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On strongly regular ordered I'-semigroups

Niovi Kehayopulu

Abstract. We add here some further characterizations to the characterizations of strongly
regular ordered I'-semigroups already considered in Hacettepe J. Math. 42 (2013), 559-567.
Our results generalize the characterizations of strongly regular ordered semigroups given in the
Theorem in Math. Japon. 48 (1998), 213-215, in case of ordered I'-semigroups. The aim of
writing this paper is not just to add a publication in I'-semigroups but, mainly, to publish a
paper which serves as an example to show what a [-semigroup is and give the right information
about this structure.

1. Introduction and prerequisites

We have already seen in [2, 3] the methodology we use to pass from ordered
semigroups (semigroups) to ordered I'-semigroups (I'-semigroups). Some of the
results of ordered semigroups can be transferred into ordered I'-semigroups just
putting a “Gamma” in the appropriate place, while there are results for which the
transfer is not easy. But anyway, we never work directly on ordered I'-semigroups.
If we want to get a result on an ordered I'-semigroup, then we have to prove
it first in an ordered semigroup and then we have to be careful to define the
analogous concepts in case of the ordered I'-semigroup (if they do not defined
directly) and put the “T'” in the appropriate place. In that sense, although a result
on ordered I'-semigroup generalizes its corresponding one of ordered semigroup,
we can never say “we obtain and establish some important results in ordered I'-
semigroups extending and generalizing those for semigroups” (as we have seen in
the bibliography) and this is because we can do nothing on ordered I'-semigroups
if we do not examine it first for ordered semigroups. The same holds if we consider
I'-semigroups instead of ordered I'-semigroups. In the present paper, the transfer
was rather difficult, because it was not easy to give the definition of strongly regular
ordered I'-semigroups. An ordered I'-semigroup (M, T, <) is called strongly reqular
if for every a € M there exist x € M and v, u € T such that a < ayrpa and ayx =
zya = xpa = apx. This concept has been first introduced in Hacettepe J. Math.
[4], where this type of ordered I'-semigroup has been characterized as an ordered
I-semigroup M which is both left and right regular and the set (MTal'M] is
a strongly regular subsemigroup of M for every a € M. As a continuation of
that result, we add here some further characterizations of this type of ordered
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I'-semigroups, the main being the characterization of a strongly regular ordered
I-semigroup as an ordered I'-semigroup M in which the A/-class (a)s is a strongly
regular subsemigroup of M for every a € M. So we prove that not only part of the
Theorem in [5], but the whole Theorem can be transferred in case of ordered I'-
semigroups. The results of the present paper generalize the corresponding results
on strongly regular ordered semigroups considered in [5].

A semigroup S is called regular if for every a € S there exists 2 € S such that
a = axa, that is, if a € aSa for every a € S or A C ASA for every A C S. A
semigroup S is called left regular if for every a € S there exists x € S such that
a = za®, that is a € Sa? for every a € S or A C SA? for every A C S. It is
called right reqular if for every a € S there exists = € S such that a = a?z, that
is a € a®S for every a € S or A C A%S for every A C S. A semigroup S is called
completely regular if for every a € S there exists x € S such that a = axa and
ax = xa [6]. It has been proved in [6] that a semigroup is completely regular if
and only if it is at the same time regular, left regular and right regular.

When we pass from semigroups to ordered semigroups, to completely regular
semigroup correspond two concepts: The completely regular and the strongly reg-
ular ordered semigroups and this is the difference between semigroups and ordered
semigroups. For an ordered semigroup S we denote by (H] the subset of S defined
by (H] :={t € S|t < hfor some h € H}. An ordered semigroup (S, ., <) is called
regular if for every a € S there exists € S such that a < aza, that is, if a € (aSa)
for every a € S or A C (ASA] for every A C S. It is called it left (resp. right)
reqular if for every a € S there exists z € S such that a < za® (resp. a < a’z).
An ordered semigroup S is regular if and only if a € (aSa| for every a € S or
A C (ASA] for every A C S. It is left regular if and only if a € (Sa?] for every
a € Sor AC(SA?) for every A C S. It is right regular if and only if a € (a2S] for
every a € S or A C (A2S] for every A C S. An ordered semigroup S is called com-
pletely regular if it is regular, left regular and right regular. An ordered semigroup
S is called strongly regular if for every a € S there exists x € S such that a < aza
and ax = xa. The strongly regular ordered semigroups are clearly completely
regular but the converse statement does not hold in general. Characterizations of
completely regular semigroups have been given in [6], characterizations of strongly
regular ordered semigroups have been given in [5].

