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On strongly regular ordered Γ-semigroups

Niovi Kehayopulu

Abstract. We add here some further characterizations to the characterizations of strongly

regular ordered Γ-semigroups already considered in Hacettepe J. Math. 42 (2013), 559�567.

Our results generalize the characterizations of strongly regular ordered semigroups given in the

Theorem in Math. Japon. 48 (1998), 213�215, in case of ordered Γ-semigroups. The aim of

writing this paper is not just to add a publication in Γ-semigroups but, mainly, to publish a

paper which serves as an example to show what a Γ-semigroup is and give the right information

about this structure.

1. Introduction and prerequisites

We have already seen in [2, 3] the methodology we use to pass from ordered
semigroups (semigroups) to ordered Γ-semigroups (Γ-semigroups). Some of the
results of ordered semigroups can be transferred into ordered Γ-semigroups just
putting a �Gamma� in the appropriate place, while there are results for which the
transfer is not easy. But anyway, we never work directly on ordered Γ-semigroups.
If we want to get a result on an ordered Γ-semigroup, then we have to prove
it �rst in an ordered semigroup and then we have to be careful to de�ne the
analogous concepts in case of the ordered Γ-semigroup (if they do not de�ned
directly) and put the “Γ” in the appropriate place. In that sense, although a result
on ordered Γ-semigroup generalizes its corresponding one of ordered semigroup,
we can never say �we obtain and establish some important results in ordered Γ-
semigroups extending and generalizing those for semigroups� (as we have seen in
the bibliography) and this is because we can do nothing on ordered Γ-semigroups
if we do not examine it �rst for ordered semigroups. The same holds if we consider
Γ-semigroups instead of ordered Γ-semigroups. In the present paper, the transfer
was rather di�cult, because it was not easy to give the de�nition of strongly regular
ordered Γ-semigroups. An ordered Γ-semigroup (M,Γ,6) is called strongly regular

if for every a ∈M there exist x ∈M and γ, µ ∈ Γ such that a 6 aγxµa and aγx =
xγa = xµa = aµx. This concept has been �rst introduced in Hacettepe J. Math.
[4], where this type of ordered Γ-semigroup has been characterized as an ordered
Γ-semigroup M which is both left and right regular and the set (MΓaΓM ] is
a strongly regular subsemigroup of M for every a ∈ M . As a continuation of
that result, we add here some further characterizations of this type of ordered

2010 Mathematics Subject Classi�cation: 06F99, 06F05, 20M10
Keywords: ordered Γ-semigroup, strongly regular, �lter, left ideal, semiprime.



248 N. Kehayopulu

Γ-semigroups, the main being the characterization of a strongly regular ordered
Γ-semigroup as an ordered Γ-semigroupM in which the N -class (a)N is a strongly
regular subsemigroup ofM for every a ∈M . So we prove that not only part of the
Theorem in [5], but the whole Theorem can be transferred in case of ordered Γ-
semigroups. The results of the present paper generalize the corresponding results
on strongly regular ordered semigroups considered in [5].

A semigroup S is called regular if for every a ∈ S there exists x ∈ S such that
a = axa, that is, if a ∈ aSa for every a ∈ S or A ⊆ ASA for every A ⊆ S. A
semigroup S is called left regular if for every a ∈ S there exists x ∈ S such that
a = xa2, that is a ∈ Sa2 for every a ∈ S or A ⊆ SA2 for every A ⊆ S. It is
called right regular if for every a ∈ S there exists x ∈ S such that a = a2x, that
is a ∈ a2S for every a ∈ S or A ⊆ A2S for every A ⊆ S. A semigroup S is called
completely regular if for every a ∈ S there exists x ∈ S such that a = axa and
ax = xa [6]. It has been proved in [6] that a semigroup is completely regular if
and only if it is at the same time regular, left regular and right regular.

