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Semirings which are union

of principal left k-radicals
Tapas Kumar Mondal

Abstract. Here we study the principal left k-radicals of a semiring with semilattice additive

reduct and characterize the semirings which are disjoint union of principal left k-radicals via the

l
transitive closure — of the relation —— on a semiring S, given by for a,b € S,a Lbebre

Sa for some n € N.

1. Introduction

The notion of principal left k-radical plays a vital role in providing the decomposi-
tion of semirings with semilattice additive reduct. The distributive lattice decom-
position of semirings is one of the elegant techniques for giving the structure of
such semirings, and has been given in [1, 6, 7]. In [7], while giving the decompo-
sitions of semirings, the simpler components are found to be left k-Archimedean
subsemirings, and that too, via k-radicals of left k-ideals. The notion of principal
left k-radicals was introduced in [6] following the ideas of Ciri¢ and Bogdanovi¢
[2], and studied its important characteristics. Also, the very notion of principal
left k-radicals induces an equivalence relation A which was found to be the least
distributive lattice congruence on a semiring through which those semirings were
characterized which are distributive lattices of A-simple subsemirings. In terms
of principal left k-radical, the semirings in which the principal left k-radicals are
the least completely semiprime k-ideals, have been decomposed into A-simple sub-
semirings. In this paper, we continue to study the class of semirings with semilat-
tice additive reduct, pick up the notion of principal left k-radicals, and show that a

semiring S which is a distributive lattices of left k-Archimedean semirings, can be
1
expressed as a union of principal k-radicals if and only if the relation —° is sym-

metric on S. During this decomposition we find that the principal left k-radicals
becomes the least completely semiprime left k-ideals of S. The preliminaries and
prerequisites for this article have been discussed in section 2. In section 3, we
study principal left k-radicals A(a), and show that they are the least completely
semiprime left k-ideals of a semiring S containing a, where S is a distributive lat-
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tice of left k-Archimedean semirings. Finally, we characterize the semirings which

1
are the disjoint union of principal left k-radicals via the transitive relation —°.

2. Preliminaries and prerequisites

A semiring (S,+,-) is an algebra with two binary operations + and - such that
both the additive reduct (S,+) and the multiplicative reduct (S,-) are semigroups
and such that the following distributive laws hold: for z,y € S,

x(y+z2)=zy+zzand (z+y)z = zz + yz.

Thus the semirings can be viewed as a common generalization of both rings and
distributive lattices. Throughout this paper, unless otherwise stated, the author
studies the semirings (S, +, -) such that (S, +) is a semilattice. If A is a nonempty
subset of a semiring S, then A is called completely semiprime if for x € S,2% € A
implies x € A. Let S be a semiring and ¢ # A C S. Then the k-closure of A,
denoted by A, and is defined by A = {z € S | x + a1 = ay for some a; € A}, and
the k-radical of A by VA = {x € S| (3n € N) 2™ € A}. Then by definition,
one has A C \/Z, and also A C A since the additive reduct (S, +) is a semilattice.
Moreover, if (A, +) is a subsemigroup of (S,+) then A = {z € S| z+a =a
for some a € A}. An ideal A of S is said to be a k-ideal of S if and only if
A = A. An equivalence relation p on a semiring is said to be a congruence
on S if p is compatible with both the operations, that is, for a,b,c € S, apb
implies (a 4 ¢)p(b + ¢), acpbc, and capch, or equivalently, for a,b,c,d € S, apb and
cpd imply (a + ¢)p(b + d),acpbd. A congruence p on a semiring S is said to be
rectangular idempotent congruence if for all a,b € S,a’pa and abapa, and right
zero idempotent congruence if for all a,b € S,abpb. A semiring S is said to be a
right zero idempotent semiring if for all a,b € S one has ab = b. In particular,
a®? = a for every a € S. Let C be a class of semirings, and we refer to semirings in
C as C-semirings. A semiring S is called a right zero idempotent of C-semirings if
there exists a congruence p on S such that the quotient semiring S/p is right zero
idempotent, and each p-class is a semiring in C.

For information regarding undefined concepts in semigroup theory one can
approach [4], and [3] for undefined notions in semiring theory. Here we state a
lemma which is going to be used frequently throughout the paper.

Lemma 2.1. [7] Let S be a semiring.

(a) For a,b € S the following statements are equivalent:
(i) there are s; € S such that b+ s1a = sqa.
(i1) there are s € S such that b+ sa = sa.

(b) If a,b,c € S such that ¢ + xa = xza and d + yb = yb for some x,y € S, then
there is some z € S such that ¢+ za = za and d + zb = zb.
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3. Union of principal left k-radicals

In this section, we study the principal left k-radicals of a semiring emerging from
left k-radicals. We find the semirings in which the principal left k-radicals are
the least completely semiprime k-ideals, and these are the very semirings which
are distributive lattices of left k-Archimedean subsemirings[7]. We also study the
semirings which are union of principal left k-radicals.

Let S be a semiring. Asin [5], the author defined the division relation |; on S by:

al;b < b € Sa and the relation —L, on S is defined as: a —— b <> b" € Sa for some
! l !
n € N. For n € N, —" denotes the n*" power of ——, and @ —® b < a —" b

1
for some n € N. In general, —*° is not symmetric relation on S. Let S be a
semiring, @ € S and n € N. In [6], the following sets have been introduced:

A(a):{m€S|a—l>°°ac}, An(a):{xeS\a—l>"x}.
For every a € S the set A(a) is called a principal left k-radical in S containing a.
Here we state some basic characteristics of the above mentioned sets:
Lemma 3.1. [6] Let S be a semiring and a,b,c € S. Then
1. Ai(a) =+/Sa.

