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Transversals in groups. 4.
Derivation construction

Eugene A. Kuznetsov

Abstract

In the present work the derivation construction is studied by means of transversals
in a group to a proper subgroup. It is shown that the method of derivation may be
understood as a connection between di�erent transversals in a group to a subgroup.

1. Introduction
The method of derivation has appeared in Dickson's works at the �rst time.
It has been used to construct near�elds and quasi�elds from �elds and skew-
�elds (see [14], [15]). Karzel [6] axiomatized and generalized this method
for groups. Kiechle [7] gave a generalization of method of derivation which
applied to construct loops with determined conditions by the help of groups.

In a present work the derivation construction is studied by means of
transversals in a group to a proper subgroup. It is shown that the method of
derivation may be understood as a connection between di�erent transversals
in a group to a subgroup. It give us a possibility to generalize the deriva-
tion construction for loops, i.e. to construct loops with some determined
conditions by the help of some �good� loops.

2. Necessary de�nitions and notations
De�nition 1. [2] A system 〈E, ·〉 is called a right (left) quasigroup, if for
arbitrary a, b ∈ E the equation x · a = b ( a · y = b ) has a unique solution
in the set E. If in quasigroup 〈E, ·〉 there exists element e ∈ E such that

x · e = e · x = e
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for every x ∈ E, then system 〈E, ·〉 is called a loop.

De�nition 2. [1] Let G be a group and H be a subgroup in G. A complete
system T = {ti}i∈E of representatives of the left (right) cosets of H in G
(e = t1 ∈ H) is called a left (right) transversal in G to H.

Let T = {ti}i∈E be a left transversal in G to H. We can de�ne correctly
(see [1, 9]) the following operation on the set E (E is an index set; left
cosets of H in G are numbered by indexes from E):

x
(T )· y = z

def⇐⇒ txty = tzh, h ∈ H. (1)

In [1] (and [9]) it is proved that 〈E,
(T )· 〉 is a left quasigroup with two-

sided unit 1.
Below we shall consider (for simplicity) that CoreG(H) = e (where

CoreG(H) = ∩
g∈G

gHg−1

is the maximal normal subgroup of the group G contained in the subgroup
H) and shall study a permutation representation Ĝ of group G by left cosets
on the subgroup H. According to [5], we have Ĝ ∼= G, where

ĝ(x) = y
def⇐⇒ gtxH = tyH.

Note that Ĥ = St1(Ĝ).

Lemma 1. ([9], Lemma 4) Let T be an arbitrary left transversal in G to
H. Then the following statements are true:

1. ĥ(1) = 1 for all h ∈ H.

2. For every x, y ∈ E we have: t̂x(y) = x
(T )· y, t̂1(x) = t̂x(1) = x,

t̂−1
x (y) = x

(T )

\ y, t̂−1
x (1) = x

(T )

\ 1, t̂−1
x (x) = 1

where
(T )

\ is the left division in the system 〈E,
(T )· , 1〉

(i.e. x
(T )

\ y = z ⇔ x
(T )· z = y).

Let us denote
l
(T )
a,b = L−1

a
(T )· b

LaLb
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where La(x) = a
(T )· x is a left translation in the left loop 〈E,

(T )· , 1〉. The
group

LI( 〈E,
(T )· , 1〉 ) = 〈 l(T )

a,b | a, b ∈ E 〉
is called a left inner permutation group. It is easy to see that

l
(T )
a,b (x) = (a

(T )· b)
(T )

\ (a
(T )· (b

(T )· x)) = t̂−1

a
(T )· b

t̂at̂b(x) . (2)

Note that for every a, b ∈ E l
(T )
a,b (1) = 1.

De�nition 3. A left loop 〈E, ·, 1〉 is called

1. left alternative, if for every x, y ∈ E : x · (x · y) = (x · x) · y,
2. left IP-loop (or LIP-loop), if for every x ∈ E there exists the element

x′ ∈ E such that x′ · (x · y) = y for every y ∈ E,

3. left Al-loop, if for every a, b ∈ E la,b ∈ Aut(〈E, ·, 1〉).

Lemma 2. Let a set T = {ti}i∈E be a left transversal in the group G to
its subgroup H. Then the following conditions are equivalent:

1. The system 〈E,
(T )· , 1〉 is a left Al-loop,

2. For every α ∈ LI(〈E,
(T )· , 1〉) we have αT̂α−1 ⊆ T̂ .

Proof. 1 =⇒ 2. Let the system 〈E,
(T )· , 1〉 be a left Al-loop, i.e. let

l
(T )
a,b = t̂−1

a·b t̂at̂b ∈ Aut(〈E,
(T )· , 1〉)

for every a, b ∈ E. Then

LI(〈E,
(T )· , 1〉) ⊆ Aut(〈E,

(T )· , 1〉). (3)