When we pass from semigroups to ordered semigroups, to completely regular
semigroup correspond two concepts: The completely regular and the strongly reg-
ular ordered semigroups and this is the di�erence between semigroups and ordered
semigroups. For an ordered semigroup S we denote by (H] the subset of S de�ned
by (H] := {t ∈ S | t 6 h for some h ∈ H}. An ordered semigroup (S, .,6) is called
regular if for every a ∈ S there exists x ∈ S such that a 6 axa, that is, if a ∈ (aSa]
for every a ∈ S or A ⊆ (ASA] for every A ⊆ S. It is called it left (resp. right)
regular if for every a ∈ S there exists x ∈ S such that a 6 xa2 (resp. a 6 a2x).
An ordered semigroup S is regular if and only if a ∈ (aSa] for every a ∈ S or
A ⊆ (ASA] for every A ⊆ S. It is left regular if and only if a ∈ (Sa2] for every
a ∈ S or A ⊆ (SA2] for every A ⊆ S. It is right regular if and only if a ∈ (a2S] for
every a ∈ S or A ⊆ (A2S] for every A ⊆ S. An ordered semigroup S is called com-

pletely regular if it is regular, left regular and right regular. An ordered semigroup
S is called strongly regular if for every a ∈ S there exists x ∈ S such that a 6 axa
and ax = xa. The strongly regular ordered semigroups are clearly completely
regular but the converse statement does not hold in general. Characterizations of
completely regular semigroups have been given in [6], characterizations of strongly
regular ordered semigroups have been given in [5].

For two nonempty sets M and Γ, de�ne MΓM as the set of all elements of the
form m1γm2, where m1,m2 ∈M and γ ∈ Γ.

M is called a Γ-semigroup if the following assertions are satis�ed:

(1) MΓM ⊆M .

(2) If m1,m2,m3,m4 ∈M , γ1, γ2 ∈ Γ such that m1 = m3, γ1 = γ2
and m2 = m4, then m1γ1m2 = m3γ2m4.

(3) (m1γ1m2)γ2m3 = m1γ1(m2γ2m3) for all m1,m2,m3 ∈M and

all γ1, γ2 ∈ Γ.

This is the de�nition in [1] and it is a revised version of the de�nition of Γ-
semigroups given by Sen and Saha in [7], which allows us in an expression of the
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form, say A1ΓA2Γ . . .ΓAn to put the parentheses anywhere beginning with some
Ai and ending in some Aj (i, j ∈ N = {1, 2, . . . , n}) or in an expression of the form
a1Γa2Γ . . .Γan or a1γa2γ . . . γan to put the parentheses anywhere beginning with
some ai and ending in some aj (A1, A2, . . . , An being subsets and a1, a2, . . . , an
elements of M). Unless the uniqueness condition (widely used and still in use by
some authors) in an expression of the form, say aγbµcξdρe or aΓbΓcΓdΓe, it is not
known where to put the parentheses.

Here is an example of a po-Γ-semigroupM which is easy to check [3] and shows
exactly what a Γ-semigroup is. Other examples in which M has order 3, 5 or 6
and Γ order 2, one can �nd in [1�3]: Consider the two-elements set M := {a, b},
and let Γ = {γ, µ} be the set of two binary operations on M de�ned in the tables
below:

γ a b
a a b
b b a

µ a b
a b a
b a b

One can check that (xρy)ωz = xρ(yωz) for all x, y, z ∈M and all ρ, ω ∈ Γ. So M
is a Γ-semigroup.

An ordered Γ-semigroup (shortly po-Γ-semigroup) M, denoted by (M,Γ,6), is
a Γ-semigroup M endowed with an order relation “ 6 ” such that a 6 b implies
aγc 6 bγc and cγa 6 cγb for all c ∈ M and all γ ∈ Γ [8]. An equivalence relation
σ on M is called congruence if (a, b) ∈ σ implies (aγc, bγc) ∈ σ and (cγa, cγb) ∈ σ
for every c ∈ M and every γ ∈ Γ. A congruence σ on M is called semilattice

