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Rad-supplemented property in the lattices

Shahabaddin Ebrahimi Atani, Mehdi Khoramdel
and Saboura Dolati Pish Hesari

Abstract. Let L be a lattice with the greatest element 1. Following the concept of Rad-
supplemented modules, we define Rad-supplemented filters and we will make an intensive inves-

tigate the basic properties and possible structures of these filters.

1. Introduction

Lattices are natural topic in algebra to study because they now play an important
role in many disciplines of mathematics such as combinatorics, number theory and
group theory and, hence, ought to be in the literature. In structure, lattices lie
between semigroups and rings. In this paper, we extend several concepts from
module theory to lattice theory. With a careful generalization, we can cover some
basic corresponding results in the former setting. The main difficulty is figuring out
what additional hypotheses the lattice or filter must satisfy to get similar results.
Nevertheless, growing interest in developing the algebraic theory of lattices can be
found in several papers and books (see for example [2, 3, 5, 6, 7, 8, 9]).

The notion of a supplement submodule was introduced in [12, 14] in order to
characterize semiperfect modules, that is projective modules whose factor modules
have projective cover. For submodules U and V of a module M, V is said to be a
supplement of U in M or U is said to have a supplement V in M if U4+ V = M and
UNV <« V. The module M is called supplemented if every submodule of M has a
supplement in M. See [4] and [16] for results and the definitions related to supple-
ments and supplemented modules. In a series of papers, Zdschinger has obtained
detailed information about supplemented and related modules [17]. Supplemented
modules are also discussed in [13]. Recently, several authors have studied differ-
ent generalizations of supplemented modules. Rad-supplemented modules have
been studied in [1] and [15]. See [15]; these modules are called generalized sup-
plemented modules. For submodules U and V of a module M, V is said to be
a Rad-supplement of U in M or U is said to have a Rad-supplement V in M if
U+V =Mand UNV C Rad(V). M is called a Rad-supplemented module
if every submodule of M has a Rad-supplement in M. Recently, the study of
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the supplemented property in the rings, modules, and lattices has become quite
popular (see for example [1, 3, 8, 9, 10, 11, 12].

Let L be a distributive lattice with 1. In the present paper, we are interested
in investigating (amply) Rad-supplemented filters to use other notions of (amply)
Rad-supplemented, and associate which exist in the literature as laid forth in [15].
It is of interest to know how far the old theories extend to the new situation. If
A is a subset of a lattice L, then the filter generated by A, denoted by T(A),
is the intersection of all filters that is containing A. A subfilter G of a filter F
of L is called small in F, written G <« F, if, for every subfilter H of F', the
equality T(G U H) = F implies H = F. Here is a brief outline of the article.
Among many results in this paper, in Section 2, we investigate some properties
of Rad-supplemented filters, weakly Rad-supplemented filters and amply Rad-
supplemented filters. We prove in Theorem 2.5 that if H is a Rad-supplement in
a filter ' of L, then Rad(H) = H N Rad(F). As one of the main results of this
section, we prove in Theorem 2.10 that if F' is a Rad-supplemented filter of L,
then there exist a semisimple subfilter K and a subfilter G with Rad(G) < G such
that F' = K ® G. We prove that if | and F5 are Rad-supplemented filters of L
and F' = T(Fy U F), then F is a Rad-supplemented filter; Theorem 2.12. Also,
we prove in Theorem 2.14 that a filter F' of L is semisimple if and only if every
subfilter of F' is Rad-supplement in F'. Using a similar proof like that in Theorem
2.12, we also prove that if F; and Fy are weakly Rad-supplemented filters of L
and F = T(Fy U Fy), then F is a weakly Rad-supplemented filter; Theorem 2.18.
Finally, if F' is an amply Rad-supplemented filter of L, then every direct summand
of F' (resp. every supplement of a subfilter of F') is an amply Rad-supplemented
filter, Theorem 2.24. Section 3 contains some basic properties of quotient Rad-
supplemented filters, quotient weakly Rad-supplemented filters and quotient amply
Rad-supplemented filters. It starts by stating useful properties of quotient filters.
One of the main results of this part is: If F' is a Rad-supplemented filter of L
(resp. a weakly Rad-supplemented filter), then every quotient filter of F' is Rad-
supplemented (weakly Rad-supplemented); Theorem 3.5. We prove in Theorem
3.7 that if F'is a Rad-supplemented filter of L, then RadL(F) is a semisimple filter.
Finally, using the characterization of lifting filters given in Theorem 3.11, we prove
in Theorem 3.14 that if I is a filter of L with ACC on small subfilters, then I is
an amply Rad-supplemented filter and every Rad-supplement is a direct summand
if and only if F is a lifting filter.

Let us briefly review some definitions and tools that will be used later [3]. By
a lattice we mean a poset (L, <) in which every couple elements z,y has a g.l.b.
(called the meet of z and y, and written = A y) and a l.u.b. (called the join of
x and y, and written z V y). A lattice L is complete when each of its subsets X
has a L.u.b. and a g..Lb. in L. Setting X = L, we see that any nonvoid complete
lattice contains a least element 0 and greatest element 1 (in this case, we say
that L is a lattice with 0 and 1). A lattice L is called a distributive lattice if
(avb)ANe=(aNc)V (bAc) for all a,b,c in L (equivalently, L is distributive if
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(anb)Ve=(aVe)A(bVe) for all a,b,cin L). A non-empty subset F' of a lattice
L is called a filter, if for a € F, b € L, a < b implies b € F', and z Ay € F for
all x,y € F (so if L is a lattice with 1, then 1 € F and {1} is a filter of L). A
proper filter P of L is said to be maximal if F is a filter in L with P g E, then
E = L. If F is a filter of a lattice L, then the radical of F, denoted by Rad(F), is
the intersection of all maximal subfilters of F'.