Let α ∈ LI(〈E,
(T )· , 1〉). Because αt̂xα−1 ∈ Ĝ for every x ∈ E, then

αt̂xα−1 = t̂uĥ1 (4)

for some u ∈ E and h1 ∈ H. In view of Lemma 1 we have

u = t̂u(1) = t̂uĥ1(1) = α t̂xα−1(1) = α t̂x(1) = α(x),
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i.e. the equation (4) may be rewritten in the following form

αt̂xα−1 = t̂α(x)ĥ1 . (5)

On the other hand, for every x, y ∈ E

t̂xt̂y = t̂
x
(T )· y

l(T )
x,y ,

αt̂xα−1αt̂yα
−1 = αt̂

x
(T )· y

α−1αl(T )
x,y α−1,

which, by (5), gives

t̂α(x)ĥ1t̂α(y)ĥ2 = t̂
α(x

(T )· y)
ĥ3 αl(T )

x,y α−1

for some h2, h3 ∈ H. In view of Lemma 1 we have also

t̂α(x)ĥ1t̂α(y)ĥ2(1) = t̂
α(x

(T )· y)
ĥ3 αl(T )

x,y α−1(1),

α(x)
(T )· ĥ1(α(y)) = α(x

(T )· y). (6)

But α ∈ LI(〈E,
(T )· , 1〉). Thus, by (3), we have α(x

(T )· y) = α(x)
(T )· α(y).

So, by (6), we obtain:

α(x)
(T )· ĥ1(α(y)) = α(x)

(T )· α(y)

for every x, y ∈ E. Since the system 〈E,
(T )· , 1〉 is a left quasigroup with

two-sided unit 1, for every y ∈ E we get

ĥ1(α(y)) = α(y).

Function α is a permutation on the set E, so for every z ∈ E ĥ1(z) = z,
i.e. h1 = e. Then in view of (5) we obtain:

αt̂xα−1 = t̂α(x) ∈ T̂ (7)

for every α ∈ LI(〈E,
(T )· , 1〉) and x ∈ E.

2 =⇒ 1. (See [8]) Let for every α ∈ LI(〈E,
(T )· , 1〉) and x ∈ E exists an

element u ∈ E such that

αt̂xα−1 = t̂u ∈ T̂ . (8)
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Then, in view of Lemma 1, we have

u = t̂u(1) = α t̂xα−1(1) = α t̂x(1) = α(x),

i.e. the equation (8) may be rewritten in the following way

αt̂xα−1 = t̂α(x). (9)

But every x, y ∈ E we have

t̂xt̂y = t̂
x
(T )· y

l(T )
x,y .

Then
αt̂xα−1αt̂yα

−1 = αt̂
x
(T )· y

α−1αl(T )
x,y α−1,

which, by (9), gives

t̂α(x)t̂α(y) = t̂
α(x

(T )· y)
αl(T )

x,y α−1

and, in the consequence,

αl(T )
x,y α−1 ∈ LI(〈E,

(T )· , 1〉) ⊆ Ĥ ,

because α, l
(T )
x,y ∈ LI(〈E,

(T )· , 1〉). Now, applying the de�nition of the left
transversal T , we obtain

α(x)
(T )· α(y) = α(x

(T )· y).

This means that α ∈ Aut(〈E,
(T )· , 1〉) and 〈E,

(T )· , 1〉 is a left Al-loop.

Lemma 3. Let 〈E, ·, 1〉 be a left loop. Then the following statements are
true:

1. System 〈E, ·, 1〉 is LIP-loop if and only if for every a ∈ E: if a ·a′ = 1
for some a′ ∈ E then la,a′ = id.

2. System 〈E, ·, 1〉 is left alternative if and only if la,a = id for every
a ∈ E.

Proof. See [7].
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3. Derivation as a connection between transversals
in a group by the same subgroup

Let us remind the general method of derivation used for construction of
loops [7], section 7.

Let 〈A, ·, 1〉 be a group. The function ϕ : A → SA such that ϕ(a) ⇀↽ ϕa,
ϕ1 = id and ϕa(1) = 1 for any a ∈ A is called a weak derivation. It is
called a derivation if furthemore for all a, b ∈ A there exists a unique x ∈ A
such that x · ϕx(a) = b.

In [7], section 7, it was proved the following

Lemma 4. Let 〈A, ·, 1〉 be a group with a weak derivation ϕ. Let us de�ne
the operation

x ◦ y
def
= x · ϕx(y). (10)

Then:
1. The system 〈A, ◦, 1〉 is a left loop with two-sided unit 1 (the identity

elements of 〈A, ·, 1〉 and 〈A, ◦, 1〉 coincide). Moreover, for all a ∈ A
if a ◦ a′ = 1, then a′ = ϕ−1

a (a−1).
2. If ϕ is a derivation, then system 〈A, ◦, 1〉 is a loop.