congruence if (1) (aγa, bγa) ∈ σ for all a, b ∈M and all γ ∈ Γ and (2) (a, aγa) ∈ σ
for all a ∈M and all γ ∈ Γ. A po-Γ-semigroup M is called regular if a ∈ (aΓMΓa]
for every a ∈ M , equivalently if A ⊆ (AΓMΓA] for every A ⊆ M . Keeping the
already existing de�nition of left and right regular Γ (or ordered Γ)-semigroups in
the bibliography, we will call an ordered Γ-semigroupM left (resp. right) regular if
a ∈ (MΓaΓa] (resp. a ∈ (aΓaΓM ]) for every a ∈M . As in an ordered semigroup,
we call a po-Γ-semigroup completely regular if it is at the same time regular, left
regular and right regular. A nonempty subset A of M is called a subsemigroup

of M if a, b ∈ A and γ ∈ Γ implies aγb ∈ A, that is if AΓA ⊆ A. A nonempty
subset A of (M,Γ,6) is called a left (resp. right) ideal of M if (1) MΓA ⊆ A
(resp. AΓM ⊆ A) and (2) if a ∈ A and M 3 b 6 a implies b ∈ A. Clearly, the left
ideals as well as the right ideals of M are subsemigroups of M . A subsemigroup
F of (M,Γ,6) is called a �lter of M if (1) a, b ∈M and γ ∈ Γ such that aγb ∈ F
implies a, b ∈ F and (2) if a ∈ F and M 3 b ≥ a implies b ∈ F . For an element a
of M we denote by N(a) the �lter of M generated by a and by N the relation on
M de�ned by N := {(a, b) | N(a) = N(b)}. Exactly as in ordered semigroups one
can prove that the relation N is a semilattice congruence on M . In this paper, for
semiprime subsets we will also keep the existing de�nition in the bibliography. A
subset T of an ordered Γ-semigroup M is called semiprime if A ⊆ M such that
AΓA ⊆ T implies A ⊆ T , equivalently if a ∈M such that aΓa ⊆ T implies a ∈ T .
For a po-Γ-semigroup M , we clearly have M = (M ], and for any subsets A, B of
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M , we have A ⊆ (A] = ((A]], if A ⊆ B then (A] ⊆ (B], (A]Γ(B] ⊆ (AΓB] and
((A]Γ(B]] = ((A]ΓB] = (AΓ(B]] = (AΓB].

2. Main results

De�nition. (cf. [4]) A po-Γ-semigroup (M,Γ,6) is called strongly regular if for
every a ∈M there exist x ∈M and γ, µ ∈ Γ such that

a 6 aγxµa and aγx = xγa = xµa = aµx.

A subsemigroup T of (M,Γ,6) is called strongly regular if the set T with the same
Γ and the order “ 6′′ of M is strongly regular, that is, for every a ∈ T there exist
y ∈ T and λ, ρ ∈ Γ such that a 6 aλyξa and aλy = yλa = yξa = aξy. We write it
also as (T,Γ,6).

Theorem. Let M be an ordered Γ-semigroup. The following are equivalent:

(1) M is strongly regular.

(2) For every a ∈ M , there exist y ∈ M and γ, µ ∈ Γ such that a 6 aγyµa,
y 6 yµaγy and aγy = yγa = yµa = aµy.

(3) Every N -class of M is a strongly regular subsemigroup of M.

(4) The left and the right ideals of M are semiprime and for every left ideal L

and every right ideal R of M, the set (LΓR] is a strongly regular subsemi-

group of M.

(5) M is left regular, right regular, and the set (MΓaΓM ] is a strongly regular

subsemigroup of M for every a ∈M .

(6) For every a ∈ M there exist ea, e
′

a ∈ MΓaΓaΓM and ρ, µ ∈ Γ such that

ea ≤ eaρe
′

a, a 6 eaµa, a 6 aρe
′

a, (MΓeaΓM ] = (MΓe
′

aΓM ] = (MΓaΓM ],
and the set (MΓaΓM ] is a strongly regular subsemigroup of M .

(7) For every a ∈ M there exist ea, e
′

a ∈ M and ρ, µ ∈ Γ such that a ≤ eaµa,
a 6 aρe

′

a, and the set (MΓaΓM ] is a strongly regular subsemigroup of M .

(8) For every a ∈M , we have a ∈ (MΓa]∩ (aΓM ], and (MΓaΓM ] is a strongly

regular subsemigroup of M .

