Quasigroups and Related Systems 30 (2022), 161 — 168
https://doi.org/10.56415/qrs.v30.14

Generalized Green’s relations

and GV-ordered semigroups

Shauli Sadhya and Kalyan Hansda

Abstract In this paper an extensive study of the concepts of generalized Green’s relations and
GV -semigroups without order to ordered semigroups have been given. Our approach allows
one to see the nature of generalized Green’s relations in the class of GV-ordered semigroups.
Moreover we show that an ordered semigroup S is a GV-ordered semigroup if and only if S is a

complete semilattice of completely w-regular and Archimedean ordered semigroups.

1. Introduction and preliminaries

An ordered semigroup S is a partially ordered set (S, <) and at the same time a
semigroup (S, -) such that for all a,b and ¢ € S, a < b implies ac < bc and ca < cb.
It is denoted by (S,-,<). For an ordered semigroup S and H C S, denote the
downward closure of H by (H| = {t € S :t < h, for some h € H}. Throughout
this paper S will stand for an ordered semigroup unless otherwise stated.

An ordered semigroup S is said to be Archimedean if for every a,b € S there
exists n € N such that a” € (SbS]. A nonempty subset I of S is said to be
a left (resp. right) ideal of S, if ST C I (resp. IS C I)and (I] C I. If I is
both a left and right ideal, then it is called an ideal of S. We call S a (resp.
left, right) simple ordered semigroup if it does not contain any proper (resp. left,
right) ideal. We denote by R(x), L(z), I(z) the right ideal, left ideal, ideal of S,
respectively, generated by z (z € S), where R(z) = (z US|, L(z) = (z U Sz],
I(z) = (x UaxS U Sz U SxS] for all € S. For an ordered semigroup (S, -, <), we
denote S = S U {1}, where 1 is a symbol, such that la = a, al = a for each
a € Sand1-1=1. An ordered semigroup S is said to be regular (resp. completely
regular) ordered semigroup if for every a € S, a € (aSa] (resp. a € (a®Sa?]). An
ordered semigroup S is called m-regular (resp. completely m-regular) if for every
a € S there is m € N such that a™ € (a™Sa™] (resp. a™ € (a*"Sa®™]). The set
of all regular, completely regular and m-regular elements in an ordered semigroup
S are denoted by Reg<(S), Grg(S) and mReg«(S) respectively.

The class of completely regular ordered semigroups is a subclass of the class of
regular ordered semigroups. Galbiati and Veronesi [3] studied class of semigroups
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(without order), where these two notion coincides. These semigroups are named af-
ter them as GV -semigroups. In this paper we extend the notion of GV-semigroups
to ordered semigroups.

In a semigroup (without a partial order) Green’s relations use to play a signif-
icant role to study regular semigroups. Following L. Marki, O. Steinfeld [10] and
J.L. Galbiati, M.L. Veronesi [3] we generalized Green-Kehayopulu relations [7], to
study m-regular, completely m-regular and GV -ordered semigroups.

Due to Kehayopulu [7] Green’s relations on a regular ordered semigroup given
as follows: albif L(a) = L(b), aRbif R(a) = R(b), aJbif I(a) = I(b), H =LNR.

These four relations £, R, J,and H are equivalence relations.

A congruence p on S is called asemilattice congruence if for every a,b €
S, a p a? and ab p ba. By a complete semilattice congruence we mean a semi-
lattice congruence o on S such that for a,b € S, a < b implies that a o ab. If o
is a semilattice congruence on S, then (z), is a subsemigroup for any = € S. An
ordered semigroup S is called a complete semilattice of subsemigroups of type 7 if
there exists a complete semilattice congruence p such that each p-congruence class
(x), is a type 7 subsemigroup of S. Equivalently [9], there exist a semilattice ¥’
and a family of subsemigroups {S,}acy of type 7 of S such that:

1. So N Sg = ¢ for any o, B € Y with a # 3,

2.85=U,cy Sas
3. 8,53 C Sy pforany a, €Y,

4. S3 N (Sa] # ¢ implies 8 < «, where < is the order of the semilattice Y’
defined by =:={(a, 8) | B=a B (B a)}.

An element e € S is called an ordered idempotent [5] if e < €?. We denote the
set of all ordered idempotents of an ordered semigroup S by E<(S). An element
be Sisinverseof a € S if a < aba and b < bab. We denote the set of all ordered
inverses of an element a of an ordered semigroup S by V¢ (a).