The system 〈A, ◦, 1〉 is called a derived (left) loop. If ϕa ∈ AutA for
every a ∈ A, then derivation is called automorphic derivation.

For the connection between two di�erent left transversals in a group G
by the same subgroup H see [9, 10].

Let T = {tx}x∈E and P = {px}x∈E are two left transversals in a group
G to its subgroup H. It is evident that for every x ∈ E px = txh(x) for
some collection {h(x)}x∈E , h(x) ∈ H. As it was proved in [9], for systems

〈E,
(T )· , 1〉 and 〈E,

(P )· , 1〉 corresponding to the transversals T and P , by
formula (1), we have:

x
(P )· y = x

(T )· ĥ(x)(y). (11)
It is easy to see that formulas (10) and (11) almost coincide; moreover,

ĥ(1) = id and ĥ(x)(1) = 1 for every x ∈ E. Note that unlike the deriva-

tion construction described above the system 〈E,
(T )· , 1〉 is not a group; in a

general case it is a left loop with two-sided unit. This means that the con-
struction of new operations by the help of the connection between di�erent
left transversals in a group G to its subgroup H (formula (11)) generalize
the derivation method (formula (10)). So the construction of weak deriva-
tion from formula (10) may be generalized up to the class of left loops which
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are corresponding to the left transversals in a some group G to its subgroup
H. The system 〈E,

(P )· , 1〉 from formula (11) will be called derived left loop
and the set of permutations {ĥ(x)}x∈E will be called a deriving set.

Lemma 5. Let 〈E,
(P )· , 1〉 be a derived left loop obtained by the method of

weak derivation (formula (11)) from the left loop 〈E,
(T )· , 1〉 by the help of

derived set {ĥ(x)}x∈E. Then the following sentences are true:

1. Two-sided units of the left loops 〈E,
(P )· , 1〉 and 〈E,

(T )· , 1〉 coincide.
2. If

(P )

a−1 is a right inverse to the element a in 〈E,
(P )· , 1〉, then

(P )

a−1 =

ĥ−1
(a)(

(T )

a−1), where
(T )

a−1 is a right inverse to the element a in 〈E,
(T )· , 1〉.

3. The left loop 〈E,
(P )· , 1〉 is a loop (i.e. weak derivation is a derivation)

if and only if the operations 〈E,
(T )· , 1〉 and B(x, y) = ĥ−1

(x)(y) are
orthogonal.

Proof. 1. It is easy to see that if 1 is a unit in 〈E,
(T )· , 1〉, then

1
(P )· x = 1

(T )· ĥ(1)(x) = 1
(T )· x = x,

x
(P )· 1 = x

(T )· ĥ(x)(1) = x
(T )· 1 = x.

2. If
(P )

a−1 is a right inverse to a in 〈E,
(P )· , 1〉, then a

(P )·
(P )

a−1 = 1. Thus

a
(T )· ĥ(a)(

(P )

a−1) = 1 and
(P )

a−1 = ĥ−1
(a)(

(T )

a−1).

3. (See also [3], [10]) It is enough to prove that the equation x
(P )· a = b has

a unique solution in E for any �xed a, b ∈ E if and only if the operations
〈E,

(T )· , 1〉 and B(x, y) = ĥ−1
(x)(y) are orthogonal, i.e. if and only if the system

{
x

(T )· y = a
B(x, y) = b

has a unique solution in the set E × E for any a, b ∈ E.
We have





x
(P )· a = b

x
(T )· ĥ(x)(a) = b

⇐⇒
{

ĥ(x)(a) = z

x
(T )· z = b

⇐⇒
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⇐⇒
{

ĥ−1
(x)(z) = a

x
(T )· z = b

⇐⇒
{

B(x, z) = a

x
(T )· z = b

Last system has a unique solution if and only if the operations 〈E,
(T )· , 1〉

and B(x, y) = ĥ−1
(x)(y) are orthogonal.

Remark 1. According to Cayley's Theorem (see [5], theorem 12.1.1, 12.1.3)
every group K may be represented as a permutation group on the set K;
this representation is regular. So any group K may be represented as a
group transversal in SK to St1(SK). Then the construction of weak deriva-
tion of an arbitrary group 〈A, ·, 1〉 to the derived left loop 〈A, ◦, 1〉 may be
represented as a construction of the left transversal P = {px}x∈E in the
group SA to St1(SA) by the help of the group transversal A∗ = {tx}x∈E in
the group SA to St1(SA). The corresponding system 〈E,

(A)· , 1〉 is isomor-
phic to the group 〈A, ·, 1〉 and the system 〈E,

(P )· , 1〉 is isomorphic to the
derived left loop 〈A, ◦, 1〉.
Remark 2. The construction of weak derivation may also take place when
there exists a group transversal T in the group G to its subgroup H. Then
any other left transversal P in the group G to its subgroup H may be
represented as a weak derivation of the group transversal T by the help of
the deriving set {ĥ(x)}x∈E ⊂ Ĥ.