For two nonempty sets M and I', define MT'M as the set of all elements of the
form mqyms, where my, mo € M and v € T.

M is called a T"-semigroup if the following assertions are satisfied:

(1) MTM C M.

(2) If my, Mo, Mg, My € M, Y1,7Y2 € T such that m; = ms3, Y1 = V2

and mg = my, then myvy;my = mazyamy.
(3) (m1vy1ma)yems = myy1(mayams) for all my, mg, ms € M and
all Y1,7v2 € I

This is the definition in [1] and it is a revised version of the definition of I'-
semigroups given by Sen and Saha in [7], which allows us in an expression of the
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form, say A1T'A>I'...T'A,, to put the parentheses anywhere beginning with some

A; and ending in some A; (i,j € N ={1,2,...,n}) or in an expression of the form
a1laoI'.. . T'a, or a;yasy...7va, to put the parentheses anywhere beginning with
some a; and ending in some a; (A1, As,..., A, being subsets and a1, as,...,an

elements of M). Unless the uniqueness condition (widely used and still in use by
some authors) in an expression of the form, say aybucdpe or al'bI'cI'dTe, it is not
known where to put the parentheses.

Here is an example of a po-I'-semigroup M which is easy to check [3] and shows
exactly what a I'-semigroup is. Other examples in which M has order 3, 5 or 6
and T order 2, one can find in [1-3]: Consider the two-elements set M := {a,b},
and let I' = {v, u} be the set of two binary operations on M defined in the tables
below:

y a b I a b
a a b a b
b b a b a b

One can check that (xpy)wz = xp
is a I'-semigroup.

An ordered T-semigroup (shortly po-T'-semigroup) M, denoted by (M, T, <), is
a I'-semigroup M endowed with an order relation “ < ” such that a < b implies
aye < byc and ¢ya < eyb for all ¢ € M and all v € T [8]. An equivalence relation
o on M is called congruence if (a,b) € o implies (avyc, byc) € o and (cya, cyb) € o
for every ¢ € M and every v € I'. A congruence o on M is called semilattice
congruence if (1) (aya,bya) € o for all a,b € M and all y € T and (2) (a,ava) € o
for all a € M and all v € T'. A po-I'-semigroup M is called regularif a € (aT' MTa]
for every a € M, equivalently if A C (ATMTA] for every A C M. Keeping the
already existing definition of left and right regular I (or ordered I')-semigroups in
the bibliography, we will call an ordered I'-semigroup M left (vesp. right) regular if
a € (MTal'a] (resp. a € (al'al'M]) for every a € M. As in an ordered semigroup,
we call a po-TI'-semigroup completely regular if it is at the same time regular, left
regular and right regular. A nonempty subset A of M is called a subsemigroup
of M if a,b € A and v € T implies ayb € A, that is if ATA C A. A nonempty
subset A of (M,T',<) is called a left (resp. right) ideal of M if (1) MTA C A
(resp. ATM C A) and (2) if a € A and M > b < a implies b € A. Clearly, the left
ideals as well as the right ideals of M are subsemigroups of M. A subsemigroup
F of (M,T,<) is called a filter of M if (1) a,b € M and v € T such that ayb € F
implies a,b € F and (2) if a € F and M > b > a implies b € F. For an element a
of M we denote by N(a) the filter of M generated by a and by A the relation on
M defined by N := {(a,b) | N(a) = N(b)}. Exactly as in ordered semigroups one
can prove that the relation A is a semilattice congruence on M. In this paper, for
semiprime subsets we will also keep the existing definition in the bibliography. A
subset T of an ordered I'-semigroup M is called semiprime if A C M such that
AT'A C T implies A C T, equivalently if @ € M such that al'a C T implies a € T.
For a po-T'-semigroup M, we clearly have M = (M], and for any subsets A, B of

