
Quasigroups and Related Systems 7 (2000), 37 − 44Squares in quadratial quasigroupsVladimir VoleneAbstrat"Geometrial" onept of square is de�ned and investigated in any quadratialquasigroup.A groupoid (Q, ·) is said to be quadratial if the identity
ab · a = ca · bc (1)holds and the equation ax = b has a unique solution x ∈ Q for any

a, b ∈ Q (f. [10℄ and [3℄). Every quadratial groupoid (Q, ·) is aquasigroup, i.e. the equation xa = b has a unique solution x ∈ Q forany a, b ∈ Q. In a quadratial quasigroup (Q, ·) the identities
aa = a (idempoteny), (2)

a · ba = ab · a (elastiity), (3)
ab · a = ba · b, (4)

ab · cd = ac · bd (mediality) (5)and the equivaleny
ab = c ⇐⇒ bc = ca (6)hold (f. [10℄).If C is the set of all points of an Eulidean plane and if a groupoid

(C, ·) is de�ned so that aa = a for any a ∈ C and for any two2000 Mathematis Subjet Classi�ation: 20N05Keywords: quadratial quasigroup



38 V. Volenedi�erent points a, b ∈ C the point ab is the entre of the positivelyoriented square with two adjaent verties a and b (Fig. l), then (C, ·)is a quadratial quasigroup. The �gures in this quasigroup (C, ·) anbe used for illustration of "geometrial" relations in any quadratialquasigroup (Q, ·) and for motivation of the study of this quasigroup.From now on let (Q, ·) be any quadratial quasigroup. The ele-ments of the set Q are said to be points.If an operation • is de�ned on the set Q by
a • b = ab · a = ca · bc, (7)then (Q, •) is an idempotent medial ommutative quasigroup (f. [2℄),i.e. the identities

a • a = a, (8)
(a • b) • (c • d) = (a • c) • (b • d), (9)

a • b = b • ahold, and the operations · and • are mutually medial, i.e. the identity
ab • cd = (a • c)(b • d) (10)holds. For any two points a and b the point a • b is said to be themidpoint of a and b (f. Fig. 1).

Fig. 1. Fig. 2.Theorem 1. If any three of four produts ab, bc, cd, da are equal,then all four produts are equal (cf. F ig. 2).



Squares in quadratial quasigroups 39Proof. Let ab = bc = cd. The equality bc = cd implies by (6) db = c.Therefore, by (4), we obtain
bd · b = db · d = cd = ab,where from it follows bd = a and then by (6) �nally da = ab.Corollary 1. Any three of four equalities

ab = o, bc = o, cd = o, da = o (11)imply the remaining equality.A quadrangle (a, b, c, d) is said to be a square and is denoted by
S(a, b, c, d) if any three of four produts ab, bc, cd, da (and then allfour produts) are equal. More exatly, a quadrangle (a, b, c, d) is saidto be a square with the entre o and is denoted by So(a, b, c, d) if anythree of four equalities (11) (and then all four equalities) hold.If (e, f, g, h) is a yli permutation of (a, b, c, d), then S(a, b, c, d)implies S(e, f, g, h) and So(a, b, c, d) implies So(e, f, g, h).The point o is said to be the entre of a square on a segment (a, b)if So(a, b, c, d) holds for some points c and d .Let us prove some simple results about squares.Theorem 2. S(a, b, c, d) implies So(a, b, c, d), where o = a•c = b•d.
(cf. F ig. 2)Proof. Let So(a, b, c, d) holds. From (11) we obtain

o
(2)
= oo = da · cd

(7)
= a • c,and analogously o = b • d.Theorem 3. The statement S(a, b, c, d) is equivalent with any of four

(and then all four) equalities
ac = d, bd = a, ca = b, db = c. (12)



40 V. VoleneProof. Aording to the proof of Theorem 1 S(a, b, c, d) implies bd =
a, db = c and analogously ac = d, ca = b. Conversely, beause ofylial permutations of (a, b, c, d), it su�es to prove the impliations

ac = d, bd = a =⇒ S(a, b, c, d),

ac = d, ca = b =⇒ S(a, b, c, d).From ac = d and bd = a by (6) it follows cd = da and da = aband then Theorem 1 implies S(a, b, c, d).If ac = d and ca = b, then we obtain
ab = a · ca

(3)
= ac · a = da = ac · a

(4)
= ca · c = bcand Theorem 1 implies S(a, b, c, d) again.Corollary 2. For any two points a and b it holds Sa•b(a, ba, b, ab)and ba • ab = a • b (cf. F ig. 1).Theorem 4. Let So′(a

′, b′, c′, d′) holds. The statements So(a, b, c, d),
Soo′(aa′, bb′, cc′, dd′), So′o(a

′a, b′b, c′c, d′d) are equivalent.Proof. It is su�ient to prove that the equalities ab = o and aa′
·bb′ =

oo′ are equivalent if a′b′ = o′ holds. But, this is obvious, beause of
ab · o′ = ab · a′b′

(5)
= aa′

· bb′.For any point p we obviously have Sp(p, p, p, p). Therefore:Corollary 3. The following three statements:
So(a, b, c, d), Spo(pa, pb, pc, pd), Sop(ap, bp, cp, dp)are mutually equivalent.Theorem 5. So(a, b, c, d) implies So(ba, cb, dc, ad) and ad • ba = a,

ba • cb = b, cb • dc = c, dc • ad = d (cf. F ig. 2).