The zero of an ordered semigroup (5, -, <) is an element of S, usually denoted
by 0, such that 0 < z and 0.z = 2.0 = 0 for all z € S. An ordered semigroup S
with 0 is called nil if for every a € S there is n € N such that a™ = 0.

Cao and Xu [4] defined a nil-extension of an ordered semigroup as follows:

Let I be an ideal of an ordered semigroup S. Then (S/I,-,=<) is called the
Rees factor ordered semigroup of S modulo I, and S is called an ideal extension
of I by the ordered semigroup S/I. Moreover S is said to be a nil-extension of I
if (S/1,-,=) is a nil ordered semigroup.
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2. Main results

Let S be a m-regular ordered semigroup. Following Galbiati and Veronesi [3], let
us define the relations £*, R*, 7*, H* by: For a,b € S,

aL*b if and only if a™ Lb"™
aR*b if and only if a™RD"
aJ*b if and only if a™ Jb" and H* = L* N R*

where m, n are the smallest positive integers such that a™,b" € Reg<(S). These
four relations are equivalence relations on S.
We denote L*(a), R*(a), H*(a), and J*(a) respectively the £*, R*, H*, and J*-

classes containing an element a of S.

Lemma 3.1. Let S be a w-regular ordered semigroup. Every L* (R*, J*)-class
contains at least one ordered idempotent.

Proof. Let L be a L*-class and a € L. Let m be the smallest positive integer
such that a™ < a™xa™, for some x € S. This implies xa™ < (mam)Q. Therefore
za™ € E<(S). We have to show that al*za™. Let y = xa™. Now a™ <
amra™ < amra™za™ < a™(xa™)?, so that for every r € N, a < a™(za™)". Let
a™ < a™(xa™)™, where ry is the smallest positive integer such that (za™)™ €
Reg<(S). Now y™ = za™...za™zxa™(r1 times) = (za™...x)a™ = pa™ where
p=uza™...x € S. Therefore a™Ly™. Therefore yL*(a). This implies za™ € L.
Therefore L contains an ordered idempotent. O

Proposition 3.2. Let S be a w-reqular ordered semigroup and a,b € S. Then the
following statements hold in S':

(1) al*D if and only if there exists ' € Vg (aP) and V' € V¢ (b?) such that
a’'a? LV'b? where p,q are the smallest positive integers such that af,b? €

Reg< ().

(2) aR*b if and only if there exists o' € Vg (aP) and b/ € Vg (b9) such that
aPa’RbIV where p,q are the smallest positive integers such that a?,b? €
Reg<(95).

(3) aM*b if and only if there exists o’ € Vg(a™) and b € V< (b") such that
a’a™LV'b" and a™a" RV’ where m,n are the smallest positive integers
such that a™,b" € Reg<(S).

Proof. We proof only the last condition. Two first conditions follows similarly.
(3): Let aH*b. Then a™Hb"™ where m,n are the smallest positive integer such
that @™, 0" € Reg<(S). Since a™ € Reg<(S) there exists a’ € S such that
a™ < a™a’a™. Clearly a™a’,a'a™ € E¢(S). Let e = a’a™ and f = a™a’. Then
eLa™ and fRa™. So that eL*al*h and fR*aR*b. Since b" € Reg<(S) then
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there exists b’ € S such that " < 0"6'b". Let e; = V/b" and f; = b"b'. Then
e1, fi € E<(S). Clearly e1L*bL*a and fiR;R). Since eL*a we have e < z1a™
for some z; € S'. Also a™ < a™e and a™ < fa™. Say o’ = ex1f. Then a™ <
a™me < a™ri1a™ < aMex1a™ < a™exq fa™ < a™a”a™ and o” = ex; f < e(ex1f) <
e(e)a” < e(zia™)a” < (ex1)(fa™)a" < (exif)a™a” = a”a™a". Therefore a” €
V< (a™). Therefore eLa”a™.