Let L be a lattice. If A is a subset of L, then the filter generated by A, denoted
by T'(A), is the intersection of all filters that is containing A. A filter F' is called
finitely generated if there is a finite subset A of F' such that F' = T'(A4). A subfilter
G of afilter F of L is called smallin F, written G < F, if, for every subfilter H of
F, the equality T(GUH) = F implies H = F. A subfilter G of F is called essential
in F, written G < F, if GN H # {1} for any subfilter H # {1} of F'. Let G be
a subfilter of a filter F' of L. A subfilter H of I is called a supplement of G in F'
if F =T(GUH) and H is minimal with respect to this property, or equivalently,
F=T(GUH)and GNH <« H. H is said to be a supplement subfilter of F
if H is a supplement of some subfilter of F'. F' is called a supplemented filter if
every subfilter of F' has a supplemented in F'. A subfilter G of a filter F' of L has
ample supplements in F if, for every subfilter H of F' with F' = T(H U G), there
is a supplement H' of G with H' C H. If every subfilter of a filter F' has ample
supplements in F', then we call F' amply supplemented. A filter F' of a lattice L is
called hollowif F' # {1} and every proper subfilter G of F' is small in F'. F is called
local if it has exactly one maximal subfilter that contains all proper subfilters.

Proposition 1.1. [6, 7| A non-empty subset F' of a lattice L is a filter if and only
ifxvVze F andx Ny € F forallx,y € F, z € L. Moreover, since x =z V (x Ay),
y=yV(zAy) and F is a filter, x Ny € F gives x,y € F for all x,y € L.

Proposition 1.2. [8, Lemma 2.4 and Theorem 2.6| Let F' be a filter of a distribu-
tive lattice L with 1.
(1) IfA<KF and C C A, then C < F.
(2) If A, B are subfilters of F with A < B, then A is a small subfilter in
subfilters of F' that contains the subfilter of B. In particular, A < F'.
(3) If Fr, Fy, -+ , F,, are small subfilters of F, then T(FyUFyU---UF),) is also
small in F.
(4) If A, B,C and D are subfilters of F with A < B and C < D, then
T(AUC) <« T(BUD,).
(5) x € Rad(F') if and only if T({z}) < F. Moreover, rad(F) =T (Uc«rG).

2. Basic properties of Rad-supplemented filters
Throughout this paper, we shall assume unless otherwise stated, that L is a dis-

tributive lattice with 1. At this stage it is useful to make an elementary lemma
about filters of L which we will use without further comment.
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Lemma 2.1. [8, Lemma 2.1]
(1) Let A be an arbitrary non-empty subset of L. Then

TA)={ze€L: agAhagA---Na, <z for somea; € A (1<i<n)}.
Moreover, if F is a filter and A is a subset of L with A C F, thenT(A) C F,
T(F)=F and T(T(A)) =T(A).
(2) Let A, B and C be subfilters of a filter F' of L. Then
T(T(AUB)UC) CT(AUuT(BUCQ)).
In particular, if F =T(T(AUB)UC), then
F=T(T(CUB)UA)=T(T(AUuC)U B).
(3) (Modular law) If Fy, Fy, F3 are filters of L with Fy C Fy, then
FiNT(FyUF;) = T(Fy U (Fy N Fy)).

Definition 2.2. Let G, H be subfilters of a filter F' of L. If F = T(G U H) and
GNH CRad(H), then H is called a Rad-supplement of G in F. If every subfilter
of F' has a Rad-supplement in F', then F' is called a Rad-supplemented filter.

A filter F of L is called radical if Rad(F) = F, and F is called reduced if it
has no radical subfilter G # {1}.

Remark 2.3.

(1) Clearly, each supplement is a Rad-supplement (since G N H < H gives
GNH C Rad(H)). So (amply) supplemented filters, hollow filters and local filters
are Rad-supplemented filters.

(2) Let F be a radical filter. For every subfilter G of F', we have F = T(FUGQG)
and GNF = G C Rad(F). Hence F' is Rad-supplemented.

(3) Let L be a lattice such that Rad(H) <« H for every filter H # {1} of L.
Let F' be a Rad-supplemented filter. We show that F' is supplemented. If G is a
proper subfilter of F', then there exists a subfilter H of F' such that FF = T(HUG)
and GNH CRad(H) < H; so GN H <« H. Thus F is supplemented.

Proposition 2.4. Let U,V be subfilters of a filter F of L. Then V is a Rad-
supplement of U in F if and only if F = T(UUV) and T({z}) < V for all
relUNV.

Proof. Let V be a Rad-supplement of U in F'and x € UNV;s0 F' =T(UUV) and
x € UNV C Rad(V). Then z;, Az, A---Axy, < x, wherex,;, € Fy, <V, x;, €
F;, <V by Proposition 1.2. By Lemma 2.1, T{z}) CT(F;, U---UF;,) < V;
so T({z}) < V. Conversely, assume that FF = T(U UV) and T({z}) < V for all
xeUNV;soxeRad(V) and so UNV C Rad(V). O

Theorem 2.5. If H is a Rad-supplement in a filter F' of L, then Rad(H) =
H NRad(F).
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Proof. We first show that if K is a subfilter of F' with K C Rad(F'), then KNH C
Rad(H). By assumption, there exists a subfilter G of F' such that F' = T(GU H)
and GNH C Rad(H). If H = Rad(H), then we are done. So we may assume
that H # Rad(H). Assume to the contrary, let H N K ¢ Rad(H). Then there
is a maximal subfilter P of H such that K N H ¢ P and GNH C P. Then
H=T(PUT({{x})) for some x € K N H\ P. It follows that F =T(GUT(PU
T({z})) =T(T({z}) UT(GUP)). Since z € K C Rad(F), we get T({z}) < F
by Proposition 1.2 and this implies that ' = T(G U P). By modularity law,
H=HNT(GUP)=T(PU(GNH))=T(P)= P which is impossible. Thus
KNH CRad(H). If K = Rad(F), then H NRad(F) C Rad(H), as required. [

Lemma 2.6. Let G, H be subfilters of a filter F' of L. If H is a Rad-supplement
of G in F and K is a mazimal subfilter of H, then T(K UG) is a maximal subfilter
of F.