Remark 3. The construction of automorphic derivation may be naturally
represented as a connection between left transversals in the group G to its
subgroup H, where G is a semidirect product (see [13], [11]) of a left loop
〈E, ·, 1〉 and group H, and LI(〈E, ·, 1〉) ⊆ H ⊆ Aut(〈E, ·, 1〉).

4. Automorphic derivations
Let us investigate the case of weak automorphic derivation of left loops, i.e.
the case of weak derivation with the condition

{ĥ(x)}x∈E ⊆ Aut(〈E, ·, 1〉).

Lemma 6. Let 〈E,
(P )· , 1〉 be a derived left loop, which is obtained from a

left loop 〈E,
(T )· , 1〉 by means of weak automorphic derivation by the help of

the deriving set {ĥ(x)}x∈E. We have
1. The following conditions are equivalent:
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(a) α ∈ Aut(〈E,
(T )· , 1〉) is an automorphism of 〈E,

(P )· , 1〉,
(b) αĥ(x)α

−1 = ĥ(α(x)) for every x ∈ E,

(c) α ∈ Aut(〈E,
(P )· , 1〉) is an automorphism of 〈E,

(T )· , 1〉.

2. l
(P )
a,b = ĥ−1

(a
(P )· b)

l
(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b) for every a, b ∈ E,

3. The system 〈E,
(P )· , 1〉 is left alternative if and only if for every a ∈ E

ĥ
(a

(P )· a)
= l

(T )

a,ĥ(a)(a)
ĥ2

(a).

4. The system 〈E,
(P )· , 1〉 is a LIP-loop if and only if for every a ∈ E

ĥ−1
(a) = ĥ(ĥ−1

(a)
(a′))l

(T )
a,a′, where a′ =

(T )

a−1.

5. The system 〈E,
(P )· , 1〉 is a left Bol loop if and only if for every a, b ∈ E

ĥ
(a

(P )· (b
(P )· a))

= l
(T )

a,ĥ(a)(b
(P )· a)

ĥ(a)l
(T )
b,h(b)(a)ĥ(b)ĥ(a).

6. The system 〈E,
(P )· , 1〉 is a group if and only if for every a, b ∈ E

ĥ
(a

(P )· b)
= l

(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b).

Proof. 1. (a) ⇐⇒ (b). If α ∈ Aut(〈E,
(T )· , 1〉), we have for every x, y ∈ E

α(x)
(P )· α(y) = α(x

(P )· y),

α(x)
(T )· ĥ(α(x))α(y) = α(x

(T )· ĥ(x)(y)) = α(x)
(T )· α ĥ(x)(y),

ĥ(α(x))α(y) = α ĥ(x)(y),

ĥ(α(x)) = αĥ(x)α
−1.

(c) ⇐⇒ (b). For every x, y ∈ E we have x
(T )· y = x

(P )· ĥ−1
(x)(y). So the

result follows as before.
2. Because of ĥ(a) ∈ Aut(〈E,

(T )· , 1〉) for every a ∈ E, so we have for
every a, b, x ∈ E

a
(P )· (b

(P )· x) = (a
(P )· b)

(P )· l
(P )
a,b (x),

a
(T )· ĥ(a)(b

(T )· ĥ(b)(x)) = (a
(T )· ĥ(a)(b))

(T )· ĥ
(a

(P )· b)
l
(P )
a,b (x),

a
(T )· (ĥ(a)(b)

(T )· ĥ(a)ĥ(b)(x)) = (a
(T )· ĥ(a)(b))

(T )· ĥ
(a

(P )· b)
l
(P )
a,b (x),
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(a
(T )· ĥ(a)(b))

(T )

\ (a
(T )· (ĥ(a)(b)

(T )· ĥ(a)ĥ(b)(x))) = ĥ
(a

(P )· b)
l
(P )
a,b (x).

In view of formula (2) we obtain for every x ∈ E

l
(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b)(x) = ĥ

(a
(P )· b)

l
(P )
a,b (x),

l
(P )
a,b = ĥ−1

(a
(P )· b)

l
(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b).

3. According to Lemma 3 the system 〈E,
(P )· , 1〉 is left alternative if and

only if l
(P )
a,a = id for every a ∈ E. So by the condition 2) the result follows.

4. According to Lemma 3 the system 〈E,
(P )· , 1〉 is a LIP-loop if and only

if for every a ∈ E: if a
(P )· a′′ = 1 for some a′′ ∈ E, then l

(P )
a,a′′ = id. So in

view of the proposition 2) of present Lemma we obtain

id = ĥ−1

(a
(P )· a′′)

l
(T )

a,ĥ(a)(a
′′)

ĥ(a)ĥ(a′′) = l
(T )

a,ĥ(a)(a
′′)

ĥ(a)ĥ(a′′).