Also e1 L*b gives e; < x2b for some x5 € S!. Also b < b"e; and " < f1b™.
Take b’ = ejzafi. Now b < b < b aqd™ < (b"eq)zad™ < bejaa(f10") <
bn(€1l‘2fl)bn < bnb//bn and b” = €1$2f1 S €1 (elxgﬁ) S 6161[)” S 61(3321)”)()“ <
ez 100" < b0, Therefore b’ € Ve (b™). Therefore e, £b”b™. Thusa” a™LeLa™
Lb"Ley £bb™. Similarly a™a” Rb™b" . Hence the proof.

Conversely assume that the given conditions hold in S. Since a™a’"Rb™b” and
a’a™Ly"b"™ for some a” € V(a™), b’ € V(b"), then there are x,y, z,w € S* such
that a™a” < (b"™b")x, b0 < (a™ad”)y , a”’a™ < 2(b"b"™) and b6 < w(a’a™).
Since a” € Vg(a™), we have a™ < a™a”a™ < (b"V'z)a™ < b"u, where u =
b'za™ € S. Again a™ < a™a”a™ < a™(2b"b") < wib™ where w; = a™zb"” € S.
Similarly taking b € Vg (b™) it can shown that b" < a™ws and b" < wsa™ for
some ws, w3 € S. Therefore a”™Hb™ and hence aH*b. O

We now generalize the concept of GV-semigroups (without order) to ordered
semigroups. Some interesting interplays between GGV -ordered semigroups and gen-
eralized Green’s relations have been given here.

Definition 3.3. An ordered semigroup S is said to be a GV -ordered semigroup if
S is m-regular and Reg¢(S) = Gr<(S).

Example 3.4. The set S = {a,b, ¢, d} with respect to the multiplication ’-" and
the order ' <’ defined below forms a G'V-ordered semigroup.

alb|lc|d
alalalala
b|b|bl|bl|b
clb|blcl|b
dla|b|b|d

<s= {(a,a), (a,b), (b,0), (¢,b), (¢,¢), (d,b), (d, d)}.
For an e € E¢(S), Bhuniya and Hansda [1] introduced the set
G.={a€eS: a<ea, a<aeande < za, e < az for some z € S}.

They showed that G, is a t-simple subsemigroup in a completely regular ordered
semigroup.

Lemma 3.5. Let S be a GV -ordered semigroup. Then for every a € S there exists
e € E<(S) and z € G, such that a™ < a™e, a™ < ea™, e < za™, ande < a™z.
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Proof. Let S be a GV-ordered semigroup, then S is m-regular and Reg¢(S) =
Gr<(S). Let a € S. Then a™ € Reg¢(S) = Gr¢(S) for some m € N. Therefore S
is a completely m-regular ordered semigroup. Therefore by [[11], Lemma 3.7| the
result follows. O

Theorem 3.6. Let S be a GV -ordered semigroup. Then G, C H*(e) C J*(e) for
every e € E¢(S).

Proof. Let S be a GV-ordered semigroup and e € E<(S). Consider the subsemi-
group G and a € G, y € V¢(a) in G.. Therefore a < ue, a < ev, e < aw, e < za
for some u,v,w,z € G, and a < aya. Now ya < (yu)e, ay < e(vy), e < za <
(za)ya, e < aw < ay(aw). Therefore we have yale and ayRe. Hence yalee and
ayRee. Therefore we have aH*e, by Proposition 3.2. Hence a € H*(e). Therefore
G. C H*(e).

Next, let a € H*(e). Then a"He where n is the smallest positive integer such
that a™ € Reg<(S). Therefore H*(e) C J*(e). Hence the proof. O

Corollary 3.7. Let S be a GV -ordered semigroup. Then for every a € S there is
e € E<(S) such that a™ € G, C H*(e) C J*(e) for some m € N.

Proof. This follows from Lemma 3.5 and Lemma 3.6. O

Corollary 3.8. Let S be a GV -ordered semigroup. Then for every a € S there
exists e € E<(S) such that J*(a) = J*(e).

Proof. This follows from Corollary 3.7. O

Lemma 3.9. Let S be a GV -ordered semigroup. Then for all a € S, J*(a) =
J*(a?).