Proof. By assumption, H = T(K UT({z})) for all z € H\ K. We claim that
F # T(GUK). Suppose F' = T(G U K) and look for a contradiction. Then we
can write ¢ = (g ANk)Vz = (xV g) A (xV k) for some g € Gand k € K. It
follows that Vg € GN H C Rad(H) C K; hence z € K which is impossible.
Thus FF # T(GUK). Let T(GUK) G H' C F for some subfilter H' of F.
There is an element y € H' with y ¢ T(GUK) (soy ¢ G and y ¢ K). As
ye H CT(GUH)=F,y= (yVa)A(yVvbd) for some a € G and b € H.
Since y Va € G, we get y Vb ¢ K (otherwise y € T(G U K)). It follows that
H=TKUT({yVvb})) CH. Now GC H gives H = F. Thus T(K UG) is a
maximal subfilter of F. O

Theorem 2.7. Assume that G, H are subfilters of a filter F' of L and let H be a
Rad-supplement of G in F'. Then the following hold:
(1) If H is a non-radical filter, then G contained in a mazimal subfilter of F.
(2) If G is a maximal subfilter of F, then Rad(H) = GNH is a unique mazximal
subfilter of H.

Proof. (1). By hypothesis, H contains a maximal subfilter K. Then T(K UG) is
a maximal subfilter of F' by Lemma 2.6 with G C T(G U K), as required.

(2). Since T(GU H) = F and G is a maximal subfilter of F, then H ¢ G,
so GNH # H. Let K be a subfilter of H such that GN H ; K C H. Then
there is an element v € K C H with z ¢ G. Now G & T(T({z}) UG) C F gives
F =T(T({z}) UG). By modular law, we conclude that

H = HAT(T({x}) UG) = T(T({z}) U (G N H)) C K;
so H = K. Thus GN H is a maximal subfilter of H which implies that Rad(H)

-
GNH. As H is a Rad-supplement of G, G N H C Rad(H). Hence Rad(H) =
GNH. O
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Proposition 2.8. Let F be a filter of L. Then the following hold:
(1) If F is a reduced and Rad-supplemented filter, then Rad(F) < F.
(2) Let F be a reduced filter such that every Rad-supplement subfilter of F' is
Rad-supplemented. Then F is supplemented.

Proof. (1). By Proposition 2.7, every proper subfilter is contained in a maximal
subfilter of F. If FF = T(Rad(F) UU) with U # F, then there is a maximal
subfilter P of F such that U C P, and so F' C T(Rad(F)U P) = T(P) = P which
is a contradiction. Thus Rad(F) <« F.

(2). By hypothesis, F is Rad-supplemented. Let G be a subfilter of F. So
there is a subfilter H of F such that F = T(G U H) and GN H C Rad(H). Since
H is Rad-supplemented and F is reduced (so H is reduced), Rad(H) < H by (1);
hence G N H <« H. Therefore F' is supplemented. O

A lattice L is called semisimple, if for each proper filter F' of L, there exists a
filter G of L such that L = T(FUG) and FNG = {1}). In this case, we say that
F is a direct summand of L, and we write L = F & G. A filter F of L is called a
semisimple filter, if every subfilter of F is a direct summand. A simple filter), is a
filter that has no filters besides the {1} and itself.

Proposition 2.9. Let F' be a Rad-supplemented filter of L. If H is a subfilter of
F with HNRad(F) = {1}, then H is semisimple. In particular, if Rad(F) = {1},
then F' is semisimple.

Proof. Let H' be any subfilter of H. By assumption, there is a subfilter K of F
with F' = T(H'UK) and H'NK C Rad(K). By modular law, H = HNT(H'UK) =
T(H'UHNK)). As(HNK)NH' = KNH' C HNRad(K) € HNRad(F) = {1},
we get (HNK)NH = {1} and H=T(H U(HNK)). Thus H is semisimple.
The in particular statement is clear. O

Let G be a subfilter of a filter F' of L. If subfilter H of F is maximal with
respect to G N H = {1}, then we say that H is a complement of G. Using the
maximal principle we readily see that if G is a subfilter of F', then the set of those
subfilters of F' whose intersection with G is {1} contains a maximal element H.
Thus every subfilter G of F' has a complement.

Theorem 2.10. Let F be a Rad-supplemented filter of L. Then there exist a
semisimple subfilter K and a subfilter G with Rad(G) < G such that F = K & G.

Proof. Let K be a complement of Rad(F) in F. We first show that T(K U
Rad(F)) Q@ F. If {1} # H C F and T(K URad(F)) N H = {1}, then we
prove that Rad(F)NT(H U K) = {1}. Let x € Rad(F) NT(H U K). Then
x € Rad(F) and z = (aAb)Vz = (zVa)A(xVb) for somea € K and b € H.
AsaVez e Rad(F)NK = {1}, weget x =bVae € H Thusz € HNT(K U
Rad(F)) = {1}, contrary to the maximality of K. Thus K NRad(F) = {1} and
T(K URad(F)) < F. Since F is a Rad-supplemented filter, there is a subfilter G
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of F such that F = T(KUG) and KNG C Rad(G). Since KNG = KN(KNG) C
K NRad(G) € KNRad(F) = {1}; hence F' = K & G. By Proposition 2.9, K is
semisimple. Since Rad(F) = T(Rad(G)URad(K)) = T(Rad(G)U{1}) = Rad(G),
T(K URad(G)) 4 F = T(K UG). Suppose, Rad(G) is not essential in G; so
Rad(G) N A = {1} for some subfilter A # {1} of G. Let y € T(K URad(G)) N A.
Then y € Aand y = (g1 Age) Vy = (yV g1) A (y V g2) for some g; € K and
g2 € Rad(G). Then y V g2 € ANRad(G) = {1}; hence y = g1 Vy € K. Therefore
y € GN K = {1}. Thus T(K URad(G)) N A = {1} which is impossible. Thus
Rad(G) < G, as required. O

Proposition 2.11. Assume that Fy and G are subfilters of a filter F' of L and let
Fy be a Rad-supplemented filter. If T(Fy U G) has a Rad-supplement in F, then
the same is true for G.