Because of a′′ = ĥ−1
(a)(

(T )

a−1), then ĥ−1
(a) = ĥ(ĥ−1

(a)
(a′′′))l

(T )
a,a′′′ , where a′′′ =

(T )

a−1.
5. It is easy to prove (see [7]) that the left Bol identity

(a
(P )· (b

(P )· a)
(P )· x = a

(P )· (b
(P )· (a

(P )· x)))

for every a, b, x ∈ E is equivalent to the identity l
(P )

a,b
(P )· a

= (l(P )
b,a )−1 for

every a, b ∈ E. So in view of the condition 2) of the present Lemma we
obtain

ĥ−1

(a
(P )· (b

(P )· a))
l
(T )

a,ĥ(a)(b
(P )· a)

ĥ(a)ĥ
(b

(P )· a)
= ĥ−1

(a)ĥ
−1
(b) l

(T )−1

b,ĥ(b)(a)
ĥ

(b
(P )· a)

,

ĥ
(a

(P )· (b
(P )· a))

= l
(T )

a,ĥ(a)(b
(P )· a)

ĥ(a)l
(T )

b,ĥ(b)(a)
ĥ(b)ĥ(a).

6. It is easy to prove that system 〈E,
(P )· , 1〉 is a group if and only if

l
(P )
a,b = id for every a, b ∈ E. So in view of the condition 2) of present
Lemma we obtain the result.

Corollary 1. Let the general assumptions of Lemma 6 hold. If the system
〈E,

(P )· , 1〉 is a group, then the system 〈E,
(T )· , 1〉 is an Al-loop.
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Proof. In view of proposition 6) of Lemma 6 if the system 〈E,
(P )· , 1〉 is a

group then ĥ
(a

(P )· b)
= l

(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b). Because of ĥ(a) ∈ Aut(〈E,

(T )· , 1〉) for

every a ∈ E, then l
(T )

a,ĥ(a)(b)
∈ Aut(〈E,

(T )· , 1〉) for every a, b ∈ E. But ĥ(a)

is a permutation on the set E for every a ∈ E, then l
(T )
a,c ∈ Aut(〈E,

(T )· , 1〉)
for every a, c ∈ E. So 〈E,

(T )· , 1〉 is an Al-loop.

4.1. An automorphic derivation of group

Let us apply the previous lemma to the case when 〈E,
(T )· , 1〉 is a group.

Lemma 7. (See [7]) Let 〈E,
(P )· , 1〉 be a derived left loop, which is obtained

from a group 〈E,
(T )· , 1〉 by means of weak automorphic derivation by the

help of deriving set {ĥ(x)}x∈E. Then the following statements are true:
1. The following conditions are equivalent:

(a) α ∈ Aut(〈E,
(T )· , 1〉) is an automorphism of 〈E,

(P )· , 1〉,
(b) αĥ(x)α

−1 = ĥ(α(x)) for every x ∈ E,

(c) α ∈ Aut(〈E,
(P )· , 1〉) is an automorphism of the operation 〈E,

(T )· , 1〉.
2. l

(P )
a,b = ĥ−1

(a
(P )· b)

ĥ(a)ĥ(b) ∈ Aut(〈E,
(T )· , 1〉) for every a, b ∈ E,

3. The system 〈E,
(P )· , 1〉 is left alternative if and only if for every a ∈ E

ĥ
(a

(P )· a)
= ĥ2

(a).

4. The system 〈E,
(P )· , 1〉 is LIP-loop if and only if for every a ∈ E

ĥ−1
(a) = ĥ(ĥ−1

(a)
(a′)), where a′ =

(T )

a−1.

5. The system 〈E,
(P )· , 1〉 is a left Bol loop if and only if for every a, b ∈ E

ĥ
(a

(P )· (b
(P )· a))

= ĥ(a)ĥ(b)ĥ(a).

6. The system 〈E,
(P )· , 1〉 is a group if and only if for every a, b ∈ E

ĥ
(a

(P )· b)
= ĥ(a)ĥ(b).

Proof. It is the evident corollary of Lemma 6, because l
(T )
a,b = id for every

a, b ∈ E, if the system 〈E,
(T )· , 1〉 is a group. See also [7].
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Corollary 2. Let the conditions of Lemma 7 hold. If for every h ∈ H we
have hh(x)h

−1 = h(ĥ(x)), then the system 〈E,
(P )· , 1〉 is an Al-loop.

Proof. It is evident because LI(〈E,
(P )· , 1〉) ⊆ Ĥ for every left transversal

P in a group G to a subgroup H.