Squares in quadratial quasigroups 41Proof. So(a, b, c, d) obviously implies So(b, c, d, a) and aording toTheorem 4 it follows So(ba, cb, dc, ad) beause of oo
(2)
= o. Further weobtain

ad • ba
(10)
= (a • b)(d • a)

(9)
= (a • b)(a • d) =

(10)
= aa • bd

(2)
= a • bd

(12)
= a • a

(8)
= a.Theorem 6. Let So′(a

′, b′, c′, d′) holds. The statements So(a, b, c, d)and So•o′(a • a′, b • b′, c • c′, d • d′ ) are equivalent.Proof. It su�es to prove the equivaleny of the equalities ab = o and
(a • a′)(b • b′) = o • o′ if the equality a′b′ = o′ holds. This is obviousbeause of

ab • o′ = ab • a′b′
(10)
= (a • a′)(b • b′).Corollary 4. So(a, b, c, d) ⇐⇒ Sp•o(p • a, p • b, p • c, p • d).Corollary 5. So(a, b, c, d) =⇒ So(a • b, b • c, c • d, d • a).Theorem 7. If ab = c, b • c = d, c • a = e, a • b = f , then

bc = ca = f , af = e, fb = d and Sc•f (e, f, d, c) (cf. F ig. 3).
Fig. 3.Proof. By Corollary 2 we have Sf (a, ba, b, c) and ba • c = f . There-fore, Corollary 4 implies Sc•f (e, f, d, c) beause of c•a = e, c•ba = f ,

c • b = d, c • c = c. Further, we obtain
bc = b · ab

(3)
= ba · b

(7)
= b • a = f ,



42 V. Volene
ca = ab · a

(7)
= a • b = f ,

af = a(a • b)
(8)
= (a • a)(a • b)

(10)
= aa • ab

(2)
= a • c = e,

fb = (a • b)b
(8)
= (a • b)(b • b)

(10)
= ab • bb

(2)
= c • b = d.Theorem 8. If b′ and c′ are the entres of squares on the segments

(c, a) and (a, b), then b • c is the entre of a square on the segment
(c′, b′) (cf. F ig. 4).

Fig. 4.Proof. As ca = b′ and ab = c′, so we have c′b′ = ab · ca
(7)
= b • c.In the ase of the quasigroup (C, ·) Theorem 8 proves a statementfrom [1℄, [7℄, [8℄, [9℄ and [11℄ whih an be stated as a very famousproblem of Captain Kidd burried treasure (f. [6℄ and [4℄).The rotation about a point a through a (positively oriented) rightangle is a transformation x 7−→ y of points suh that xy = a.Theorem 9. If b′, b′′, c′, c′′ are the entres of squares on the seg-ments (c, a), (a, c), (a, b), (b, a), then the rotation about the point

b • c through a right angle maps the segment (c′, b′′) onto the segment
(b′, c′′) (cf. F ig. 4).Proof. We have the equality from the above proof and analogously

b′′c′′ = ac · ba
(5)
= ab · ca

(7)
= b • c.



Squares in quadratial quasigroups 43Theorem 10. Let So(p, a, u, b) be �xed. If (p, a′, u′, b′) is a squarewith the enter o, then (o, b • a′, o′, a • b′) is a square with the entre
o • o′ and a • b′ = oo′, b • a′ = o′o, ba′ = b′a = u • u′ (cf. F ig. 5).

Fig. 5.Proof. By Theorem 6 from So(u, b, p, a) and So′(p, a
′, u′, b′) it follows

So•o′(u • p, b • a′, p • u′, a • b′). But, u • p = o and p • u′ = o′ and weobtain So•o′(o, b • a′, o′, a • b′), where from oo′ = a • b′, o′o = b • a′follows by Theorem 3.In the ase of the quasigroup (C, ·) Theorem 10 proves a resultfrom [2℄ and [5℄.Referenes[1℄ L. Banko�: Problem 540, Crux Math. 6 (1980), 114.[2℄ A. I. Chegodaev: Appliation of geometri transformation inproblem solving, (in Russian), Mat. v ²kole 1962, 88 − 89.[3℄ W. A. Dudek: Quadratial quasigroups, Quasigroups and Re-lated Systems 4 (1997), 9 − 13.[4℄ A. Dunkels: Problem 400, Crux Math. 4 (l978), 284.[5℄ V. M. Fishman: Solving of problems by geometri transforma-tions, (in Russian), Kvant 1975, No. 7, 30 − 35.
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