Proof. Let X be a Rad-supplement of T(F1UG) in F; so T(XUT (F1UG)) = F and
XNT(FAUG) CRad(X). For D=T(XUG)NF; C T(XUG), since F} is a Rad-
supplemented filter, there exists a subfilter Y of F} such that T(Y U D) = F} and
DNY =T(XUG)NY C Rad(Y). By Lemma 2.1, we have F = T(XUT(F,UG)) =
T(FUT(XUG)) =T(T(Y UD)UT(X UG)) C

TYUTDUT(GUX))=TY UT(XUQR)=T(GUT(XUY)) C F;

hence F'=T(GUT(XUY)) =T(YUT(XUG)) and T(XUG)NY C Rad(Y), that
is, Y is a Rad-supplement of T(GUX) in F. Now we show that T(X UY') is a Rad-
supplement of G in F. It is enough to show that T(XUY)NG C Rad(T(X UY)).
Since T(GUY) C T(F1UG), T(GUY)NX C XNT(F1UG) C Rad(X). To simplify
our notation let T(X UG)NY =Aand T(GUY)NX =B. If z e T(XUY)NG,
then z = zV(anb)Vz = ((2Va)A(zVD))Vz for somea € X (so zVa € B)andbeY
(so zVb € A) which implies that z € T(AUB). Hence T(XUY)NG C T(AUB).
Therefore T(X UY)NG CT(AUB) C T(Rad(X) URad(Y)) C Rad(T(X UY)),
as needed. O

Theorem 2.12. Let Fy and Fy be Rad-supplemented filters of L. If F = T(Fy U
F,), then F is a Rad-supplemented filter.

Proof. Let G be a subfilter of F' (so T(F, UG U Fy) = F). Let H be a Rad-
supplement of A = T(Fob UG)NFy C T(F, UG) in Fy; s0 T(HU A) = Fy and
ANH =T(GUF;)NH C Rad(H). Clearly, T(AUF, UG) C T(F2 UG). By
Lemma 2.1, F=T(FbUGUF,) =T(FbUGUT(HUA)) C

T(HUT(F, UGUA)) CT(HUT(F,UG)) C F;

hence F' = T(HUT(F>UG)) which implies that H is a Rad-supplement of T'(FoUG)
in F'. Now the assertion follows from Proposition 2.11. O

Corollary 2.13. If Fy,--- , F, are Rad-supplemented filters of L, then T(U]-,F;)
18 a Rad-supplemented filter.
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Theorem 2.14. The following statements are equivalent for a filter F' of L.
(1) Every subfilter of F is Rad-supplement in F.
(2) Every subfilter of F is supplement in F.
(3) Every subfilter of F is a direct summand of F.
(4) F is semisimple.

Proof. (4) = (3). is clear. To see (3) = (2), let X be a subfilter of F. Then
there is a subfilter X’ of F such that X N X' = {1} « X and FF =T(X U X’) by
(3). It follows that X is a supplement of X' in F. (2) = (1) is clear since each
supplement is a Rad-supplement.

(1) = (3). Let H be a subfilter of F. Then there is a subfilter G of F' such
that F=T(GUH) and GN H C Rad(H). Let z € GN H. Then by Proposition
2.4, T({z}) < H and it follows that T'({z}) < F; hence T({z}) C Rad(F). By
(1), T({z}) is a Rad-supplement in F. Now Theorem 2.5 gives Rad(T'({z})) =
T({z})NRad(F) = T({z}) which implies that = = 1 since every finitely generated
filter contains a maximal subfilter. Therefore G N H = {1}, and so H is a direct
summand of F. O

For the remainder of this section we collect some basic properties concerning
weakly Rad-supplemented filters and amply Rad-supplemented filters.

Definition 2.15. Let G, H be subfilters of a filter F' of L. If F = T(G U H)
and GN H C Rad(F), then H is called a weak Rad-supplement of G in F. If
every subfilter of F' has a weak Rad-supplement in F', then F' is called a weakly
Rad-supplemented filter.

Proposition 2.16. Let F' be a weakly Rad-supplemented filter of L. Then every
supplement filter of F' is a weakly Rad-supplemented filter.

Proof. Let K be a subfilter of F. If G is a subfilter of K, since F' is a weakly
Rad-supplemented, there is a subfilter H of F' such that FF = T(G U H) and
GNH C Rad(F). Hence K = KNT(GUH) =T(GU(KNH))and GN(KNH) =
GNH =Kn(GnNH) C KNRad(F) = Rad(K). Thus K is a weakly Rad-
supplemented filter. O

Proposition 2.17. Assume that Fy and G are subfilters of a filter F' of L and let
Fy be a weakly Rad-supplemented filter. If T(Fy UG) has a weak Rad-supplement
in F, then the same is true for G.

Proof. By hypothesis, there is a subfilter N of F' such that T(NUT(F,UG)) = F
and NNT(F; UG) C Rad(F). Since F; is a Rad-supplemented filter, there exists
a subfilter H of F such that T(HU (F; NT(NUGQG)))=F, and HNT(NUG) C
Rad(F1). By an argument like that in Proposition 2.11, FF = T(GUT(N U H)).
Set A= NNT(Fy, UG) and B = HNT(GUN). We can easily show that
GNT(NUH) CT(AUB) C T(Rad(F) URad(F1)) € Rad(F). This completes
the proof. O
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Theorem 2.18. Let Fy and F» be weakly Rad-supplemented filters of L. If F =
T(Fy UFy), then F is a weakly Rad-supplemented filter.

