadeh [16]. After the introduction
of fuzzy subsets, it has found many applications in the field of mathematics and
related areas. The study of fuzzy algebraic strutures started with the introduc-
tion of the concepts of fuzzy subgroup in the pioneering Rosenfeld’s paper [12].
Kuroki [7, 8] introduced and studied fuzzy (left, right) ideals in semigroups. Next
Kehayopulu and Tsingelis [4] introduced and studied fuzzy bi-ideals in ordered
semigroups. The same authors characterized in [5] intra-regular ordered semi-
groups in terms of fuzzy sets.

Investigations of ideals in ternary semigroups was initiated by Sioson [13].
He also introduced the notion of regular ternary semigroup and characterized
them by using the notion of quasi-ideals. In [3] regular ternary semigroups (n-
ary semigroups also) were characterized by principal ideals. Applications of such
ideals to divisibility in n-ary semigroups one can find in [2], their connections
with congruences on ternary semigroups are described in [14]. Orthodox ternary
semigroups are characterized in [13].

Quasi-ideals and bi-ideals in ternary semigroups were discussed by Dixit and
Devan in [1]. Rehman and Shabir [11] gave some characterizations of weakly
regular ternary semigroups by (@, @ V ¢)-fuzzy subsets.

In this paper, fuzzy left (right, lateral) ideals, fuzzy quasi-ideals, fuzzy bi-
ideals and fuzzy generalized bi-ideals in ordered ternary semigroups and several
related properties are investigated. A weakly regular ordered ternary semigroups
are characterized by the properties of these ideals.
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2. Preliminary notes

A ternary semigroup is an algebraic structure (S,[]) such that S is a non-empty
set and []: 5 xS x S — S a ternary operation satisfying associative law, that is,

[[a,b,c],d,e] = [a,[b,c,d],e] = a,b,[c,d,e]]

for all a,b,c,d,e € S. Further, for simplicity, we write abe instead of [a, b, c].

An ordered ternary semigroup is an algebraic structure (S,[ ],<) such that
(S,[]) is a ternary semigroup and (S, <) is a partially ordered set satisfying the
following conditions:

a<b=acd <bcd and cda < cdb and cad < cbd

for all a,b,¢c,d € S.
A non-empty subset A of an ordered ternary semigroup S is called a left (right,
lateral) ideal of S if

(1) SSAC A (ASS C A, SAS C A, respectively) and
(2) if a € A and b € S such that b < a, then b € A.

If A is a left, right and lateral ideal of S, then it is called an ideal of S.
For a subset A of S, we denote by (A] the subset of S defined by

(A] ={t € S|t < aforsomeac A}

For subsets A, B,C of S, we have

(1) AC (4],

(2) if AC B, then (A] C (B],

(3) (AJ(B](C] € (ABCY,

(4) ((A]] = (4.
A non-empty subset A of S is called a quasi-ideal of S if

(1) (ASS]N(SAS]N(SSA] C A,

(2) (ASS]|N(SSASS|N(SSA| C A,

(3) if a € A and b € S such that b < a, then b € A.
A is called a bi-ideal of S if

(1) AAAC A,

(2) ASASAC A,

(3)if a € A and b € S such that b < a, then b € A.
A non-empty subset A of S is called a generalized bi-ideal of S if

(1) ASASAC A,

(2) if a € A and b € S such that b < a, then b € A.
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The intersection of all the left ideals of S containing a € S is the smallest left
ideal of S containing a. It is denoted by L(a) and called the left ideal generated
by a. Clearly L(a) = (a U SSal.

Similarly, R(a) = (a UaSS], I(a) = (aUaSS U SSaU SSaSS,] and B(a) =
(aUSaSaS] are the right ideal, ideal and bi-ideal of S’ generated by a, respectively.

A fuzzy subset f of an ordered ternary semigroup S, i.e., the mapping from S
to the interval [0, 1], is called fuzzy left (vesp. right, lateral) ideal of S if

(1) f(abe) = f(c) (resp. f(abe) = f(a), f(abe) = f(b)) for all a,b,c € S and
(2) if a < b, then f(a) > f(b) for all a,b € S.

Let f and g be two fuzzy subsets of S, we define the relation C between f and
g, the union and the intersection of f and g, respectively, as

fCygif f(z) <g(x),
(fUg)(z) = max{f(z),g(z)},
(fNg)(z) = min{f(z),g(2)},
forall z € S.