—~~

ywz) for all x,y,z € M and all p,w €. So M
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M, we have A C (A] = ((4]], if A C B then (A] C (B], (AJT(B] C (AT'B] and
((AIT(B]] = ((A]l'B] = (AT'(B]] = (AT'B].

2. Main results

Definition. (cf. [4]) A po-TI'-semigroup (M,T, <) is called strongly regular if for
every a € M there exist x € M and v, € I' such that

a < ayrpa and ayxr = TYQ = THA = QUT.

A subsemigroup T of (M, T, <) is called strongly regular if the set T" with the same
I' and the order “ <" of M is strongly regular, that is, for every a € T there exist
y € T and A, p € I" such that a < alyéa and aly = yra = yéa = aly. We write it
also as (T,T, <).

Theorem. Let M be an ordered I'-semigroup. The following are equivalent:
(1) M is strongly regular.

(2) For every a € M, there exist y € M and v, € T such that a < ayyua,
y S ypavyy and ayy = yya = ypa = apy.

(3) Every N-class of M is a strongly reqular subsemigroup of M.

(4) The left and the right ideals of M are semiprime and for every left ideal L
and every right ideal R of M, the set (LT'R)] is a strongly regular subsemi-
group of M.

(5) M is left regular, right regular, and the set (MTal'M] is a strongly regular
subsemigroup of M for every a € M.

(6) For every a € M there exist eq, e, € MTalal'M and p,n € T such that
eq < egpe,, a < egpa, a < ape,, (MTe, I M| = (MTe, I’ M] = (MTal'M],
and the set (MTal'M] is a strongly reqular subsemigroup of M.

(7) For every a € M there exist e, e; € M and p,u € T such that a < eqpua,
a < ape,, and the set (MTal'M] is a strongly regular subsemigroup of M.

(8) For every a € M, we have a € (MTa]N (aT'M], and (MTal'M] is a strongly
reqular subsemigroup of M.

Proof. (1) = (2). For its proof we refer to [4]. For convenience, we sketch the
proof: Let a € M. Since M is strongly regular, there exist x € M and v,p € T
such that a < ayzxpa and ayxr = zya = xpua = apz. Then we have

a < ayrpa < (ayrpa)yrpa = ay(zpayx)pa.
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For the element y := xpayx of M, we have a < ayypa, y < yuayy and ayy =
yya = ypa = apy.

(2) = (3). Let b € M. The class (b)n is a subsemigroup of M. Indeed: First of
all, it is a nonempty subset of M. Let z,y € (b)xr and v € T. Since (x,b) € N,
(b,y) € N, and N is a semilattice congruence on M, we have (zyy,byy) € N,

(bvy,yvy) €N, (yyy,y) €N, then (zyy,y) €N, and 2yy € (y)n = (b)v-
(b)n is strongly regular. In fact: Let a € (b)ar. By (2), there exist y € M and

v, € I' such that a < ayypa, y < ypayy and avy = yya = ypa = apy. On the
other hand, y € (b)x. Indeed: Since N(a) 3 a < ayypa and N(a) is a filter of
M, we have ayypa € N(a), y € N(a), N(y) C N(a). Since N(y) 3 y < yuayy
and N(y) is a filter, we have yuayy € N(y), a € N(y), N(a) € N(y). Then
N(a) = N(y), (a,y) €N, and y € (a)x = (b)w-

(3) = (4). Let L be a left ideal of M and a € M such that aI'a C L. Then
a € L. In fact: Since a € (a)n and (a)nr is strongly regular, there exist z € (a)nr
and v, p € I' such that a < ayrpa and ayxr = xya = xpa = apzr. Then we have

a < (ayx)pa = (zya)pa = zy(apa) € MT'(al'a) C MTL C L,
and a € L. If R is a right ideal of M, a € M and al'a C R, then
a < ay(zpa) = ay(apr) = (aya)pz € (al'a)TM C RTM C R,

so a € R, and R is also semiprime.