Proof. Let S be a GV-ordered semigroup and a € S. Let m be the smallest positive
integer such that a™ € Reg<(S) = Gr¢(S). Then there is z € S such that ™ <
a®™xa®™. Let k be the smallest positive integer such that a* € Reg<(S). Then
E < m,as a® € Reg<(S). Let m = k 4+t for some t € N. So a™ < a?mxa?m
a?mrama™ < a?mxa?mxa’™ < a?mxakara®™. Also a?* < a*fza** for some
z € S. This implies a?* < a**za* < a?*a%*za** < a?*a**za**za® < ... <
wa™ u = wa™ " "a™u = wa™*FDa™y for some w,u € S. Thus a?* € (Sa™S9).

Therefore a.J*a2. O

Corollary 3.10. Let S be a GV -ordered semigroup. Then for alla € S, J*(a) =
J*(a@™) for all m € N.

Lemma 3.11. Let S be a GV -ordered semigroup. Then for all a,b € S, J*(ab) =
J*(ba).
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Proof. Let S be a GV-ordered semigroup and a,b € S. Let m,t be the smallest
positive integers such that (ba)!, (ab)™ € Reg<(S). Now (S(ba)!S] = (S(ba)?'S]
as S is a GV-ordered semigroup. Also (S(ba)*S] C (S(ab)tS]. If t > m, then
(S(ba)tS] C (S(ab)tS] C (S(ab)™S]. If t < m, then (ba)! < (ba)*z(ba)? <
(ba)*z(ba)3z(ba)tz(ba)3t. Proceed on we get (ba) (S (ba)”S] for all r € N. In
particular = m+1. (S(ba)tS] C (S(ba)™+tVLS] C (S(ba)m+Dt=(m+1)(pg)(m+1) G|
C (S(ba)mFDE=D (pg)m+18] C (S(ba)™t1S] C (S(ab)™S]. Similarly we can
prove that (S(ab)™S] C (S(ba)'S]. Therefore abJ *ba. O

Lemma 3.12. Let S be a GV -ordered semigroup. Then aH*a™ where n is the
smallest positive integer such that a™ € Reg«(S).

Proof. Let S be a GV-ordered semigroup and a € S. Let n be the smallest positive
integer such that a™ € Reg<(S) = Gr<(S) as S is a GV-ordered semigroup. Then
there exists a € S such that a” azna a®” < ... < a*za¥", for some z € S and
for all k € N. Let r be the smallest positive integer such that (a™)" € Reg<(S).
Then there exists a € S such that (a™)" < (a")"a’ (a")" < y1a™, where y; =
(a”)ra”amfn € S. Similarly (a™)" < a™ys. Also we have a™ < a"™ys3, a™ < ysa™
for some ys, y4 € S. Therefore a™H(a™)", that is, aH*a™. O

In the following theorem the class of GV-ordered semigroups have been char-
acterized by their subsemigroups which are both Archimedean and completely
m-regular.

Theorem 3.13. Let S be an ordered semigroup. Then the following conditions
are equivalent:

(1) S is a GV -ordered semigroup,

(2) S is completely w-regular and every H*-class of S contains an ordered idem-
potent,

(3) S is a complete semilattice of completely w-regular and Archimedean ordered
semigroups,

(4) For all a,b € S, there exist n € N such that (ab)"™ € ((ab)"**Sa(ab)" 1],
(5) For all a,b € S, there exist n € N such that (ab)™ € ((ab)"T1bS(ab)"1].

Proof. (1) = (2): Let S be a GV-ordered semigroup. Consider a H*-class H* and
a € H*. Let m be the smallest positive integer such that a™ € Reg<(S) = Gr¢(S).
Then there exists € S such that a™ < a?"xa®™. Let e = a®*"xa*™za*™.
Then e = anxanxan < a®za™a™xa®™ < (a®Mza?mxa®™), a™wa®™ <
e(a®*™za?mxa®™) = e?. Thus e € E<(S).

