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Symmetric n-loops with the inverse
property

Leonid A. Ursu

Abstract

It is proved that the matrix ||I;;||, where the substitutions I;; are defined by

i1 i1 e
the equalities (le ,x,J e i, ”ej) = e is one of the inversion matrices of the
symmetric n-I P-loop with an unique unit e. From this result it follows that the

matrix ||I;;|| is a unique inversion matrix of such loops of an odd arity.

A quasigroup Q(A) of arity n is said to be an IP-quasigroup [1]
if there exist substitutions v;j, i,j = 1,n, on Q with v; = ¢ (¢ is
the identical substitition) such that the equalities (the identities with
parameters)

A{ia; Yoo, Ay {vga Yo ) = (1)
hold for any z; € Q, i € 1,n.

The substitutions v;; are called inversion substitutions and the
matrix ||| is called an inversion matriz, i € 1,n, j € 1,n + 1, where
Vint+1 = € for all 2. The rows of this matrix are called inversion systems
(rows) of an n-1 P-quasigroup.

A quasigroup Q(A) of an arity n is said to be an I P-quasigroup if
the following equalities

AT = AT (2)

hold for all i € 1,n, where m; is the transposition (i,n + 1), A™ is the
i-th inverse operation for A and

T = ({wi}izho e {vig Yo ©).
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If an n-1 P-quasigroup Q(A) has a unit e, then it is called an n-IP-
loop.
In [1] the substitutions I;; are defined by the equalities

A (iél,x,j_é_l, ]ijx,ng]) =e (3)

in an n-loop Q(A) with a unit e for any z € Q, i,j € 1,n, with
Ii; = I; 11 = €. From (3) it follows that Iigl = [;; and [;;e =e.
The following equality (cf. [1])

Lijjw = Li(ej)vyx (4)
shows a relation between [;; and v;;, where

e = {vjretio1, vije =,
Lz(é]):c = A(l/jle, nge, ey I/jyi_le, xZ, Vj7l-+1e, ceey l/jne).

It is evident that L;(€;) is a substitution on (). From (4) we get the
following equality for the corresponding matrices

i1l = W o) - vzl (5)

An (n+1)-tuple T = (a}*!) of substitutions on @ is called an autotopy
for an n-quasigroup Q(A) if AT = A.
A quasigroup Q(A) of arity n is said to be symmetric (cf. [2]) if
A(zar) = A(x7)
for all 7 € Q" and any a € 5, where S,, is the symmetric qroup of
degree n.

It is known that an n-I P-quasigroup (n > 2) can have more than
one inversion matrix [1|. In |2] some examples of nonsymmetric n-IP-
loops with the inversion matrix ||Z;;|| are constructed.

Related to this V.D. Belousov has asced the following questions.

Is the matriz ||1;;|| always one of the inversion matrices of an n-
I1P-loop ?

Does an n-1P-loop exist such that the matriz ||L;|| is a unique
inversion matrix ¢
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In this article some properties of the symmetric n-I P-loops are
established and answers are given to the V.D. Belousov’s questions
for such loops.

Let Q(A) be a symmetric n-I P-quasigroup with an inversion ma-
trix ||v;]|. Then the following properties are true.

1. A symmetric n-1 P-quasigroup is defined by a unique identity.
Indeed, let the i-th inverse identity

A{vaar iy, Ay Avaor i) = @
holds in an n-I P-quasigroup Q(A). Then

A({Vikmk}z_:lla A(x?), {Vz‘kxk}zziﬂ) =

A{vinee oy, A w2 ), v e 4) = T

Thus, the j-th inverse identity holds in Q(A) forall j =1,2,...,i—1,
i+1,...n. It means that if ({vix}_}, €, {Vir}i_ss1, €) is the i-th row of
the inversion matrix |||, then ({vu}i_1, ¢, {Vir}i=jy1,€) is the j-th
row of this matrix, i, € 1,n, i # j.

Hence if one inversion row is known, then the inversion matrix is
known.

2. If (ViVigy. o Viie1,€, Vi1, .-, Vin,€) 1S the i-th inversion
row, i € 1,n, of a symmetric n-I P-quasigroup, then any permutation
of the substitutions vy, k= 1,2,...,1 —1,i+1,...,n, of this row is
the i-th inverse row of the quasigroup.

In fact, from

Al b2y, Al?), {vietn Yiziy) =
it follows that
A{vinen b2y vy, e iz, A, v bz vt (vt i)
= A({viei ¥y vigmn {vinan Yo A e 2800 s 2l g, 2y,

{vinen i vy, {vienp— ) = i

for any i,j,t € 1I,n, j <i<t.
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Next, for the sake of simplicity we shall take the first inversion iden-
tity, i.e. the first inversion row, as definition of an n-I P-quasigroup.
The corresponding inversion matrix we shall denote by |[|v1]].