Let L be a left ideal and R a right ideal of M. The (nonempty) set (LT'R]
is a subsemigroup of M. In fact: Let a,b € (LTR] and v € T'. We have
a < y171xy and b < yoyowe for some yi,y2 € L, 71,72 € I, 21,29 € R. Then
avb < (y17121)v(y2y222). Since (y1y121)yy2 € (MTM)I'L C MT'L C L, we have
(Y171217Y2) 7272 € LT'R, s0 ayb € (LT'R].

Let now a € (LTR]. Then there exist z € (LT'R] and ~,u € T such that
a < ayrpa and ayx = rya = zpa = apx. In fact: Since a € (a)n and (a)y
is strongly regular, there exist ¢ € (a)y and v, € T such that ¢ < avytpa and
ayt = tya = tpa = apt. Since a € (LT'R], there exist y € L, p € I, z € R such
that a < ypz. We have

a < avytpa < avytp(aytpa) = ay(tpayt)pa.
For the element z := tua~vyt, we have
x = tpayt < tu(ypz)yt = (tuy)p(zt).

Since tuy € MT'L C L and zyt € RI'M C R, we have (tuy)p(zyt) € LTR, then
x € LT R. Moreover, we have ayx = xva, that is, ay(tpayt) = (tpayt)ya. Indeed,

ay(tpayt) = (ayt)u(ayt) = (tpa)u(tya) = tu(apt)ya
= tu(ayt)ya = (tpayt)ya.
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Also zpa = apx, that is, (tpuayt)pa = ap(tpayt). Indeed,

(tpayt)pa = (tpa)y(tpa) = (apt)y(ayt) = ap(tya)yt
= ap(tpa)yt = ap(tpayt).

And zva = zpa, that is, (tpuayt)ya = (tpayt)pa. Indeed,

(tpayt)ya = (tpa)y(tya) = (tpa)y(tpa) = (tpayt)pa.

(4) = (5). Let a € M. The set (MTal'a] is a left ideal of M. This is because it
is a nonempty subset of M and we have

MT(MTala) = (M|T'(MTal'a] € (MTMTal'a] = (MTM)Tal'a] € (MTal'a)

and (MTal'a]] = (MTal'a]. Since (MTal'a] is a left ideal of M, by (4), it is
semiprime.

Since (al'a)T'(al'a) C (MTala], we have al'a C (MTal'a|, and a € (MTal'al,
thus M is left regular. Similarly the set (a'aI’M] is a right ideal of M and M is
right regular. For the rest of the proof, we prove that (MTal'M] = ((MTa]T'(al' M]].
Then, since (MTa] is a left ideal and (aI'M] a right ideal of M, by (4), the set
((MTa)T'(aI'M]] is a strongly regular subsemigroup of M, and so is (MTal'M].
We have

MTal'M C MT'(MTal'a]TM = (M|T(MTala]T'(M]
C ((MTM)Talal' M] C (MTaT'al' M] = ((MTa]T (aTM]],
then
(MTaI'M] C (MTa|T'(aI' M]]] = ((MTa|T'(aI' M)
= ((MTa)T'(aI'M)] C (MTal'M],

and so (MTal'M| = (MTa|T(al'M]].

(5) = (6). Let a € M. Since M is left regular, we have a € (MTala], since M
is right regular, a € (aI'al'M]. Then there exist z,y € M and ~, u, p, & € T such
that a < zyapa and a < apaly. Let e, := zyapaly and e:l = zxyapaly. Then
€a, e:l € MT'al'al' M and we have

a < zyapa < zy(apaly)pa = (zyapaly)pa = eqpa,

a < apaly < ap(zyapa)ly = ap(zyapaly) = ape,,
ea = zyapaly < zy(apaly)p(ryapa)ly = eqpe,.

