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On dual ordered semigroups

Thawhat Changphas and Nawamin Phaipong

Abstract. We introduce and study dual ordered semigroups. Obtained results generalize the

results on semigroups without order.

1. Introduction

A dual ring credited to Baer [1] and Kaplansky [6] have been widely studied (see
[3], [4], [5], [8]). Using only the multiplication properties of the elements of the
ring, Schwarz [10] introduced and studied dual semigroups. The author proved
fundamental structure theorem concerning such semigroups. The purpose of this
paper is to define and study dual ordered semigroups. The results obtain extend
the results on semigroup without order.

For the rest of this section, we recall some definitions and results used through-
out the paper.

A semigroup (S, -) together with a partial order < (on S) that is compatible
with the semigroup operation, meaning that for z,y,z € S,

<y=zr <2y, xz <Yz,

is called an ordered semigroup (see [2], [4]). An element 0 of S is called a zero
element of Sif Oz =20=0forallz € Sand0 <z forall z € S.
For non-empty subsets A, B of an ordered semigroup (S, -, <), let

AB={zy|x € A,y € B},
(Al ={x € S|z < aforsomeac A}.

If x € S, we write Az for A{z} and zA for {x}A. Note that

(1) Ac (4]
(2) A C B implies (A] C (BJ;
(3) ((A](B]] = (AB].

Let (S,-, <) be an ordered semigroup. A non-empty subset A of S is called a
left (respectively, right) ideal [7] of S if

2010 Mathematics Subject Classification: 06F05
Keywords: semigroup, ordered semigroup, dual ordered semigroup, left (right, two-sided)
ideal, nilpotent, annihilator.



194 T. Changphasand and N. Phaipong

(i) SA C A (respectively, AS C A), and
(ii) forz € Aand y € S, y < = implies y € A.

The second condition means that A = (A].

A non-empty subset A of S is called a (two-sided) ideal of S if A is both a left
and a right ideal of S. Note that if A and B are ideals of S then (AB] is an ideal
of S. Intersection of ideals of S is an ideal of S if it is non-empty. Union of ideals
of S is an ideal of S. Finite intersection of ideals of S is an ideal of S.

Let (.5, -, <) be an ordered semigroup with zero 0. Analogously to [10], if A is a
non-empty subset of S, then the left annihilator of A, denoted by [(A), is defined
by

(Ay={z e S|zA=0}.
Dually, the right annihilator of A, denoted by r(A), is defined by
r(A) ={z e S| Az =0}.
It is easy to see that [(A)A =0, Ar(A) = 0.
Lemma 1.1. The following hold for an ordered semigroup (S, -, <):
(1) for D £ AC S, I(A) is a left ideal of S and r(A) is a right ideal of S;
(2) for D £ AC S, ACr(I(A)) and A C I(r(4));
(3) fOT‘ @ 75 A1 - A2 - S, l(AQ) - Z(Al) and ’I“(AQ) - ’I”(Al);
(4) if M is a right (left) ideal of S, then r(M) (respectively, I(M)) is a (two-
sided) ideal of S.

Proof. (1). We prove that [(A) is a left ideal of S. Dually, we have r(A) is a right
ideal of S. Clearly, I(A) # 0. If z € S, y € [(A), then (xzy)A = z(yA) = 0, and
so xy € [(A). Let x € I[(A) and y € S such that y < z. Then yA C zA = 0, and
hence y € I(A).

(2). Since I(A)A =0, A Cr(I(A)). Similarly, A Ci(r(A)).

(3). If x € I(Ag), since A1 C Ay, then 2A; C zAy = 0. Thus = € I(Ay).
Similarly, r(As) C r(Ay).