3. If T= (o, B) is an autotopy of a symmetric n-I P-quasigroup
Q(A), then T = (a2}, B) is an autotopy of Q(A) also for any o € S,.

In other words, any permutation of the first » components of an
autotopy of a symmetric n-I P-quasigroup is an autotopy of this quasi-
group as well.

Indeed, the equality

A({awar iy, cizs {onwr s iy oz, {awan iy 1) = BA(2})
implies that
A({apai Yl oy, {awan i, cazs, {owan ;)
' = QA(IZlil?xj?xg—;llvxhx?Jrl)a
ie. Tij= (it ay, aﬂll, @, aff,q, ) is an autotopy of Q(A) for any
1,7 € 1L,n, 1#j.

4, If T = (aq,00,...,04,...,00, ) is an autotopy of a symmet-
ric n-I P-quasigroup Q(A) with an inversion system (&,119, ..., Vin, €)
(i.e. with an inverse matriz ||11]), then

(5> Vi2QiolV12, V13003V13, ..., V1 4—104-1V1 -1,
V1i0 V14, V1541065411 5415 - - - 5 V1inQpV1n, Oéi)

is an autotopy of this quasigroup for any i € 1,n.

In fact, if (a1, q9,..., Q4 ..., an,0) € A4, where 2, is the auto-
topy group of Q(A), then by property 3

(Oéi,Oég,Oé;g, ey O 1,000, Oy .- ,Oén,ﬁ) c Q[A.

and by the property of autotopies of n-I P-quasigroups, proved in [1],

(5: V12Giol12, V1300313, - .., V1i—106G-1V1 -1, V1;Q1V14,

V11 Qi1 V1ig 15 - - - VinQinVin, 05) € Ay,
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As a corollary from this result, we get that if
Ty = (g,v12, V13, - -, Vin, €)

is an inversion system of a symmetric n-I P-quasigroup, then
2 2 2 2
Tl — (6,]/127V13’...7]/1n,8)
- . nil
is its autotopy, since 7' = € Aga.

5. Let Q(A) be a symmetric n-1P-loop with a unit e and with an
inversion matriz ||11|]. Then vi; =€ for any j € 2,n.

Indeed, from the equality
A(A@Y) {ruzi}i,) = n
byx1:I2:~-:xj_1:xj+1:~-:xn:eweget
A(ﬁj, {Vlie}g;Ql, Vljxjy {Vlie}?:j_H) = €.

Changing in this equality x; for v e we get

A(wge, {Vlle}z 25 V12j€7 {Vlie}?:jJrl) =€
or A(vije, {vie}i,) = e. Thus, A™ (e, {ve}i,) = vi;e from which

according to (2) and symmetry we have

( {Vl’be}l 2) - Vl]

But T? € A4 so Ae, {vie}r,) = A <g> = ¢ and v7;e = e for all
j€2,n.
Now from
Ay, {viiei}is,) = A(a})
byxl—xg—---—x] | = Tjy1 =" =Tp =€, T; =, J > 1, one
has VU:U =z for any j € 2,n.

6. If (g,v12,113,-..,Vin,€) 18 an inversion system of a symmetric
n-I1 P-loop with a unique unit, then

i—1 j—i—1 n—j+1
€, iy, € ViV, €
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is an autotopy of this loop for any i,j € 2,n.

This statement follows from properties 2 and 5 since the product
(in the sense of component-wise multiplication) of two i-th inversion
systems of an n-I P-quasigroup is an autotopy of this quasigroup [1].

In fact, let (&,v12,..., V14, .., Vin,€) be an inversion system of a
symmetric n-1 P-loop. Then by property 2

(6, M, .oy V151, V15, V13415 - - -y V1,51, V105 V1,541, - - -, Vin, 5)

is an inversion system of this loop too, and their product (since v, = ¢)
i—1 j—i—1 n—j—1
( €, Vil , € Vi, € >
is an autotopy of the loop for all 4,5 € 2,n.

7. In a symmetric n-1P-loop Q() with an inversion matriz vy ||
the following equalities are true
Vu(l'rf) = (l/uiCi, V12%2, V1323, -« -y V1,i—1Ti—1, V15T, V1 i+1Tit15 - - - Vlnl'n)

for any i € 2,n.
Indeed, from
n R
((3?1), Va2, .+« y V1,i—-1T4—1, V1404, V1 i41T441, - - - Vlnxn) =T
it follows that
n N
(Vuxi, ViaZoy ..., V1,i-1Ti-1, (%)7 V1i4+1T541,5 - - -, V1n$n) = I1.