Moreover,

(MTe,T M] = (MTayapa&yT' M) C (MTMTMTaT MTM) C (MTal'M]
C (MT(eqTUM|TM] = (MTe,T'MTM] C (MTe T M),
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so (MTe,L M) = (MTal' M], similarly (MTe,TM] = (MTaI'M]. In addition, by
(5), (MT'aI'M] is a strongly regular subsemigroup of M.
(6

) = (7). This is obvious.

(7) = (8). Let a € M. By hypothesis, there exist e, e; € M and p,p € T
such that a < equa, a < ape;, and the set (MTal'M] is a strongly regular
subsemigroup of M. Since a < equa, we have a € (MTa). Since a < ape,, € al'M,
we have a € (aI'M]. Then a € (MTa]N(aI'M] and (MTal'M] is a strongly regular
subsemigroup of M, so condition (8) is satisfied.

(8) = (1). For its proof we refer to [4]. O
Corollary. Let M be an ordered T'-semigroup. The following are equivalent:
(1) M is strongly regular.
(2) If a € M, then for the subset e, := MTal'al' M of M, we have
eqa C (eqaley], a € (eqla), a € (aley], (MTe, L M) = (MTal'M],
and the set (MTal'M] is a strongly reqular subsemigroup of M.
(3) If a € M, then there exists a subset e, of M such that
a € (egl'al, a€ (aley],
and the set (MTal'M] is a strongly regular subsemigroup of M.

Proof. (1) = (2). Let a € M and e, := MT'al'aI’' M. Since M is strongly
regular, by the Theorem (1) = (5), M is left regular, right regular, and the set
(MTal'M] is a strongly regular subsemigroup of M. Since M is left regular and
right regular, we have a € (MTal'a] and a € (al'al’M]. Then we have

eq = MTal'al' M C MT (al'al’' M|T'(MTal'a]T M
(M) (aT'al’ M]D(MTala)T(M]
C ((MTalal' M)T'(MTal'aT' M)] = (eqTeq],

€ (MTal'a] € (MT(al'al MT'a) = (MT'(al'al’' M)Ta] = (e I'al,
€ (al'al’'M] C (aI’'(MTal'a]l' M| = (aI'(MTal'al' M)] = (al'e,],

(MTe,T M] = (MT(MTal'al M)T'M] C (MTal' M]
MT(MTala]l M] = (MT(MTal'a)T' M]

(MT(

(MT(
(MT(MTal (aTal M]T M]
= (MT(

(

N 1N

MT(MTalalal M)T M)]
MT(MTalal M)TM] = (MTe,I'M],

N

thus we have (MTe,I'M| = (MT'aI'M].
(2) = (3). This is obvious.
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(3) = (1). Let a € M. By hypothesis, there exists a subset e, of M such that a €
(eqT'a], a € (al'e,], and the set (MT'aI'M] is a strongly regular subsemigroup of M.
Since a € (e l'a] € (MTa) and a € (al'ey] C (aI'M], we have a € (MTa] N (aT'M].
By the Theorem (8) = (1), M is strongly regular. O

Remark. Here are some information we get about ordered semigroups: By the
implication (1) = (2) of the above Corollary (or by the implication (1) = (2)
of the Theorem in [5]), we have the following: If S is a strongly regular ordered
semigroup, a € S and e, := Sa?S, then we have e, C (e,%], a € (eqal, a € (ae,],
(SeyS] = (SaS], and the set (SaS] is a strongly regular subsemigroup of S. By
the implication (3) = (1) of the Corollary (or by the implication (8) = (1) of the
Theorem in [5]), we have the following: Let S be an ordered semigroup. Suppose
that for every a € S there exists a subset e, of S such that a € (eqal], a € (ae,],
and the set (SaS] is a strongly regular subsemigroup of S. Then S is strongly
regular.
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