Proof. (1) =⇒ (2). For its proof we refer to [4]. For convenience, we sketch the
proof: Let a ∈ M . Since M is strongly regular, there exist x ∈ M and γ, µ ∈ Γ
such that a 6 aγxµa and aγx = xγa = xµa = aµx. Then we have

a 6 aγxµa ≤ (aγxµa)γxµa = aγ(xµaγx)µa.
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For the element y := xµaγx of M , we have a 6 aγyµa, y 6 yµaγy and aγy =
yγa = yµa = aµy.

(2) =⇒ (3). Let b ∈M . The class (b)N is a subsemigroup of M . Indeed: First of
all, it is a nonempty subset of M . Let x, y ∈ (b)N and γ ∈ Γ. Since (x, b) ∈ N ,
(b, y) ∈ N , and N is a semilattice congruence on M , we have (xγy, bγy) ∈ N ,
(bγy, yγy) ∈ N , (yγy, y) ∈ N , then (xγy, y) ∈ N , and xγy ∈ (y)N = (b)N .

(b)N is strongly regular. In fact: Let a ∈ (b)N . By (2), there exist y ∈M and
γ, µ ∈ Γ such that a 6 aγyµa, y 6 yµaγy and aγy = yγa = yµa = aµy. On the
other hand, y ∈ (b)N . Indeed: Since N(a) 3 a 6 aγyµa and N(a) is a �lter of
M , we have aγyµa ∈ N(a), y ∈ N(a), N(y) ⊆ N(a). Since N(y) 3 y 6 yµaγy
and N(y) is a �lter, we have yµaγy ∈ N(y), a ∈ N(y), N(a) ⊆ N(y). Then
N(a) = N(y), (a, y) ∈ N , and y ∈ (a)N = (b)N .

(3) =⇒ (4). Let L be a left ideal of M and a ∈ M such that aΓa ⊆ L. Then
a ∈ L. In fact: Since a ∈ (a)N and (a)N is strongly regular, there exist x ∈ (a)N
and γ, µ ∈ Γ such that a 6 aγxµa and aγx = xγa = xµa = aµx. Then we have

a 6 (aγx)µa = (xγa)µa = xγ(aµa) ∈MΓ(aΓa) ⊆MΓL ⊆ L,

and a ∈ L. If R is a right ideal of M , a ∈M and aΓa ⊆ R, then

a 6 aγ(xµa) = aγ(aµx) = (aγa)µx ∈ (aΓa)ΓM ⊆ RΓM ⊆ R,

so a ∈ R, and R is also semiprime.
Let L be a left ideal and R a right ideal of M . The (nonempty) set (LΓR]

is a subsemigroup of M . In fact: Let a, b ∈ (LΓR] and γ ∈ Γ. We have
a 6 y1γ1x1 and b 6 y2γ2x2 for some y1, y2 ∈ L, γ1, γ2 ∈ Γ, x1, x2 ∈ R. Then
aγb 6 (y1γ1x1)γ(y2γ2x2). Since (y1γ1x1)γy2 ∈ (MΓM)ΓL ⊆ MΓL ⊆ L, we have
(y1γ1x1γy2)γ2x2 ∈ LΓR, so aγb ∈ (LΓR].

Let now a ∈ (LΓR]. Then there exist x ∈ (LΓR] and γ, µ ∈ Γ such that
a 6 aγxµa and aγx = xγa = xµa = aµx. In fact: Since a ∈ (a)N and (a)N
is strongly regular, there exist t ∈ (a)N and γ, µ ∈ Γ such that a 6 aγtµa and
aγt = tγa = tµa = aµt. Since a ∈ (LΓR], there exist y ∈ L, ρ ∈ Γ, z ∈ R such
that a 6 yρz. We have

a 6 aγtµa 6 aγtµ(aγtµa) = aγ(tµaγt)µa.

For the element x := tµaγt, we have

x = tµaγt 6 tµ(yρz)γt = (tµy)ρ(zγt).