Using (2) and taking into account that v, = ¢ for all i € 2,n we
get
(xil_la Vli(x?% 1Ezn-f—l) = V135
or
(@), @y ' 2, 2fy) = Vi,

Using (2) again one has

n N
V1i<$1> = (Vlixiu V19X2,13%3, - - -y V14—1T5—1,V1iL1, V1 i+1Li41, - - - ,V1n$n)
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for any i € 2, n.

8. In a symmetric n-1P-loop
a) all substitutions I;; are equal, i.e. I;o = Iz for any i,j € 1,n,

i # 7 and any v € Q,
b) I* =e.

We prove these statements.

a) Let e be a unit of a symmetric n-IP-loop. Then from the
equalities

<iél,x,j_é_1,lijx,n§j> = (kél,x,t_lé_l,lktx,nét> =e
it follows that
(iél,x,j_é_l,_fijx,ngj> = (iél,x,j_é_l,]ktx,ngj> ,
ie. Ljow = Iux=1I,foralli,jk,t €1,n i+#j k+#tandany z € Q.

7 1 n—1

b) Changing in (iél, x, _é_ Az, e ) = e the element x for Ix we

get
(l_—} e, Ix,j_—iTl e, I2x,n;>j > —e= (iél, ]:E,j_(ia_l,x, n?)
from which it follows that
I’z =2 forany z€ Q.

It is known (cf. [1]) that
i) the product of two autotopies of an n-quasigroup is an autotopy,
ii) the product of two i-th inversion systems, i € 1,n, of an n-IP-
quasigroup is an autotopy,
iii) the product of an autotopy and an inversion system of
an n-1 P-quasigroup is an inversion system of this quasigroup.

The analogous results are true for the product of corresponding
matrices.
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Let Q(A) be a symmetric n-1 P-loop with a unique unit e and with
an inversion matrix ||1]|. Then a connection between the substitute
I and the inversion substitutions vy; is given by the following equality

(see [1])

]l‘ = (6, Vg€, ... ,Vl,i_le, V@, Vl,i+1€7 coey Vlne) = Li(é)yux (6)
where
Li(e)r = (e, 126, ...,V1,-1€,T, V1 i+1€, . .., V1p€)
are substitutions of Q, i € 1,n, (€) = (e, vze, ..., Vine).

Denote by 9 4 the set of all inversion matrices and by 244 the set
of all matrices of autotopies of a symmetric n-IP-loop Q(A). Let
|L|| = ||Li(€)]|. Then the equality (6) takes the form

]| = IL[ - [, (7)
i.e.
€ I I I €
I € I I I 15 _
1 I I I I €
e Ly(e) Ls(e) L, 1(e) L,(e) ¢
Lo(e) e Ls(e) L, 1(e) Ly(e) "
LQ(é) L3<é) L4<é) tee Lnfl(é) 9 £
€ li2 Vi3 '+ Vip—1 Vin €
% Vg &€ 113 -+ Vip—-1 Vin €
Vi Vi3 Vig -+ Vip—-1 € €
From (7) it follows that
I]] € Oa <= ||L]] € Aa. (8)

Theorem 1. The matriz ||I|| is one of the inversion matrices of a
symmetric n-1 P-loop with a unique unit.
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Proof. Let Q(A) = Q( ) be a symmetric n-I P-loop with an inversion
matrix ||v4]] and with a unique unit e. Then (g, v19, 113, ..., Vin,€) €
4, and by property 3 any permutation of the first n substitutions of
this inversion system gives an inversion system of this loop. According
to property 6

i—1 j—i—1 n—j+1
(57’/11"/1]'7 € ,lVu, € €Ay

for any 7,7 € 2,n. By property 3 any permutation of the first n com-
ponents is an autotopy of the loop. Thus, by 1 <7 < j < n, we have

(Vm Vj, V12,13, -« -, V151, V1i415 - - -, V151, V15415 - - -, Vin, €, €)><
n—1
><(V1jV1i, iy, — 5) = (Vlﬂ/ljl/u, Vi, V12, V13, - - -
VL1 VgL - s V=1 VLt - - > Vin, €,€) € Oa.
Then by property 5
(¢, Vij, 12,13, -+, V1i—1, V1it+1, - - -, V1j—1, V1iy V1541, - - -5 Vin, €)X
><(V1iV1jV1i, VijV1iVig, V12, Y13y - - -5 V1i—1, Va4, - - - s V151, V15415 - - -
73 n—j+1
o Vin, €,€) = (Viiljl, Vilhj, = €V, — €) € Un
Next,
i3 n—j+1 j—3 n—j+1
(Vlil/ljl/liy’/liylja — &, V1, — 5) : (57V1jV1i7 — &, Vil , — 5)
j—2 n—j-+1
= (v, = €15, — €) € Un.