(4). Assume that M is a right ideal of S. Since

M(Sr(M)) = (MS)r(M) € Mr(M) =0,
we have Sr(M) C r(M). Since
M(r(M)S) = (Mr(M))S =05 =0,

we get 7(M)S Cr(M). If z € r(M),y € S such that y < z, then My C Mz =0,
and thus y € r(M). It is now conclude that r(M) is an ideal of S. By the similar
arguments we obtain that if M is a left ideal of S, then [(M) is an ideal of S. O
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Lemma 1.2. Let {A, | a € A} be a collection of subsets of an ordered semigroup
(S,-,<). Then

(1) l(UaeA Aa) = naeA l(Aa)’
(2) T(UaeA Ay) = ﬂaeAT(Aa)-

Proof. The proof is straightforward. O

2. Dual ordered semigroups

The notion of dual ordered semigroups is defined as follows:

Definition 2.1. Let (5, -, <) be an ordered semigroup. Then S is said to be dual
if I(r(L)) = L for every left ideal L of S, and r(I(R)) = R for every right ideal R
of S.

Lemma 2.2. Let (S,-,<) be a dual ordered semigroup. Let {R, | « € A} be a
family of right ideals of S, and let {L, | o € A}) be a family of left ideals of S.
Then

(1) l(ﬂaeA Ra) = UaGAl(ROt)J
(2) "(Naea La) = Usea r(La)-

Proof. By Lemma 1.2, we obtain

Uaen l(Ba) = U(r(Usen U(Ba))) = UNaea 7(H(Ra))) = UNaen Ba)

and

Uaea 7(La) = 7(lUqen m(La))) = 7(Naea Hr(La))) = 7(Naea La)-

Corollary 2.3. Let (S,-, <) be a dual ordered semigroup.
(1) If Ly, Ly are left ideals of S such that Ly N Ly =0, then r(Ly) Ur(Ls) = S.
(2) If R1, Ry are right ideals of S such that Ry N Ry =0, then [(R1)UIl(R) = S.

Lemma 2.4. Let (S,-, <) be a dual ordered semigroup. Let L be a left ideal of S
and R be a right ideal of S. Then

1(S)=r(S)=0.
If L # S, thenr(L) # 0.

1
2
3) If R#S, then I(R) # 0.

(
(
(
(4) If L #0, thenr(L) # S.

)
)
)
)
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(5) If R#0, then l(R) # S.
Proof. By Lemma 1.1,
r(S) =r(SUI0)) =r(S)Nr((0)) =r(S)N{0} =0.

Similarly, we have I(S) = 0. Then (1) holds. If (L) = 0, then L = I(r(L)) =
1(0) = S. Similarly, if [(R) = 0. then R = r(I(R)) = r(0) = S. Hence (2) and
(3) hold. For (4) and (5), (L) = S implies L = I(r(L)) = I(S) = 0. Similarly, if
I(R) =S, then R=r(l(R)) =r(S) =0. O

Corollary 2.5. In a dual ordered semigroup (S, -, <), (#S] = 0 or (Sx] = 0 implies
x = 0.

Proof. This follows from Lemma 2.4(1). O

Lemma 2.6. Let (S, -, <) be a dual ordered semigroup.
(1) If L is a minimal left ideal of S, then r(L) is a mazimal right ideal of S.

(2) If M is a minimal two-sided ideal of S, then r(M) and I(M) are maximal
two-sided ideals of S.

Proof. (1). Assume that L is a minimal left ideal of S. Let A be a proper right
ideal of S such that (L) C A. Then 0 # [(A) C I(r(L)) = L, and thus [(A) = L.
Hence A = r(I(4)) = r(L).

(2). Assume that M is a minimal ideal of S. Let A be a proper two-sided ideal
of S such that r(M) C A. Then 0 # l[(A) C l(r(M)) = M, and thus [(A) = M.
Hence A = r(I(A)) = r(M). Similarly, we have [(M) is a maximal ideal of S. O

Lemma 2.7. If (S,,<) is a dual ordered semigroup, then x € (xS] and x € (Sz]
for every x € S.

