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A note on trimedial quasigroups

Michael K. Kinyon and J. D. Phillips

Abstract

The purpose of this brief note is to sharpen a result of Kepka [2] [3] about the axiomati-
zation of the variety of trimedial quasigroups.

A groupoid is medial if it satis�es the identity wx · yz = wy · xz. A
groupoid is trimedial if every subgroupoid generated by 3 elements is me-
dial. Medial groupoids and quasigroups have also been called abelian, en-
tropic, and other names, while trimedial quasigroups have also been called
triabelian, terentropic, etc. (See [1], especially p. 120, for further back-
ground.)

In [2] [3], Kepka showed that a quasigroup satisfying the following three
identities must be trimedial.

xx · yz = xy · xz (1)
yz · xx = yx · zx (2)

(x · xx) · uv = xu · (xx · v) (3)

The converse is trivial, and so these three identities characterize trimedial
quasigroups. Here, we show that, in fact, (2) and (3) are su�cient to char-
acterize this variety (as a subvariety of the variety of quasigroups). Note
that in the theorem we only assume left cancellation, not the full strength
of the quasigroup axioms.

Theorem. A groupoid with left cancellation which satis�es (2) and (3)
must also satisfy (1).

Proof. (x·xz)(xx·yz) = (x·xx)(xz·yz) = (x·xx)(xy·zz) = (x·xy)(xx·zz) =
(x · xy)(xz · xz) = (x · xz)(xy · xz). Now cancel.
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In [2] [3], Kepka showed that the following single identity characterizes
trimedial quasigroups:

[(xx · yz)]{[xy · uu][(w · ww) · zv]} = [(xy · xz)]{[xu · yu][wz · (ww · v)]}.

Using the theorem we can sharpen this.

Corollary. The following identity characterizes trimedial quasigroups:

[(xy · uu)][(w · ww) · zv] = [(xu · yu)][wz · (ww · v)].

Proof. To obtain (2) set z = ww and use right cancellation. To obtain (3)
set y = u and use left cancellation.

Acknowledgement. Our investigations were aided by the automated rea-
soning tool OTTER, developed by McCune [4]. We thank Ken Kunen for
introducing us to OTTER.

References
[1] L. Beneteau: Commutative Moufang loops and related groupoids,

Chapter IV, pp. 115-142, in O. Chein, H. O. P�ugfelder, and
J. D. H. Smith (eds.), Quasigroups and Loops: Theory and Applica-
tions, Sigma Series in Pure Math. 9, Heldermann Verlag, 1990.

[2] T. Kepka: Structure of triabelian quasigroups, Comment. Math. Univ.
Carolin. 17 (1976), no. 2, 229− 240.

[3] T. Kepka: A note on WA-quasigroups, Acta Univ. Carolin. Math.
Phys. 19 (1978), no. 2, 61− 62.

[4] W. W. McCune: OTTER 3.0 Reference Manual and Guide, Tech-
nical Report ANL-94/6, Argonne National Laboratory, 1994, or see:
URL: http://www-fp.mcs.anl.gov/division/software/.

Received June 13, 2002
Michael K. Kinyon J. D. Phillips
Department of Mathematical Sciences Department of Math. & Computer Science
Indiana University South Bend Wabash College
South Bend, IN 46634 Crawfordsville, IN 47933
USA USA
e-mail: mkinyon@iusb.edu e-mail: phillipj@wabash.edu