Corollary 3. (See [15]) Let the conditions of Lemma 7 hold. If 〈E,
(P )· , 1〉

is a group, then 〈H(∗), ·, h(1)〉, where H(∗) ⇀↽ {h(x)|x ∈ E}, is a subgroup of
the group H.

Proof. It is an evident corollary of 4) and 6) from Lemma 7.

4.2. An automorphic derivation of Al-loop

Let us apply Lemma 6 in a case when 〈E,
(T )· , 1〉 is an Al-loop.

Lemma 8. Let 〈E,
(P )· , 1〉 be a derived left loop, which is obtained from the

Al-loop 〈E,
(T )· , 1〉 by means of weak automorphic derivation by the help of

the deriving set {ĥ(x)}x∈E . Then:

1. l
(P )
a,b = ĥ−1

(a
(P )· b)

l
(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b) ∈ Aut(〈E,

(T )· , 1〉) for every a, b ∈ E,

2. 〈E,
(P )· , 1〉 is an Al-loop if and only if for every α ∈ LI(〈E,

(P )· , 1〉)
we have αĥ(x)α

−1 = ĥ(α(x)).

Proof. 1. Since the system 〈E,
(T )· , 1〉 is an Al-loop, l

(T )
a,b ∈ Aut(〈E,

(T )· , 1〉)
for every a, b ∈ E. But by the de�nition of a weak automorphic derivation
ĥ(x) ∈ Aut(〈E,

(T )· , 1〉) for every x ∈ E. Thus, by the condition 2) of Lemma
6, we obtain our thesis.

2. If 〈E,
(P )· , 1〉 is a Al-loop, then in view of 1) from Lemma 6 and

1) from the present Lemma it is equivalent to l
(P )
a,b ĥ(x)l

(P )−1
a,b = ĥ

(l
(P )
a,b (x))

for every a, b ∈ E. Since LI(〈E,
(P )· , 1〉) = 〈l(P )

a,b |a, b ∈ E〉, for every α ∈
LI(〈E,

(P )· , 1〉) we obtain αĥ(x)α
−1 = ĥ(α(x)). But according to the condition

2) of the present Lemma we have LI(〈E,
(P )· , 1〉) ⊆ Aut(〈E,

(T )· , 1〉).
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Corollary 4. Let 〈E,
(T )· , 1〉 be an Al-loop and G = LM(〈E,

(T )· , 1〉) its left
multiplication group. Then the system 〈E,

(P )· , 1〉 is an Al-loop if and only
if αh(x)α

−1 = h(α(x)) for every α ∈ LI(〈E,
(P )· , 1〉).

Proof. Since the system 〈E,
(T )· , 1〉 is an Al-loop and H = LI(〈E,

(T )· , 1〉),
every element h ∈ H is an automorphism of 〈E,

(T )· , 1〉. So in this case every
weak derivation of the Al-loop 〈E,

(T )· , 1〉 is an automorphic weak derivation.
In view of the condition 2) of Lemma 8 we obtain the necessity.

Corollary 5. Let the conditions of Corollary 4 hold. If for every h ∈ H we
have hh(x)h

−1 = h(h(x)), then the system 〈E,
(P )· , 1〉 is an Al-loop.

Proof. It is a consequence of our Corollary 4, because LI(〈E,
(P )· , 1〉) ⊆ H

for every left transversal P in a group G to a subgroup H.

De�nition 4. A transversal T in the group G by its subgroup H is called
a gyrotransversal if T−1 = T and hTh−1 ⊆ T for every h ∈ H.

Lemma 9. Let the set T = {tx}x∈E be a gyrotransversal in the group G
by the subgroup H. Then htxh−1 = tĥ(x) and t−1

x = tx\1 for every h ∈ H,
x ∈ E.

Proof. As the set T = {tx}x∈E is a gyrotransversal in the group G by the
subgroup H, so for every h ∈ H we have hTh−1 ⊆ T , i.e. htxh−1 = tv,
where v = t̂v(1) = ĥ t̂xĥ−1(1) = ĥ t̂x(1) = ĥ (x). Thus htxh−1 = tĥ(x).

By the de�nition we have also T−1 = T , i.e. t−1
x = tz for every x ∈ T ,

where z = t̂z(1) = t̂−1
x (1) = x\1. Thus t−1

x = tx\1.

Lemma 10. Let the conditions of Lemma 8 hold. If T is a gyrotransversal
in the group G by a subgroup H, then the following conditions are equivalent:

1. the set P is a gyrotransversal in the group G by a subgroup H,
2. hh(x)h

−1 = h(ĥ(x)) and h−1
(x) = h(x\1) for every h ∈ H, x ∈ E.