Proof. Let x € S. We prove that x € (5] (z € (Sz] can be proved analogously).
Since (xS] = r(I((«S))), it suffices to show that x € r(I((«S])), i.e., that I((xS])x =
0. If a € I((xS5]), then a(xS] =0, and so ax € I(S). By Lemma 2.4, ax = 0. It is
clear that 0 € I((zS])z, and hence I((xS])x = 0. O

Lemma 2.8. If A is a non-empty subset of a dual ordered semigroup (S,-, <),
then A C (SA] and A C (AS].

Proof. This follows by Lemma 2.7. O

Corollary 2.9. If L (respectively, R, M) is a left (respectively, right, two-sided)
ideal of a dual ordered semigroup (S, -, <), then L = (SL] (respectively, R = (RS],
M = (SM| = (MS]).

Corollary 2.10. Let (S,-,<) be a dual ordered semigroup. Then S = (S?].
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Definition 2.11. Let (S, -, <) be a dual ordered semigroup. A left (respectively,
right, two-sided) ideal L # 0 of S is said to be nilpotent if there is an integer ¢ > 0
such that L¢ = 0.

Lemma 2.12. If L is a nilpotent left ideal of a dual ordered semigroup (S, -, <),
then (LS)¢ = 0. Further (L U LS]?¢ = 0.

Proof. Assume that L is a nilpotent left ideal of a dual ordered semigroup S. Then
there is an integer o > 0 such that L2 = 0. We have

(LS)e = (LS|(LS]---(LS) S (LSLS---LS) C(LLL---LS]) = (L2S] = (0S] = 0.
O

Lemma 2.13. Let (S, -, <) be a dual ordered semigroup. Then (S™] = S for every
integer n > 0.

Proof. Tt is clear that (S] = S. Assume that (S*] = S for k > 1. We have
(S**H1] = (88*] = (S(S*]| = (8% =S
and hence (S™] = S for every integer n > 0. O
Note, by Lemma 2.13, that a dual ordered semigroup cannot be nilpotent.

Lemma 2.14. Let I be an ideal of a dual ordered semigroup (S,-,<). If L is a
nilpotent left ideal of S contained in I, then I contains a nilpotent ideal of S.

Proof. Since 0 # L C I, it follows that (LS] C (IS] C (I] = 1. Then LU (LS] #0
is an ideal of S contained in I. By Lemma 2.12, L U (LS] is nilpotent. O

The union of all nilpotent two-sided ideals of an ordered semigroup (5, -, <),
called the radical of S, will be denoted by N. And, for a two-sided ideal A of S,
NN A =0 means A does not contain a nilpotent subideal of S.

Lemma 2.15. Let (S,-, <) be a dual ordered semigroup and A a two-sided ideal
of S with the property N N A = 0.

(1) r(A) =1(A).
(2) If ANr(A) = ANI(A) =0, then AUT(A) = AUI(A) = S.

(3) If L is a left (right, two-sided) ideal of A, then L is also a left (right, two-
sided) ideal of S.

(4) If L is a left (right, two-sided) ideal of r(A), then L is also a left (right,
two-sided) ideal of S.
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Proof. (1). Note that Ar(A) = 0. We will show that AN r(A) = 0. Suppose
that ANr(A) # 0. Since 0 # ANr(A) C Aand 0 # ANr(A) C r(A), we have
(ANr(A))? C Ar(A) = 0. By Lemma 2.14, A contains a nilpotent two-sided ideal
of S. This is a contradiction. ANr(A) =0. Since r(A)A Cr(A)N A =0, we get
r(A) CI(A). Similarly, I(A) C r(A). Hence I(4) = r(A).

(2). This follows by Corollary 2.3.

(3). Let L be a left ideal of A. Then

r(A)L Cr(A)A=1(A)A =0,
and so
SL=(AUr(A))L=ALUr(A)L=ALU{0} C L.