Since tµy ∈ MΓL ⊆ L and zγt ∈ RΓM ⊆ R, we have (tµy)ρ(zγt) ∈ LΓR, then
x ∈ LΓR. Moreover, we have aγx = xγa, that is, aγ(tµaγt) = (tµaγt)γa. Indeed,

aγ(tµaγt) = (aγt)µ(aγt) = (tµa)µ(tγa) = tµ(aµt)γa

= tµ(aγt)γa = (tµaγt)γa.
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Also xµa = aµx, that is, (tµaγt)µa = aµ(tµaγt). Indeed,

(tµaγt)µa = (tµa)γ(tµa) = (aµt)γ(aγt) = aµ(tγa)γt

= aµ(tµa)γt = aµ(tµaγt).

And xγa = xµa, that is, (tµaγt)γa = (tµaγt)µa. Indeed,

(tµaγt)γa = (tµa)γ(tγa) = (tµa)γ(tµa) = (tµaγt)µa.

(4) =⇒ (5). Let a ∈M . The set (MΓaΓa] is a left ideal of M . This is because it
is a nonempty subset of M and we have

MΓ(MΓaΓa] = (M ]Γ(MΓaΓa] ⊆ (MΓMΓaΓa] = ((MΓM)ΓaΓa] ⊆ (MΓaΓa]

and ((MΓaΓa]] = (MΓaΓa]. Since (MΓaΓa] is a left ideal of M , by (4), it is
semiprime.

Since (aΓa)Γ(aΓa) ⊆ (MΓaΓa], we have aΓa ⊆ (MΓaΓa], and a ∈ (MΓaΓa],
thus M is left regular. Similarly the set (aΓaΓM ] is a right ideal of M and M is
right regular. For the rest of the proof, we prove that (MΓaΓM ] = ((MΓa]Γ(aΓM ]].
Then, since (MΓa] is a left ideal and (aΓM ] a right ideal of M , by (4), the set
((MΓa]Γ(aΓM ]] is a strongly regular subsemigroup of M , and so is (MΓaΓM ].
We have

MΓaΓM ⊆MΓ(MΓaΓa]ΓM = (M ]Γ(MΓaΓa]Γ(M ]

⊆ ((MΓM)ΓaΓaΓM ] ⊆ (MΓaΓaΓM ] = ((MΓa]Γ(aΓM ]],

then

(MΓaΓM ] ⊆ (((MΓa]Γ(aΓM ]]] = ((MΓa]Γ(aΓM ]]

= ((MΓa)Γ(aΓM)] ⊆ (MΓaΓM ],

and so (MΓaΓM ] = ((MΓa]Γ(aΓM ]].

(5) =⇒ (6). Let a ∈ M . Since M is left regular, we have a ∈ (MΓaΓa], since M
is right regular, a ∈ (aΓaΓM ]. Then there exist x, y ∈ M and γ, µ, ρ, ξ ∈ Γ such
that a 6 xγaµa and a 6 aρaξy. Let ea := xγaρaξy and e

′

a := xγaµaξy. Then
ea, e

′

a ∈MΓaΓaΓM and we have

a 6 xγaµa 6 xγ(aρaξy)µa = (xγaρaξy)µa = eaµa,

a 6 aρaξy 6 aρ(xγaµa)ξy = aρ(xγaµaξy) = aρe
′

a,

ea = xγaρaξy 6 xγ(aρaξy)ρ(xγaµa)ξy = eaρe
′

a.

Moreover,

(MΓeaΓM ] = (MΓxγaρaξyΓM ] ⊆ (MΓMΓMΓaΓMΓM ] ⊆ (MΓaΓM ]

⊆ (MΓ(eaΓM ]ΓM ] = (MΓeaΓMΓM ] ⊆ (MΓeaΓM ],
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so (MΓeaΓM ] = (MΓaΓM ], similarly (MΓe
′

aΓM ] = (MΓaΓM ]. In addition, by
(5), (MΓaΓM ] is a strongly regular subsemigroup of M .

(6) =⇒ (7). This is obvious.