Proof. 1. =⇒ 2. Let the conditions of the present Lemma hold and let
P be a gyrotransversal in the group G by its subgroup H. Then, by the
de�nition, for h ∈ H we have hPh−1 ⊆ P and P−1 = P , which implies
htxh(x)h

−1 = tuh(u) for all h ∈ H, x ∈ E and some u ∈ E. Thus

u = t̂u(1) = t̂uĥ(u)(1) = ĥ t̂xĥ(x)ĥ
−1(1) = ĥ t̂x(1) = ĥ (x).
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Thus the previous equation can be rewritten in the form htxh(x)h
−1 =

tĥ (x)h(ĥ (x)) and, in the consequence, in the form

t−1

ĥ (x)
htxh−1 = h(ĥ (x))hh−1

(x)h
−1 . (12)

As the set T is a gyrotransversal in the group G by the subgroup H, so,
by Lemma 9, htxh−1 = tĥ (x) for h ∈ H and x ∈ E. Hence (12) has the
form e = h(ĥ (x))hh−1

(x)h
−1, i.e. hh(x)h

−1 = h(ĥ (x)), which proves the �rst
condition of 2.

To prove the second, observe that P−1 = P implies (txh(x))−1 = twh(w)

for x ∈ E, where

w = t̂w(1) = t̂wĥ(w)(1) = (t̂xĥ(x))
−1(1) = ĥ−1

(x)t̂
−1
x (1) = ĥ−1

(x)(x\1).

This means that the equation (txh(x))−1 = twh(w) can be written in the
form h−1

(x)t
−1
x = tĥ−1

(x)
(x\1)h(ĥ−1

(x)
(x\1)), i.e. in the form

h(ĥ−1
(x)

(x\1)) = t−1

ĥ−1
(x)

(x\1)
h−1

(x)t
−1
x = (t−1

ĥ−1
(x)

(x\1)
h−1

(x)tx\1h(x))h
−1
(x)t

−1
x\1t

−1
x .

This together with htxh−1 = tĥ (x) gives t−1

ĥ−1
(x)

(x\1)
h−1

(x)tx\1h(x) = e, i.e.

h(ĥ−1
(x)

(x\1)) = h−1
(x)t

−1
x\1t

−1
x , which by hh(x)h

−1 = h(ĥ (x)) implies the equa-
tion h(ĥ−1

(x)
(x\1)) = h−1

(x)h(x\1)h(x).

So we can write the equation h(ĥ−1
(x)

(x\1)) = h−1
(x)t

−1
x\1t

−1
x in the form

h−1
(x)h(x\1)h(x) = h−1

(x)t
−1
x\1t

−1
x , i.e. txtx\1h(x\1)h(x) = e.

Since the set T is a gyrotransversal in the group G by a subgroup H,
by Lemma 9, for every x ∈ E we have t−1

x = tx\1, which together with
txtx\1h(x\1)h(x) = e implies h(x\1)h(x) = e. Hence h−1

(x) = h(x\1). This
proves the second condition of 2.

2. =⇒ 1. Let the conditions of Lemma 8 hold. If hh(x)h
−1 = h(ĥ(x))

and h−1
(x) = h(x\1) for all h ∈ H, x ∈ E, then, by Lemma 9, for every h ∈ H

and x ∈ E we have

hpxh−1 = htxh(x)h
−1 = (htxh−1)(hh(x)h

−1) = tĥ(x)h(ĥ(x)) = pĥ(x),
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i.e. hPh−1 ⊆ P . Moreover, by Lemma 9, for every x ∈ E we have also

p−1
x = (txh(x))

−1 = h−1
(x)t

−1
x = h(x\1)tx\1 =

= h(x\1)tx\1h
−1
(x\1)h(x\1) = tĥ(x\1)(x\1)h(x\1) =

= tĥ(x\1)(x\1)h(ĥ(x\1)(x\1))h
−1

(ĥ(x\1)(x\1))
h(x\1) =

= tĥ(x\1)(x\1)h(ĥ(x\1)(x\1))h(x\1)h
−1
(x\1)h

−1
(x\1)h(x\1) =

= tĥ(x\1)(x\1)h(ĥ(x\1)(x\1)) = pĥ(x\1)(x\1) ∈ P.

This together with hPh−1 ⊆ P proves that set P is a gyrotransversal in the
group G by a subgroup H.

5. Examples
Using propositions that are proved in the previous section, we will demon-
strate some methods of construction of Al-loops by the help of groups and
Al-loops.

Lemma 11. If K is a group, Inn (K) the group of its inner automorphisms,
M = K × Inn (K) the semidirect product of K and Inn (K), then the set
D = {(x, αax)|x ∈ K}, where ax ∈ K are the indexes depended on x ∈ K,
is a left transversal in the group M by a subgroup H = Inn (K). Moreover,
if αu(ax) = aαu(x) for every x, u ∈ K/Z(K), where Z(K) is the center of

K, then the system 〈K,
(D)· , 1〉 is an Al-loop.