Now use properties 4 and 5:

Jj—1 n—j
(5 ,Vij, € ,VuVleu) € Aa,

i.e.
ny __ j—1 n
VliyljyliA(xl) = A(ZEI ,V1j$,l’j+1).
From these equalities by 71 =29 =+ - =2, =2 = =2, = ¢
we get that

V1iV1V1X = V14,

Replacing x by v1;2 and using property 5 one has

ViV = V1V (9)
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for all x € Q and any i,j € 1,n.
Now let Q(A) have an odd arity. Then by property 6 and equality
(9) the equality

(1’: Vi€, Vijlii€, V13V15€, V1V14€, - - -, V13V15€, Vleu@) =T
implies
k—1 n—k
Vi€, r, Ve ) =T

for any k € 1,n and x € ). Thus, vy;v15e = e, since n — 1 is an even
number and e is a unique unit. But then vy;e = vy5e for any 4,5 € 2,n
since the inverse substitutions have order two. Therefore,

V19€ = V13€ = - -+ = V1p€.
Next, since
i—1 j—i—1 n—j+1
( €, Vi, € ViV, £ € Ay

then (iél,x,n5i> = x implies

i 1

i—1 —i— n—j
€ , Ve, €,V e, e ) =&,

from which receive vy,11;2 = x and vy;z = vy for any 7,5 € 2,n and

any r € Q. From (z,vi9e,v13e,...,v15e) = x (see (1) by ¢ = 1) it
- . S
follows that <IZ/12€,$,1I}1216> = x for any ¢ € 1,n and z € ). Thus,
Ve = vi3e = - -+ = Ve = e and the equality
Iz = (e,vige, 1136, . .., V1 1€, V1iT, V1 j41€, . . ., V1p€)

implies Iz = vy;x for any i € 2,n, x € Q.

Now from (6) we have that L;(€) = . Thus, ||| = ||E||, where
|E|| is the identical matrix, i.e. the matrix consisting of €, and so
|L|| € Aa. But according to (8) and (7)

1] = l[wll- (10)
Now let Q(A) have an even arity. In this case

(57 VioV13 . . . Vip, V13V14 - . . V1nV12, V14V15 - - - V1nV12V13, . . .
<oy Vinl12V13 -0 Vin—1, 5) S QlA
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and according to (9)
n—1
(57 V12V13 " " Vin, 5) €Ay,

Hence, by property 3 from (iél, z,e Z) = x it follows that

i—1 n—i
V1213° * "V1n€, T, V12113 - " Vin€ | =2

for all i € Q, i.e. v1a113... V1,6 = e. On the other hand, since n is an
even arity, then

T = (5, VisVig -« . Vip, V12V14V15 -« - Vip, - - -y V12V13 -« - Vii—1V1i41 - - - Vin,
..., V1ol13 ... 1/1771_175) € 91,4.

Using this autotopy, equality (9) and property 5 we get

Li(e)x = (e, vr9e, 1136, ..., V1 i 1€,Z, V1416, ..., Vip€) =
(6, Vig13 ... V1n€, V1213 . . . V1n€, .. ., V12113 - - . V1 4—1V1 441 - - - V1nd,
Vio13 ... Vin€, ..., V1213 ... V1n€) = Vigl13 ... V1i-1V1i41 - - - VinT

for any i € 2,n. Thus,
(67 L2(é)7 L3(é>7 teey Ll<é>7 tey Ln(é),é) S QlA~

It means that || L] € A4. Then by (8) ||| € 2A4 and

Iz = (6, Vig€,13€, ..., V1,16, V13X, V1 416, ..., V1n€> =

(6, Vig13 ... Vip€, V12113 . . . V1€, . . ., V12113 . . . V1 i—1V13V1 541 - - - V1nd,
Vigl13 ... Vin€, ..., V19V13 ... l/lne) = V1913 ... V1pT.

The theorem is proved. u

Corollary 1. Any symmetric n-1P-loop of an odd arity with a unique
unit has only one inversion matriz, namely, the matriz ||I||.

This statement follows from the proof of the first part of Theorem,
since any inversion matrix of a symmetric n-I P-loop of an odd arity
with a unique unit coincides with the matrix ||I]|.
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