Proof. Let G be a subfilter of F (so T(F, UG U Fy) = F). Let H be a Rad-
supplement of T(F> UG) N Fy in F;. By an argument like that in Theorem 2.12,
H is a Rad-supplement of T'(F» U G). Now the assertion follows from Proposition
2.17. O

Corollary 2.19. If Fy,...,F, are weakly Rad-supplemented filters of L, then
T(U,F;) is a weakly Rad-supplemented filter.

Definition 2.20. A subfilter G of a filter F' of L has ample Rad-supplement in
F if, whenever F = T(G U H), G has a Rad-supplement H' with H' C H. If
every subfilter of F' has an ample Rad-supplement in F', then F' is called an amply
Rad-supplemented filter.

Proposition 2.21. Let F be a filter of L. If every subfilter of F is a Rad-
supplemented filter, then F is an amply Rad-supplemented filter.

Proof. Let G and H be subfilters of F' such that F' = T(G U H). By assumption,
There exists a subfilter H' of H such that H = T(H'U(HN@G)) and (GNH) N
H' = H' NG C Rad(H'). Then H = T(H' U(HNG)) C T(H' UG) gives
F=T(GUH)CT(GUTH UG))=T(H' UG) C F; hence F = T(H' UG), as
required. O

Corollary 2.22. The following statements are equivalent for a lattice L.
(1) Ewvery filter is amply Rad-supplemented.
(2) Ewvery filter is Rad-supplemented.

Theorem 2.23. Assume that F, and Fy are subfilters of a filter F' of L and let
F =T(FyUFy). If Fi and Fy have ample Rad-supplements in F, then Fy N Fy
also has ample Rad-supplements in F.

Proof. Let V be a subfilter of F' such that F = T(V U (Fy N F»)). Suppose now
that F1 N Fy, = C and F; NV = D. Then by Lemma 2.1, F}, N Fy, C F; gives
F = NT(VU(F N EF)) = T((F N F,) U (F NV)) = T(CU D) which implies
that F = T(F,UF) = T(TI(CUD)UR) = T(DUT(CUR)) = T(DU F,) =
T(F> U (FyNV)). Similarly, F = T(Fy U(F>NV)). Since Fy, F» have ample Rad-
supplements in F', there exist Vi C VNF, and VY C FyNV such that F' = T(F,UVy)
and Fy NV C Rad(V3), and F = T(F, UVY) and F» N'V{ C Rad(V{). We show
that T'(V{ U VY) is a ample Rad-supplements of F; N F in F. Since V/ UVy C V|
T(V{ UVy) C V. Moreover, F} = Fy NT(V{ U Fy) = T(V{ U (F; N Fy)) and
Fy, =T(V3U(Fy N Fy)). Therefore F =T (FyUVy) =T (Vag UT(V{U(F1NFy))) C
T(T(V] UV )U (F1NFy)) C F; so F =T(T(V{UVy)U(F1NFy)). Moreover,
TVUVH)N(FANF) =TV uV)nkR)NF =TV u(VinNnEF))NF, =
T(VanF)U(V{NFy)) C T(Rad(V{)URad(V3)) C Rad(T'(VyUVy). This completes
the proof. O
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Theorem 2.24. Let F' be an amply Rad-supplemented filter of L. Then the fol-
lowing hold:
(1) Every supplement of a subfilter of F' is an amply Rad-supplemented filter.
(2) Every direct summand of F is an amply Rad-supplemented filter.

Proof. (1). Assume that K is a supplement in F' and let U be a subfilter of K.
Suppose that K = T(U U V) for some subfilter V' of K. Since K is a supplement
in F, there is a subfilter A of F with FF = T(K U A). It follows that F =
T(AUT(UUV)) =T(VUT(AUU)). By assumption, V contains a Rad-supplement
Hof T(AUU) in F;s0 F' = T(HUT(AUU)) = T(AUT(HUU)) and HNT(AUU) C
Rad(H). Note that T(U U H) C K. Since K is a supplement of A in F and F =
T(AUT(HUU)), we have K = T(HUU). Now UNH C HNT(AUU) C Rad(H)
gives H is a Rad-supplement of U in K. Hence K is amply Rad-supplemented.

(2). Let G be a direct summand of an amply Rad-supplemented filter F'. Then
there is a subfilter H of F' such that F = T(GU H) and GN H = {1}. Suppose
that G = T(C U D) for some subfilters C, D of G. Then

F=T(T(CUD)UH)=T(DUT(CUH)).

By assumption, there exists a subfilter K of D with F' = T(K UT(C U H)) and
KNT(CUH) CRad(K). Therefore by modular law, G =

GNT(KUT(CUH)) =GNT(HUT(CUK)) =T(T(CUK)U(GNH)) =

T(T(CUK)) =T(CUK). Since the inclusion CNK C T(CUH) N K is clear we
will prove the reverse inclusion. Let v € T(CUH)NK. Then = (a AD) V=
(xVa)A(xVDd) forsomea € Candbe H. SincexVbe HNK C GNH = {1},
x =xVa € C since C is a filter, and so we have the equality. Now we have
G=T(CUK) and K NC C Rad(K). This completes the proof. O

3. Rad-supplemented filters in quotient lattices

Quotient lattices are determined by equivalence relations rather than by ideals as
in the ring case. If F' is a filter of a lattice (L, <), we define a relation on L, given
by x ~ y if and only if there exist a,b € F satisfying © Aa = y A b. Then ~ is an
equivalence relation on L, and we denote the equivalence class of a by a A F and
these collection of all equivalence classes by % We set up a partial order <¢g on %
as follows: for each aAF,bAF € %, we write aAF' <o bAF ifand only ifa < 0. It
is straightforward to check that (%, <) is a poset. The following notation below
will be kept in this section: Let a A F,b A F € £ and set X = {a A F,bA F}.
By definition of <g, (a V b) A F is an upper bound for the set X. If ¢ A F' is any
upper bound of X, then we can easily show that (a Vb) A F <g ¢ A F. Thus
(aANF)Vgo (bDAF) = (aVb)AF. Similarly, (a ANF)Ag (bAF) = (a Ab) AF. Thus
(£,<q) is a lattice.
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Remark 3.1. Let G be a subfilter of a filter F' of L.