Proof. Let the conditions of the Lemma hold. Because Inn (K) ⊆ AutK,
then for the group transversal K0 = {(x, id)|x ∈ K} in the group M by
subgroup H = Inn (K) any weak derivation of group 〈K,

(K)· , 1〉 is a weak
automorphic derivation. According to Corollary 5, the system 〈K,

(D)· , 1〉 is
an Al-loop if αuαaxα−1

u = αaαu(x)
for x ∈ K, αu ∈ Inn (K).

This shows that for every x, u, y ∈ K holds αuαaxα−1
u (y) = αaαu(x)

(y).
Therefore

(uaxu−1)y(ua−1
x u−1) = αu(axu−1yua−1

x ) = αuαax(u−1yu) =

= αuαaxα−1
u (y) = αaαu(x)

(y) = aαu(x)y a−1
αu(x) .

Hence αu(ax)y(αu(ax))−1 = aαu(x)y a−1
αu(x) and ααu(ax) = αaαu(x)

.

So, if αu(ax) = aαu(x) holds, the system 〈K,
(D)· , 1〉 is an Al-loop.



82 E. A. Kuznetsov

Corollary 6. Let the conditions of Lemma 11 hold. If αu(ax) = aαu(x),
then ax ∈ CK(x) for every x ∈ K, where CK(x) is the centralizer of x in
the group K.
Proof. It follows from αu(ax) = aαu(x) for u = x.

Remark 4. In the case ax = x we obtain so-called diagonal transversal
D = {(x, αx)|x ∈ K} investigated in [4].
Remark 5. For ax = xm, where m ∈ Z − {0, 1} is �xed, we obtain the
generalized diagonal transversals D = {(x, αm

x )|x ∈ K} described in [12].
Now we will demonstrate the method of constructing of Al-loops by the

help of Al-loop L with nontrivial right nucleus Nr(L).

Lemma 12. Let the conditions of Lemma 8 hold. If ĥ(x) = l
(T )

x,x
(T )· c0

, where

c0 ∈ Nr(〈E,
(T )· , 1〉), c0 6= 1, then the system 〈E,

(P )· , 1〉 is an Al-loop.

Proof. Since the system 〈E,
(T )· , 1〉 is an Al-loop, then

ĥ(x) = l
(T )

x,x
(T )· c0

∈ LI(〈E,
(T )· , 1〉) ⊆ Aut(〈E,

(T )· , 1〉), (13)

i.e. the weak derivation of Al-loop 〈E,
(T )· , 1〉 onto left loop 〈E,

(P )· , 1〉 is
a weak automorphic derivation. Moreover, in view of 1), Lemma 8 and
(13) we obtain l

(P )
a,b = ĥ−1

(a
(P )· b)

l
(T )

a,ĥ(a)(b)
ĥ(a)ĥ(b) ∈ LI(〈E,

(T )· , 1〉) for every
a, b ∈ E, i.e.

LI(〈E,
(P )· , 1〉) ⊆ LI(〈E,

(T )· , 1〉). (14)

But c0 ∈ Nr(〈E,
(T )· , 1〉). Then l

(T )
a,b (c0) = c0 for every a, b ∈ E. So

α(c0) = c0 for every α ∈ LI(〈E,
(T )· , 1〉). Then, by (7) and (14), for every

x ∈ E and α ∈ LI(〈E,
(P )· , 1〉) we obtain:

αĥ(x)α
−1 = αl

(T )

x,x
(T )· c0

α−1 = αt̂−1

x
(T )· (x

(T )· c0)
t̂xt̂

x
(T )· c0

α−1 =

= (αt̂−1

x
(T )· (x

(T )· c0)
α−1)(αt̂xα−1)(αt̂

x
(T )· c0

α−1) =

= t̂−1

α(x
(T )· (x

(T )· c0))
t̂α(x)t̂

α(x
(T )· c0)

= t̂−1

α(x)
(T )· α(x

(T )· c0)
t̂α(x)t̂

α(x
(T )· c0)

=

= l
(T )

α(x),α(x
(T )· c0)

= l
(T )

α(x),α(x)
(T )· α(c0)

= l
(T )

α(x),α(x)
(T )· c0

= ĥ(α(x)) .
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This, by 2) of Lemma 8, proves that 〈E,
(P )· , 1〉 is an Al-loop.

Remark 6. The set {h(x)}x∈E may be chosen in the another way. For
example ĥ(x) = l

(T )

x,c0
(T )· x

, or, in the general case ĥ(x) = l
(T )
R1(x,c1),R2(x,c2),

where R1, R2 are terms of two variables on E. If c1, c2 ∈ Nr(〈E,
(T )· , 1〉),

then the system 〈E,
(P )· , 1〉 is an Al-loop.
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