Let a be an element of an ordered ternary semigroup S. Then we define the
new set

Ay ={(z,y,2) € Sx SxS|a<zyz}.

The product of three fuzzy subsets f, g, h of a ternary semigroup S is defined
in the following way:

sup  {min{f(u), g(v), h(w)}} if A, #0,
(f ogo h)(a) = (u,v,w)EA,

0 if A, =0.

3. Weakly regular ordered ternary semigroups

In this section we characterize right weakly regular ordered ternary semigroups in
terms of fuzzy subsets.

Definition 3.1. An ordered ternary semigroup S is said to be right (left) weakly
regular, if for each x € S we have x € ((x5S5)3] (resp. = € ((SSz)3)).

Every regular ordered ternary semigroup induced by ordered semigroup is right
(left) weakly regular but the converse is not true.

As a simple consequence of the transfer principle for fuzzy sets (see [6]) we
obtain

Lemma 3.2. Let S be an ordered ternary semigroup and ) # R C S. Then R is
a right ideal (resp., left ideal, lateral ideal, two-sided ideal, ideal) of S if and only
if its characteristic function fr is a fuzzy right ideal (resp., fuzzy left ideal, fuzzy
lateral ideal, fuzzy two-sided ideal, fuzzy ideal) of S. O
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Lemma 3.3. For an ordered ternary semigroup S, the following conditions are
equivalent:

(1) S is right weakly regular,

(2) Ri N Ry N R3 C (R1RoR3) for every right ideals of S.

Proof. (1) = (2). Let Ry, R2 and Rj3 be right ideals of S and a € RiNRyNR3. Since
S is right weakly regular, a < (asity)(asatz)(assts) € (R15S)(R2S5S)(R3S5S) C
R1RyR3. That is a € (RlRQRg].

(2) = (1). Let a € S. Since a € R(a) = (aUaSS] and R(a) is a right ideal
of S, by assumption we have a € (R(a)R(a)R(a)] C (aaa U aaaSS U aaSSa U

aaSSaSSUaSSaaUaSSaaSSUaSSaSSaUaSSaSSasSS]. All that cases we have
a € ((aS9)3], so S is right weakly regular. O

Lemma 3.4. Let S be an ordered ternary semigroup and f a fuzzy subset of S. Let
Ry, Ry and Rs3 be right ideals of S. Then the following conditions are equivalent:
(1) le ﬁfR2 mfRs - fR1 OfRz OfR37
(2) RiN Ry N R3 C (R1R2R3).
Proof. (1) = (2). Let a € RiNRyNR3. By assumption, 1 = (fr, N fr,Nfr,)(a) C
(fRr, © fRy © fRy)(a). That is 1 = (fr, o fr, © frs)(a). It follows that a < ujusus
where u; € R; and i € {1,2,3}. Hence a € (R1R2R3].
(2) = (1). Let a € S. If a € Ry N RaN R3. Then (fr, N fr, N fry)(a) =1 and

by assumption we have a < ryrors for some r; € R; where i € {1,2,3}. That is
Aq # 0. Hence

(fry © fry © [Ry)(a) = ( SU?GA {min{fr, (u), fr,(v), fry(w)}}
> min{ fr, (1), fr,(r2), frRs(r3)} = 1.
Thus (fr, o fr, © fry)(a) = 1. If there is some i € {1,2,3} such that a € R;, then
(fr, N fry N fry)(a) = 0. Therefore we have fr, N fr, N fry C fr,©fRy 0 fRs- U

Theorem 3.5. For an ordered ternary semigroup S, the following conditions are
equivalent:

(1) S is right weakly regular,
(2) fNgNhC fogoh for all fuzzy right ideals of S.
Proof. (1) = (2). Let f,g and h be fuzzy right ideals of S and a € S. Since

S is right weakly regular, a < (azit1)(azats)(axsts) for some z;,t; € S where
i € {1,2,3}. This shows A, # 0, so we have

(fogoh)(a)= sup {min{f(u),g(v),h(w)}}

(u,v,w)EAq
> min{ f(ax1t1), g(axats), h(axsts)}
> min{f(a),g(a), h(a)}
= (fngnh)(a).
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Thus fNngNhC fogoh.