(1) If a € F, then a A F' = F. By the definition of <g, it is easy to see that
1 A F = F is the greatest element of L.

(2)Ifa e F,thenaAF = b/\F (for every b € L) if and only if b € F. In
particular, c A F = F if and only if ¢ € F. Moreover, if a € F, then a A F = F =
1INF.

(3) By the definition <¢, we can easily show that if L is distributive, then %
is distributive.

(4) £={anG:a€ F}is afilter of £.

(5) If K is a filter of é, then K = g for some filter F' of L.

(6) If H is a filter of L such that G C H and 5 = & then F = H.

(7) If H and V are filters of L containing G, then g g = 5 if and only if
V=HNF.

(8) If H is a filter of L containing G, then TEH) — p(d Ly,

(9) Let H be a subfilter of F' with G C H. H is a maximal subfilter of F if
and only if g is a maximal subfilter of g

Lemma 3.2. Let F be a filter of L. Then the following hold:
(1) If K, H are subfilters of F' with H < F, then w < %
(2) Let K, H be subfilters of F with K C H. If H < F, then & K < K
(3) Let K, H be subfilters of F with K C H. If K < F and & =< K,
then H < F.
(4) Assume that G is a subfilter of F' and let H be a Rad-supplement of G in
F.If g is radical, then H 1is radical.

Proof. (1). Assume that A = T(H U K) and let £ (% gy = (A;G) for
some subﬁlter%of%;SOF:T(T(HUK)UG): ( T(KUG)) =T(HUG).
Then H < F gives G = F. This completes the proof.

(2). Apply (1).

(3). Let F =T(H U H’) for some subfilter H' of F. Then by assumption,

H T(HUK)
K K

T(HUT(H UK)) _

T( I

) =

T(HI/(UH) = L gives w = £ hence T(KUH') = F. It follows that H' = F
since K < F', as required.

(4). Assume to the contrary, let Rad(H) # H. Let K be a maximal subfilter
of H. Then by Lemma 2.6, (G U K) is a maximal subfilter of F' and so w

is a maximal subfilter of g by Remark 3.1 (9). This is a contradiction. Thus
Rad(H) = H, that is, H is radical. O

Lemma 3.3. If F, K are filters of L with K C I, then

T(Rad(F) U K) F
—r - Rad(?).
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Proof. Let x AN K € w. Then there exist a € Rad(F) and k € K such
that x = 2V = zV[(xVE)A(zVa)]. There are elements a;, € F;, < F,--- ,a;, €
F;, < Fsuchthat a = (aVa;, )A---A(aVa;,); sox =zV[(zVE)A(xVaVa, A A
(xVvaVa,,)]. By Proposition 1.2 and Lemma 3.2, T(T(F 195 . UT(KUF )) < L.
Now

[(aVE)AN(zVaVa,)]ANKAg--Nol(zVE)A(xzVaVa,)NK
=[xVE)A(xVaVa,)AN---NaxVaVa)NK<gzANK

gives z N K € T(M u--- U %) C Rad(£). This completes the
proof. O

Proposition 3.4. Let X,U be subfilters of a filter F' of L with X C U. Then
(1) If V is a Rad-supplement of U in F, then % is a Rad-supplement of

(2) If V is a weak Rad-supplement of U in F, then T()g(uv) is a weak Rad-

supplement of % mn %

F

(3) If V is a supplement of U in F, then w s a supplement of % in x-

Proof. (1). If A=T(V UX), then by Lemma 2.1, T(AUU) =
TUOUT(VUX)=T(VUTUUX))=T(UUV)=F

Now Remark 3.1 gives T(% 34}) = w = £, For X C U, we have U N

T(XUV)=T(XU(UNV)) by modular law, and so ¥ N (VUX) UQT()XUX) =

w by Remark 3.1. Since V is a Rad-supplement of U in F, we have
D =UnV C Rad(V). Therefore by Lemma 3.3, it is enough to show that

T(DUX) _T(XURad(A)) A
C - —=).
X - X < Rad(p)
Since X UD C X URad(V) C X URad(A), we get T(X U D) C T(X URad(A4)),
as required.

(2). Similar to the proof of part (1).
(3). Since V is a supplement of U in F, we have D = U NV <« V. By an

argument like that in (1), we obtain T(% U 4) = £. By the above consideration,
iy _ T(DuX) A
it is enough to show that B = == < %. Let
K A
T(BU =) ==
( X) X

for some subfilter £ of 4. Then 4 = T(T(DUX)UK) T(D;K) so A=T(DUK) =

T(KU(UnNV)). Since UﬁV<<VCT(VUX) A weget UNV <« T(VUX)
= A; hence K = A, as required. O
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Theorem 3.5.
(1) If F is a Rad-supplemented filter of L, then every quotient filter of F is
Rad-supplemented.
(2) If F is a weakly Rad-supplemented filter of L, then every quotient filter of
F' is weakly Rad-supplemented.
(3) If F' is a supplemented filter of L, then every quotient filter of F' is supple-
mented.

Proof. Clear from Proposition 3.4. O

Theorem 3.6.
(1) If F is an amply Rad-supplemented filter of L, then every quotient filter of
F is amply Rad-supplemented.
(2) If F is an amply supplemented filter of L, then every quotient filter of F is
amply supplemented.
Proof. (1). Let ¥ be a subfilter of £ such that £ = T(¥U¥) for some subfilter &
of %; so F=T(VUU). Since F is amply Rad-supplemented, there is a subfilter
H C U such that H is a Rad-supplement V' in F. Then by Proposition 3.4,
w C % is a Rad-supplement % in % Thus % is amply Rad-supplemented.
(2). Similar to the proof of part (1). O
Theorem 3.7. If F is a Rad-supplemented filter of L, then RadL(F) is a semisimple

filter.