Now a™ < a®™ 2m < a™(a®xa*™xa®™) = a™e and a™ < a?™wa®™
a2mxa2mxa2m)am = ea™. Also e = a*™wa®"xa®" = (a®"xa*Mza™)a™
ya 2mxa2m)

[ /A

m

and e = a™(a™za = a™z for some y = a*"wa®"xa™ and z
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a™za®zra®™ € S. Therefore a™ < a™e < a™e” ,a™ < ea™ < e"a™ for
some n € N. And e” = e...e(n times) = (ya™...y)a™, " = e...e(n times) <
a™(z...a"™z). Therefore e”Ha™. Hence eH*a and therefore e € H*(a). There-
fore H*-class contains an ordered idempotent. Since S is a GV -ordered semigroup,
therefore it is completely m-regular.

(2) = (3): Let a € S. Consider an H*-class H*(a). Then there exists an
ordered idempotent e € H*(a). Therefore " < za™, €™ < a™y, a™ < ue™, a™ <
e"v for some z,y,u,v € S' and m is the smallest positive integer such that
a™ € Reg<(S). Since S is completely m-regular, (a™)k < ((a™)*+Pyy(a™)F*P)
for all p € N and for some yo € S, k € N. Now e < €” < za™ < zaa™ L.
So a | e. Therefore e < zjay; for some z1,31 € S'. e < €% < zaye <
rrayre™e” < xrrayetamy < ... < xlay1(am)ky5 for some y5 € S. Therefore
we have e < zlaylamk+pmy2amk+pmy5 < xlaylamk+pm72a2y2amk+pmy5. There-
fore a? | e. Thus S is a m-regular ordered semigroup and for all a € S, e € E<(S),
a | e implies a? | e. Therefore by [[2], Theorem 4.1], S is a complete semilattice Y’
of ordered semigroups {Sy, }acy, Sa is a nil-extension of simple and w-regular or-
dered semigroups { K, }acy. Hence S is a complete semilattice Y of Archimedean
and m-regular ordered semigroups {Ss}acy by [[4], Theorem 3.8]. Since S is
completely m-regular, therefore S, is also completely m-regular by [[4], Theorem
2.4]. Hence S is a complete semilattice of completely m-regular and Archimedean
ordered semigroup.

(3) = (1): Let S is a complete semilattice Y of completely m-regular and
Archimedean ordered semigroups S,, So € Y. Then S is w-regular. Let a €
Reg<(S). Then a € S, for some o« € Y. Now a < aza for some z € Sg.
Therefore axa € 5,535« C Sap. Therefore a € (Sup]. Hence So N (Sap] # ¢,
that is @ < «af. Therefore o a(aB) = a?B = af. Therefore S, = Sus.
Again a < aza < a(zazx)a. Now y = zax € S3SaS8 C Sga = Sap = Sa-
Therefore a € Reg<(Sa). Now let o be the semilattice congruence. Then a €
(alo = ((aya)s] = ((a®y)s] = ((a*)s(y)s] € LReg<(a)s © LReg<(S). Similarly
a € RReg«(S). Therefore a € Gr¢(S). Hence S is a GV-ordered semigroup.

(3) = (4): Let S be a complete semilattice ¥ of completely m-regular and
Archimedean ordered semigroups S,, @ € Y. Now each S, is a nil-extension of
simple and completely 7w-regular ordered semigroup K., a € Y. Let a,b € S. Then
a € Sy, b€ Sg for some a, 8 € Y. Therefore ab,ba € Syp. Hence (ab)”, (ba)™ €
Kop for some n,m € N. Since K,z is ideal, therefore (ab)™, (ab)"*1(ba)™(ab)"*! €
Kop. Again since K, is simple, (ab)™ < (ab)™*! (ba)™(ab)" 1z (ab)™ ! (ba)™ (ab)" !
for some x € K,5. Therefore (ab)" € ((ab)" ™! Sa(ab)"*!].

(4) = (3): Clearly S a is completely m-regular ordered semigroup by the
given condition. Assume a,b € S. Then (ab)" € ((ab)"*1Sa(ab)"* ], that is,
(ab)™ € (Sa?S] for some n € N. Therefore by [[12], Lemma 3.5, S is a complete
semilattice of Archimedean ordered semigroup. Hence S is a complete semilattice
of completely m-regular and Archimedean ordered semigroup.

(3) < (5) : This is similar to the proof of (3) < (4). O
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