(2) = (1). Let @ € S and Ry, Ry and R3 be right ideals of S. Then by Lemma
3.2, fr,, fr, and fgr, are fuzzy right ideals of S. Thus by hypothesis we have
fr, 0 fry N fry € fr, © fr, © fry- By Lemma 3.4 and Lemma 3.3, S is a right
weakly regular. O

Corollary 3.6. For an ordered ternary semigroup S, the following conditions are
equivalent:

(1) S is right weakly regular,

(2) (fngNh)C (fogoh)N(gohof)N(ho fog) for fuzzy right ideals of S.

Proof. (1) = (2). Let f,g and h be fuzzy right ideals of S and a € S. Since
S is right weakly regular, a < (asity)(asats)(assts) for some u; and t; where
i € {1,2,3}. That is A, # (). Hence

(fogoh)(a) = sup {min{f(r),g(s),h(t)}}

(r,s,t)EA,
> min{f(asit1), g(asat2), h(assts)}
> min{f(a), g(a), h(a)}
= (fNgnh)(a).

So, fNgNh C fogoh. Similarly, we have gNhNf C fogoh and hNfNg C fogoh.
Thus fNgNhC(fogoh)N(goho f)N(ho fog).

(2) = (1). Let a € S. Since (fogoh)N(goho f)yNn(hofog) C fogoh,
by assumption we have fNgNh C (f o goh). Thus by Theorem 3.5, S is right
weakly regular. O

Lemma 3.7. Let S be an ordered ternary semigroup. Then the following condi-
tions are equivalent:

(1) S is right weakly regular,

(2) RN 1 = (RII] for every right ideal R and every two-sided ideal I of S.

Proof. (1)=(2). Let R be a right ideal and I a two-sided ideal of S. By Lemma
3.3, we have RN I C (RII]. Since (RII] C (R] = R and (RII] C (I] = 1. Then
(RITI)C RNI. Thus RN T = (RII].

(2)=(1). It is a consequence of Lemma 3.3. O

Lemma 3.8. Let S be an ordered ternary semigroup and f be a fuzzy subset of
S. Let R and I be a right ideal and a two-sided ideal of S, respectively. Then the
following conditions are equivalent:

(1) frO f1=fro frofr,

(2) RNI = (RII.
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Proof. (1) = (2). By Lemma 3.4 we have RN 1T C (RII]. Let a € (RII]. Then
a < ujugug for some u; € R and ug,ug € I. It follows that (fro fro fr)(a) =1=
(frN fr)(a). Thatisa e RNI.

(2) = (1). Let a € S. If a € RN I, then (ff N fr)(a) = 1. And since
RN I = (RII], a < uyugug for some u; € R and wug,us € I. Thus A, # . Hence

(fro frofr)(a) = sup {min{fr(r), fr(s), f1(t)}}

(r,s,t)EA,
> min{ fr(u1), fr(u2), fr(us)} = 1.

Thus (fro fro fi)(a) =1. ffa & Ror a & I, then (f; N fr)(a) = 0. And also,
Aa = (Z) Thus (fR ] f] ] f])(a) = 0. Therefore fR n f[ = fR e} f] o fI- O

Theorem 3.9. Let S be an ordered ternary semigroup. Then the following con-
ditions are equivalent:

(1) S is right weakly regular,

(2) fNg= fogog for every fuzzy right ideal f and every fuzzy ideal g of S.

Proof. (1) = (2). Assume that S is right weakly regular. Let f and g be a fuzzy
right ideal and a fuzzy ideal of S, respectively. Let a € S. Then, since S is right
weakly regular, a < (asit1)(asata)(assts) for some sq, $a, 83,1, t2, t3 € S, that is,
A, # 0, and then

(fogog)(a)= sup {min{f(p),g(q),9(r)}}

(p,g,m)€EA,

< sup  {min{f(pqr), g(pgr), g(pqr)}}
(p,q,m)€EA

< sup  {min{f(a), g(a),g(a)}}

(p,q,m) €A

= min{f(a),g(a)} = (f N g)(a).

Therefore fogog C fNg. On the other hand, we have

(fogog)(a)= sup {min{f(z),9(y) 9(2)}}

(z,y,2)€EAq
> min{ f(asit1), g(as2t2), g(assts)}
> min{f(a), g(a), g(a)}
= min{f(a),g(a)} = (f N g)(a).

Thus fNg C fogog. Therefore fNg= fogogy.