Proof. Let G be any subfilter of F' containing Rad(F). Then there is a Rad-
supplement H of G in F; so T(GU H) = F and HNG C Rad(H) C Rad(F).
Then FF=T(Rad(F)UHUG) CT(GUT(Rad(F)U H)) C F which implies that
F = T(GUT(Rad(F)U H)). Set T(Rad(F)U H) = A. Thus by Remark 3.1,

r T(GUA G A G A
Rad(F) — Rfad(F)) = T(Rad(F) U Rad(@) ). It suffices to show that Rad(F) || Rad(F) —
{1}, where 1 = 1ARad(F') = Rad(F) is the greatest element of Rad#(F). By modular
law and Remark 3.1, we have Rag(F) N Ra(‘f(F) = RSQ(I%) = T(Radgg;’;f”m) =
ngz(}g)) = gzggg = {1}. This completes the proof. O

Corollary 3.8. If F is a supplemented filter of L, then % s a semisimple
filter.

Proof. Let G be any subfilter of F' containing Rad(F’). Then there is a supplement
HofGin F;s0 T(GUH) = F and HNG < H; hence HNG C Rad(H) C Rad(F).
By an argument like that in Theorem 3.7, we get % is a semisimple filter. [

Theorem 3.9. Let F be a filter of L such that Rad(F) < F. Then F is a weakly
Rad-supplemented filter if and only if RadL(F) is semisimple.
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Proof. Assume that F' is a weakly Rad-supplemented filter and let H be any
subfilter of F' containing Rad(F'). By assumption, there exists a subfilter G of F
such that F'=T(H UG) and GN H C Rad(F'). Thus

F  THUG) ( H T(GURad(F)))
Rad(F)  Rad(F) ~ ‘Rad(F) Rad(F)
H T(GURad(F) _ HNT(GURad(F)) _ T(Rad(F)U(HNG) _ Rad(F) _ s71.
and w3y O —Raam) — = Rad(F) = Rad(F) = Rad(F) — {1}
SO % is a direct summand of %(F). Conversely, assume that ﬁ(m is

semisimple. For any subfilter H of F', since %(F) is semisimple, there is a subfilter
G of F containing Rad(F') such that

F__T(HURa(F) = G
Rad(F)  Rad(F) Rad(F)
Thus F = T(GUT(Rad(F) U H)) = T(Rad(F) UT(H U G)); hence T(H U
G) = F since Rad(F) < F. Now T(I;L;??ESF)) N Raf(F) = GQT(RP;ZC}%)UH) =
T(Rad}({gg%?m@) = gzggg gives G N H C Rad(F); hence F is a weakly Rad-
supplemented filter. O

Let G, H be subfilters of a filter F' of L with G C H. We say H lies above G
in Fif g < g F is called a lifting filter if every subfilter of F' lies above a direct
summand of F'. A subfilter G of F' is called coclosed in F' if and only if G has no
proper subfilter K such that G lies above K. We call H a weak supplement of G
in Fifandonly if F=T(GUH) and HNG < F.

Lemma 3.10. Let F be a filter of L. If G C H are subfilters of F', then H lies
above G in F if and only if T(G U K) = F holds for all subfilter K of F with
THUK)=F.

Proof. Suppose that H lies above G in F. If F =T(H U K), then

F T(HUK) H  TKUG)

G G G G
and g < g gives g = T(KTUG); hence T(G U K) = F. Conversely, suppose that
T(GUK) = F for all subfilter K of F with T(HUK) = F. If there exists a subfilter
K of F containing G such that T(Z£ U £) = LHOK) _ F then F = T(H UK)

G G~ G
yields F = T(KUG) = K; so H lies above G in F. O

=T

Proposition 3.11. Let H be a subfilter of a filter F' of L. Consider the following
statements:

(1) H is a supplement in F;

(2) H is coclosed in F';

(3) For all subfilter K of H, K < F implies K < H.
Then (1) = (2) = (3) holds and if H is a weak supplement in F, then (3) = (1)
holds.
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Proof. (1) = (2). Assume that H is a supplement of G C F' (so T(H UG) = F).
For all subfilters K C H such that H lies above K, we have that T(H UG) =
implies T(G U K) = F. By the minimality of H with respect to this property we
get K = H. Hence H is coclosed.

(2) = (3). Let K < Fand K C H. Assume H = T(K U X) for X C H; then
forevery Y C F with F=T(HUY)=TYUT(KUX)) CT(KUT(XUY))CF
we get F =T(X UY) since K < F; hence H lies above X. As H is coclosed, we
get H = X and thus K < H. Assume that H is a weak supplement of G in F'; we
show that (3) = (1). By assumption, GNH <« F;so GNH < H by (3). Thus
H is a supplement G in F. O

Proposition 3.12. Let F be a filter of L. If F is an amply supplemented filter,
then every subfilter of F' that is not small in F lies above a supplement in F'.

Proof. Let G be a subfilter of F' such that it is not small in F. Let F'=T(X UG)
with X a supplement of G in F’; then G contains a supplement Y of X in F hence
T(XUY)=F. Let T(% UL) = £ for some subfilter £ of £. Then T(KUG)

by Remark 3.1. By Lemma 2.1, We have K = KﬂT(XUY) T(YU(KNX));s
F=T(GUTYU(KNX))) = T((KOX)UT(GUY)) =T(GU(KNX)). Since X
isa supplement of Gin F, we get X C K which implies that F =T(XUY) C K.
Thus G < Y7 and so G lies above Y in F. O

We next give three other characterizations of lifting filters

Theorem 3.13. Let F' be a filter of L. Then the following statements are equiv-
alent:
(1) F is lifting;
(2) For every subfilter G of F there is a decomposition F = Fy @ Fy such that
FICGand GNFy, < F.
(3) Every subfilter G of F' can be written as G = G1 & Gy with G a direct
summand of F and Gy < F.
(4) F is amply supplemented and every coclosed subfilter of F is a direct sum-
mand of F.