Let x € L,y € S be such that y < z. Then z € A, soy € A. Thus y € L.
Therefore L is a left ideal of S.
(4). Assume that L is a left ideal of 7(A). Then AL C Ar(A) =0 and thus

SL =(AUr(A))L = ALUr(A)L C {0}ULC L.

If x € L, and y € S such that y < «, then y € r(A) and thus y € L. Hence L is a
left ideal of S. O

Theorem 2.16. Let (S, -, <) be a dual ordered semigroup and A a two-sided ideal
of S such that ANN = 0. Then A and r(A) are dual ordered semigroups.

Proof. We will show that A is a dual ordered semigroup. For a non-empty subset
M of A, we let I'(M) and r'(M) denote the left and the right annihilators of M in
A, respectively. Let R be a right ideal of A. Since ANr(A) =0 and [(A) = r(A),
it follows that I(R) = [(A)Ul'(R). By Lemma 1.2 (2), r(I(R)) = r(I(A))Nr{'(R)).
Since R is a right ideal of S, R = ANr(l'(R)). Since I'(R) C A and r(A)I'(R) C
r(A)A =0, we get r(I'(R)) = r(A) Ur'(I'(R)). Hence, we have

R=AN{r(A)Ur(l'(R)}
= (ANr(A)U(Anr'(I'(R)))
={0}u(Anr(I'(R)))
={0}ur'('(R)) =r'(I'(R)).

Similarly, I’(v/(L)) = L for any left ideal L of A. Hence A is a dual ordered
semigroup.

We will show that r(A) is a dual ordered semigroup. Denote the left and right
annihilators of A C r(A) in r(A) by I”(A) and r"(A), respectively. Assume that
R is a right ideal of r(A). Since ANr(A) = 0 and I(4) = r(A), it follows that
I(R) = AU!"(R). By Lemma 1.2 (2), r(I(R)) = r(A) Nnr(l"(R)). Since R is

U
U
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a right ideal of S, R = r(A) Nr(I”(R)). Since I"(R) C r(A) and I”(R)A = 0,
r(I"(R)) = AUr”(I"(R)). We get

R=r(A)n{Aur"("(R))
= (r(A)N AU (r(A) nr" (1" (R)))
= {0} U (r(A) N (1" (R)))
= {0y ur"("(R)) = r"(I"(R)).

Similarly, {”(r”(L)) = L for any left ideal L of r(A). Hence 7(A) is a dual ordered
semigroup. O

Theorem 2.17. Let (S, -, <) be a dual ordered semigroup with the radical N. For
any two-sided ideal I of S, let 8" = J{I | INN =0} and r(S") = S”. Then S
admits a unique decomposition into a sum of two two-sided ideals S = S’ U S”,
where 'S = 58”5 = 5'NS" = 0. The summands having the following properties:

(1) if N =0, then S’ =S and S” = 0;

(2) if N #£ 0, then S’ is either zero or it is a dual ordered semigroup without
nilpotent ideals, S” is a dual ordered semigroup with the radical N in which
each two-sided ideal has a non-zero intersection with N.

Proof. By Lemma 2.15 and S'NN = 0, it follows that 7(S") = 1(5’) and S'NS" =
S’ Nr(S") = 0. According to the definition we have $’S” = S'r(S’) = 0 and
S"S" =r(S")S" =1(58")S" = 0. Since S'NS” =0, 5’US” =S by Lemma 2.15. If
N =0, then 8" = S and so S” = r(S") = r(S) = 0. We have (1).

Next, we show that (2) holds. Let N # 0 and S” # 0. Since SN N =0, S’
cannot contain nilpotent ideals of S, S’ is a dual ordered semigroup by Theorem
2.16. By Theorem 2.16, S” = r(S’) is a dual ordered semigroup. Since SN N =0
and S = S’US”, S” contains the radical N. By the definition of S” and S'NS” =0,
it follows that each two-sided ideal I C S has a non-zero intersection with N. O
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