(2) = (1). Let f be fuzzy subset of S and R and I is a right ideal and an ideal
of S, respectively. We show that S is right weakly regular. By Lemma 3.2, we
see that fr and f; are a fuzzy right ideal and a fuzzy ideal of S, by hypothesis,
fren fr = fro fro fr. By Lemma 3.8, we have RN I = (RII]. Therefore by
Lemma 3.7, S is right weakly regular. O
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We recall that a fuzzy subset f of an ordered ternary semigroup .S is called
idempotent if f = fo fo f.

Lemma 3.10. Let S be an ordered ternary semigroup. Then we have folol C f,
logol Cgandloloh Ch for each fuzzy right ideal f of S, fuzzy lateral ideal
g of S and fuzzy left ideal h of S. O

Lemma 3.11. Let S be an ordered ternary semigroup and f a fuzzy subset of S.
Let A be a non-empty subset of S. Then the following conditions are equivalent:
(1) fa = fao fao fa,
(2) A= (47

Proof. (1) = (2). Let z € A. By assumption, fa(z) =1 = (fao fao fa)(z). It
follows that x < ujugus for some uy, uz,us € A. This shows A C (A3]. Next, let
y € (A3]. Then y < v1vavs for some vy, vq,v3 € A. Hence

(fao fao fa)ly) = ( SgIéA {min{fa(r), fa(s), fa(t)}}
> min{fa(v1), fa(v2), fa(vs)} = 1.
That is 1 = (fa o fao fa)(y) = fa(y). Thus y € A. Therefore A = (A?].
(2) = (1). Let z € S. If © ¢ A, then there is no uj,uz,us € A such that

x < ugugus. So (fao fao fa)(x) =0 = fa(x). If z € A, then & < ujugus for
some uq,us, uz € A. Hence

(faofaofa)(@)= sup {min{fa(r), fa(s), fa(t)}}

(r,s,t)€A,
> min{ fa(u1), fa(uz), fa(uz)} = 1.
Thus (fao fao fa)(x) =1= fa(x),s0 fao faofa=1= fa. a

Theorem 3.12. Let S be an ordered ternary semigroup. Then the following con-
ditions are equivalent:

(1) S is right weakly regular,

(2) every fuzzy right ideal of S is idempotent.

Proof. (1)=(2). Assume that S is right weakly regular. Let f be a fuzzy right
ideal of S. We show that f = fo fo f. Let a € S. It is clear from Lemma 3.10
that fo fo f C f. On other hand, since S is right weakly regular, there exist
S1,89,83,t1,ta,t3 € S such that a < (asltl)(a32t2)(a83t3), that is, A, 75 @, and
then

(fofof)a)= sup {min{f(p), f(q), f(r)}}

> min{ f(asit1), f(asata), f(assts)}
> min{f(a), f(a), f(a)} = f(a).



264 N. Lekkoksung and P. Jampachon

This implies that f C fo fo f. Hence f = fo fo f.

(2) = (1). Assume that f is an idempotent fuzzy right ideal of S. Let a € S.
We show that a € ((aSS)3]. Let A= (aUaSS]. We see that A is a right ideal of S.
By Lemma 3.2, f4 is a fuzzy right ideal of S. Thus by hypothesis, f4 = faofaofa.
By Lemma 3.11, A = (A43]. Since a € A, it follows that a € (A3]. This implies
that

€ ((aUaSS)(aUaSS)(aUaSS))
= (aaa U aaSSaUaSSaaUaSSaSSaUaaaSS UaaSSaSS UaSSaaSs
UaSSaSSaSs].

For any case, we have a € ((aSS)3]. Therefore S is right weakly regular. O

Theorem 3.13. Let S be an ordered ternary semigroup. Then the following con-
ditions are equivalent:

(1) S is right weakly regular,

(2) fngNh C fogoh for every fuzzy generalized bi-ideal f, every fuzzy two-sided
ideal g and every fuzzy right ideal h of S,

(3) fNngNhC fogoh for every fuzzy bi-ideal f, every fuzzy two-sided ideal g
and every fuzzy right ideal h of S.

(4) fngNh C fogoh for every fuzzy quasi-ideal f, every fuzzy two-sided ideal
g and every fuzzy right ideal h of S.

Proof. (1) = (2). Assume that S is a right weakly regular. Let f,g and h be
a fuzzy generalized bi-ideal, a fuzzy two-sided ideal and a fuzzy right ideal of
S, respectively. Let a € S. Then, since S is right weakly regular, there exist
S1, 82, S3,t1,t2,t3 € S such that a < (asit1)(asate)(assts) = a(s1tiasata)(assts),
that is, A, # (), and then

(fogoh)(a) = sup {min{f(p),g(q),h(r)}}

Z min{f( ,g(81t1a32t2) f(CLSgtg)}}
> min{f(a), g(a), h(a)}
= (fNgnh)(a).