Proof. (1) = (2). Let G be a subfilter of F. Then G lies above a direct summand
Fy of F. Thus there is a decomposition F = F} & F, with < F . Suppose now
that T((G N F») U H) = F» for some subfilter H of Fy. Then

F=T(FUF)=TF,UT(HUUGNF,)))=THUT(F, U(GN Fy)))
—T(HUT(FLUG)N(FUFR))) CT(HUT(F,UG))=T(GUT(HUF)) C F;
so F = T(GUT(HUF)). Then by Remark 3.1, £ = 7(& u T2, 5

T(I;LjFl) which implies that F' = T(H U F}). Since F is a supplement of F}

1nF and H C Fy, we get H = F5. Thus GNFy, < F; and so GN Fy, < F by
Proposition 1.2.
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(2) = (3). For every subfilter G there is a decomposition F' = Gy @ F, with
G1 C Gand GNFy < F. It follows that G = GﬂT(Gl UFQ) = T(Gl U (GQFQ))
Set Go = F5 N G. Therefore Gy NGy = {1}, G =T(G1 UG3) and G2 < F.

(3) = (4). Let F = T(G U K) for subfilters G, K of F. We will show that K
contains a supplement of G. By assumption, K = N ® H with H < F and N is a
direct summand of F. Then F = T(GUK) = T(GUT(NUH)) = T(HUT(GUN))
gives ' = T(GUN) since H < F. By hypothesis, GANN = N1 ®S with S < F and
N is a direct summand of F. It follows that NyNH' = {1} and F = T(N;UH’) for
some subfilter H' of F' which implies that N = NNT(N,UH') = T(N;U(H'NN))
with Ny N (H' N N) = H' NNy = {1}. Hence Ny is a direct summand of N and
S <« N (see proposition 3.11). Let N = Ny & N» for some subfilter Ny of N. We
claim that Ny is a supplement of T'(N;US) in N. To prove this consider a subfilter
Y C Ny suchthat N = T(YUT(N,US)) = T(SUT(N,UY)). Then T(N,UY) = N
holds as § <« N. Thus Y = N, since N5 is a supplement N7 in N. Therefore No
is a supplement of GNN =T(N;US) in N and so N = T(N, UT(S U Ny)). So
F=T(GUN)=T(GUT(N2U(GNN))=T(N2UT(GU(GNN))) =T(GUN3)
and GN Ny = (GNN)N Ny < Ny holds; so Ny is a supplement of G in F. Thus
F' is an amply supplemented filter.

Let U be a coclosed subfilter of . Then U = U; @ Uy with Uy a direct
summand of F and U; < F. Let K be a subfilter of F' such that T(K UU) = F.
So F=T(KUU)=T(KUT(U, UUs)) =T(U; UT(K UUs)) which implies that
T(K UUsy) = F since U; < F. It follows that U lies above Uz in F by Lemma
3.10. Hence U = U, as U is coclosed.

(4) = (1). Let G be a subfilter of F. If G < F, then & < £ for every direct
summand K of F with K C G. So we may assume that G is not small in F. By
Lemma 3.12, G lies above a supplement in F (so it is coclosed in F' Proposition
3.11) and hence above a direct summand. O

Remark 3.14. Lifting filters are exactly the amply supplemented filters whose
supplements are direct summands.

A filter F of L is called Noetherian if any non-empty set of subfilters of F' has
a maximal with respect to set inclusion. This definition is equivalent to ascending
chain condition on subfilters of F'.

Proposition 3.15. Let F' be a filter of L.
(1) F is Noetherian if and only if every subfilter of F is finitely generated.
(2) Rad(F) is Noetherian if and only if F satisfies ACC on small subfilters.

Proof. (1). Let G be a subfilter of F. Assume that G is not finitely generated and
look for a contradiction. Let €2 be the set of all subfilters of G which are finitely
generated; so Q # () since {1} € Q. Since F is Noetherian, it follows from the
maximal condition that 2 has a maximal element H with respect to inclusion with
H G G. Let x € G\ H; then T(H U{z}) is a finitely generated subfilter of G and
H S T(HU{z}). Thus we have a contradiction to the maximality of H in 2. The
proof of the other implication is similar.
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(2). By Proposition 1.2, since the small subfilters are subfilters of Rad(F), the
necessity is clear. Conversely, assume that F' satisfies ACC on small subfilters.
Then F contains a maximal small subfilter H. Thus Rad(F') = H, and so Rad(F)
is Noetherian by Proposition 1.2. O

Theorem 3.16. Let F be a filter of L with ACC' on small subfilters. Then F is
an amply Rad-supplemented filter and every Rad-supplement is a direct summand
if and only iof F' is a lifting filter.

Proof. Suppose that F has the stated property; we show that F' is a lifting filter.
Let F = T(G U H). Since F is an amply Rad-supplemented filter, there is a
subfilter K of H such that F'=T(GUK) and GNK C Rad(K). Since F satisfies
ACC on small subfilters, Rad(K) is Noetherian by Proposition 3.15, and hence
Rad(K) is finitely generated by Proposition 3.15, so Rad(K) = T(A), where A =
{a1, - ,an} € Rad(K). By Proposition 1.2, for each i (1 <i < n), T({a;}) < K;
so T(A) C T(T({a1})U---UT({an})) < K which implies that T(A) = Rad(K) <
K. Tt follows that G N K <« K. Therefore K is a supplement of G in F. Thus
F' is an amply supplemented filter. Since every supplement subfilter is a Rad-
supplement filter, every supplement is a direct summand of F' by assumption.
Thus F is lifting.

Conversely, assume that F' is lifting. Then F is an amply supplemented filter
by Theorem 3.13, and hence it is an amply Rad-supplemented. Let H be a Rad-
supplement in F'; so there is a subfilter G of F such that FF = T(G U H) and
GNH CRad(H). By an argument like that the above, we get H is a supplement
of G. So H is a direct summand of F' by assumption, as needed. O
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