(7) =⇒ (8). Let a ∈ M . By hypothesis, there exist ea, e
′

a ∈ M and ρ, µ ∈ Γ
such that a 6 eaµa, a 6 aρe

′

a, and the set (MΓaΓM ] is a strongly regular
subsemigroup of M . Since a 6 eaµa, we have a ∈ (MΓa]. Since a 6 aρe

′

a ∈ aΓM ,
we have a ∈ (aΓM ]. Then a ∈ (MΓa]∩(aΓM ] and (MΓaΓM ] is a strongly regular
subsemigroup of M , so condition (8) is satis�ed.

(8) =⇒ (1). For its proof we refer to [4]. �

Corollary. Let M be an ordered Γ-semigroup. The following are equivalent:

(1) M is strongly regular.

(2) If a ∈M , then for the subset ea := MΓaΓaΓM of M , we have

ea ⊆ (eaΓea], a ∈ (eaΓa], a ∈ (aΓea], (MΓeaΓM ] = (MΓaΓM ],

and the set (MΓaΓM ] is a strongly regular subsemigroup of M.

(3) If a ∈M , then there exists a subset ea of M such that

a ∈ (eaΓa], a ∈ (aΓea],

and the set (MΓaΓM ] is a strongly regular subsemigroup of M.

Proof. (1) =⇒ (2). Let a ∈ M and ea := MΓaΓaΓM . Since M is strongly
regular, by the Theorem (1) ⇒ (5), M is left regular, right regular, and the set
(MΓaΓM ] is a strongly regular subsemigroup of M . Since M is left regular and
right regular, we have a ∈ (MΓaΓa] and a ∈ (aΓaΓM ]. Then we have

ea = MΓaΓaΓM ⊆MΓ(aΓaΓM ]Γ(MΓaΓa]ΓM

= (M ]Γ(aΓaΓM ]Γ(MΓaΓa]Γ(M ]

⊆ ((MΓaΓaΓM)Γ(MΓaΓaΓM)] = (eaΓea],

a ∈ (MΓaΓa] ⊆ (MΓ(aΓaΓM ]Γa] = ((MΓ(aΓaΓM)Γa] = (eaΓa],

a ∈ (aΓaΓM ] ⊆ (aΓ(MΓaΓa]ΓM ] = (aΓ(MΓaΓaΓM)] = (aΓea],

(MΓeaΓM ] = (MΓ(MΓaΓaΓM)ΓM ] ⊆ (MΓaΓM ]

⊆ (MΓ(MΓaΓa]ΓM ] = (MΓ(MΓaΓa)ΓM ]

⊆ (MΓ(MΓaΓ(aΓaΓM ]ΓM ]

= (MΓ(MΓaΓaΓaΓM)ΓM ]

⊆ (MΓ(MΓaΓaΓM)ΓM ] = (MΓeaΓM ],

thus we have (MΓeaΓM ] = (MΓaΓM ].
(2) =⇒ (3). This is obvious.
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(3) =⇒ (1). Let a ∈M . By hypothesis, there exists a subset ea ofM such that a ∈
(eaΓa], a ∈ (aΓea], and the set (MΓaΓM ] is a strongly regular subsemigroup ofM .
Since a ∈ (eaΓa] ⊆ (MΓa] and a ∈ (aΓea] ⊆ (aΓM ], we have a ∈ (MΓa]∩ (aΓM ].
By the Theorem (8)⇒ (1), M is strongly regular. �

Remark. Here are some information we get about ordered semigroups: By the
implication (1) ⇒ (2) of the above Corollary (or by the implication (1) ⇒ (2)
of the Theorem in [5]), we have the following: If S is a strongly regular ordered
semigroup, a ∈ S and ea := Sa2S, then we have ea ⊆ (ea

2], a ∈ (eaa], a ∈ (aea],
(SeaS] = (SaS], and the set (SaS] is a strongly regular subsemigroup of S. By
the implication (3)⇒ (1) of the Corollary (or by the implication (8)⇒ (1) of the
Theorem in [5]), we have the following: Let S be an ordered semigroup. Suppose
that for every a ∈ S there exists a subset ea of S such that a ∈ (eaa], a ∈ (aea],
and the set (SaS] is a strongly regular subsemigroup of S. Then S is strongly
regular.
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