Therefore fNgNh C fogoh.

(2) = (3) = (4). It is clear since every fuzzy bi-ideal of S is fuzzy generalized
bi-ideal of S and every fuzzy quasi-ideal of S is fuzzy bi-ideal of S.

(4) = (1). Let f be a fuzzy right ideal of S and ¢ a fuzzy ideal of S. Take
h = g since every fuzzy right ideal is also fuzzy quasi-ideal. Thus by hypothesis,
fNngngC fogog. This implies that fNg C fogog. But fogog C fNyg.
Thus fNg = fogog. Therefore, by Theorem 3.9, S is right weakly regular. O
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Corollary 3.14. Let S be an ordered ternary semigroup. Then the following
conditions are equivalent:

(1) S is right weakly regular,

(2) fng C fogog for every fuzzy generalized bi-ideal [ and every fuzzy two-sided

ideal g of S,

(3) fNgC fogog for every fuzzy bi-ideal f and every fuzzy two-sided ideal g

of 5,

(4) fngC fogog for every fuzzy quasi-ideal f and every fuzzy two-sided ideal

g of S. O

Acknowledgements. We would like to express our thanks to Development and
Promotion of Science and Technology Talents Project (DPST) and Department of
Mathematics, Faculty of Science, Khon Kaen University and my heart-felt thanks
to the referee(s) for their interest, extremely valuable remark and suggestions to

our paper.
References
[1] V. N. Dixit and S. Dewan, A note on quasi and bi-ideals in ternary semigroups,
Int. J. Math. Sci. 81 (1995), 501 — 508.
[2] W. A. Dudek, On divisibility in n-semigroups, Demonstratio Math. 13 (1980),
355 — 367.
[3] W. A. Dudek and I. Grozdzinska, On ideals in regular n-semigroups, Mat.
Bilten (Skopje) 29(30) (1979/80), 35 — 44.
[4] N. Kehayopulu and M. Tsingelis, Fuzzy bi-ideals in ordered semigroups, Infor-
mation Sci. 171 (2005), 13 — 28.
[5] N. Kehayopulu and M. Tsingelis, Intra-reqular ordered semigroups in terms of
fuzzy sets, Lobachevskii J. Math. 30 (2009), 23 — 29.
. Kondo an . A.Dude n the transfer principle in fuzzy theor athware
[6] M. Kond d W. A. Dudek, On th fer principle in fuzzy theory, Math
Soft Comput. 12 (2005), 41 — 55.
. Kuroki, On fuzzy ideals and fuzzy bi-ideals in semigroups, Fuzzy Sets an S-
[7] N. Kuroki, On fuzzy ideal d fuzzy bi-ideals 1 .groups, Fuzzy S d Sy
tems 5 (1981), 203 — 215.
[8] N. Kuroki, On fuzzy semigroups, Information Sci. 3 (1991), 203 — 236.
[9] D. H. Lehmer, A ternary analogue of abelian groups, Amer. J. Math. 59 (1932),
329 — 338.
[10] J. N. Mordeson, D. S. Malik and N. Kuroki, Fuzzy semigroups, Studies in
Fuzziness and Soft Computing 131, (2003).
[11] N. Rehman and M. Shabir, (&, )-fuzzy ideals of ternary semigroups, World
Appl. Sci. J. 17 (2012), 1736 — 1758.
[12] A. Rosenfeld, Fuzzy groups, J. Math. Analysis and Appl. 35 (1971), 512 — 517.



266 N. Lekkoksung and P. Jampachon

[13] G. Sheeja and S. Sri Bala, Orthodox ternary semigroups, Quasigroups Related
Systems 19 (2011), 339 — 348.

[14] G. Sheeja and S. Sri Bala, Congruences on ternary semigroups, Quasigroups
Related Systems 20 (2012), 113 — 124.

[15] F. M. Sioson, Ideal theory in ternary semigroups, Math. Japon. 10 (1965), 63— 84.
[16] L. A. Zadeh, Fuzzy sets, Inform. Control 8 (1965), 338 — 353.

Received August 17, 2014
Department of Mathematics
Faculty of Science
Khon Kaen University
Thailand 40002
E-mail: n.lekkoksung@kkumail.com, prajam@kku.ac.th