(a) € v/SAn(a) = Anii(a),n € N.
3. Aa) = U,en An(a).

Lemma 3.2. Let S be a semiring.

1. Fora,be€ S, one has (a+b) .

2. If x,y, s1, 89,t1,t2,u,v and m,n € N such that ™ +s1u = t1u and y" +ssv =
tov, then there existk € N and s € S such that x* 4 su = su and y*+sv = sv.

n n
3. If z,y € A(a), then there exists n € N such that a Lz anda -5y

Proof. (1): Since (S, +,-) is a semilattice, a® + a? = a®. Adding ab on both sides
we get a® + a(a + b) = a(a +b) € S(a + b), whence (a + b) L.

(2): If m = n, then the result follows from Lemma 2.1. Otherwise, suppose
m < n. Then from " + syu = t1u, multiplying both sides on the left by "~ we
get z" + 2" "s1u = " "t1u. Now by Lemma 2.1, there exists s € S such that
2" + su = su and y"™ + sv = sv, the latter arises from the relatlon Yy" + Sov = tgv
(3): Let x,y € A(a). Then there are m,n € N such that a —> z and a - y.
If m = n, then we are done. If not, then suppose that m < n. Since the relation

U . . rm l l l .. . r "
— is reflexive, we have a — x—> ¢ — .... —> x. This impliesa — z. O

(n—m)times
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In the following we give two useful properties of a completely semiprime left
k-ideal of a semiring S.

Lemma 3.3. Let S be a semiring, L a completely semiprime left k-ideal of S and
n € N. Then

1. a™ € L implies that a € L.

2. vL=L.

Proof. (1): The statement is true for n = 1. Also, if a® € L, then a € L, since L
is completely semiprime. So the statement is true for n = 2. Suppose it is true for
some k(> 2) € N, i.e. a* € L implies that a € L. Now let a**! € L. Since L is a
left k-ideal, a*~'aF*1 € L, that is, (ak)2 = a%! € L so that a* € L, whence a € L.
Thus by induction, we have (1).

(2): For a completely semiprime left k-ideal L of a semiring S, and a € v/L one
gets a” +1 = [ for some n € N and [ € L so that a” € L = L, and so a € L,
applying (1). Thus VL C L. The opposite inclusion is always true. Consequently,
VL =1L. O

In a semiring S, for a,b,c € S, a + b = ¢ implies a” + b = ¢ for all n € N.
This observation was frequently used in [1]. Here too, we take this opportunity to
make the tasks easy in the following two presentations. In the following lemma
we study all those semirings which are distributive lattices of left k-Archimedean
semirings, and in these semirings, one has ab € v/Sa for any a,b € S[7]. This
equivalent condition we use here in the statement.

Lemma 3.4. Let S be a semiring and ab € v/ Sa for every pair a,b € S. Then
A(a) is the least completely semiprime left k-ideal of S containing a.

!
Proof. Let z,y € A(a) and s € S such that s + 2 = y. Then a —> y =

(s+x) Ly s, by (1) of Lemma 3.2 yielding a —l>°° s. Consequently s € A(a).
Thus A(a) is a k-set. Again, by (3) of Lemma 3.2, there exists n € N such that
a —l>" z and a *l>” y. Then there are x;,y;(: = 1,2,....,n — 1) in S such that
a—l>x1 —l>x2—l>...—l>xn_2—l>aﬁn_1 —l>xandai>y1 L>y2—l>—l>
Yn—2 LN Yn—1 LN y. Now by (2) of Lemma 3.2, their exist m € N and s € S
such that 27" + sa = sa, 2]} + s2; = swi(i = 1,2,...,n — 2),2™ + 81,1 = 521
and yi" + sa = sa, Y, +sy; = syi(i = 1,2,...,m = 2),y" + 8Yp_1 = SYn—1. Now
(z+y) " =y" +ur+azv+ Zle u;xv; for some u, v, u;,v; € S. Adding sy,_1 on
both sides we get (z+y)™ + SYyn—1 = SYn—1 +uzr+zv+ Zle w;zv;. From this we
write (v+y)" 2+ (2 +y)s(z+yn—1)(@+y) = (2+y)s(@+yn—1) (@ +y)+(@+y)ulz+
yn_l)(x+y)+(a:+y)($+yn_1)v(x+y)—i—Zf:l(x+y)ui(x+yn_1)vi(x+y). Now for
w= (@4 y)s+(@+y)+(@tyutolety) + 0 @ Hy)ui+ S, vilety) oty
we obtain (z+4)™ "2 +w(x +y,_1)w = w(x +y,_1)w since (S, +) is a semilattice.
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By hypothesis, w(z + yn—1)w € \/Sw(x + yn—1) so that there exists k € N such
that [w(z + y,_1)w]® € Sw(z + y,_1), and thus (z + ) "2 € Sw(z +y,_1) C
S(z + y,_1). This shows that (z + y,_1) BN (z +y). Applying the same process
one gets (z+a) N (x+uy1) N (x+ya2) SLEGNLIN (x+yn—2) N (r+yn—1), and
so (x+a) —l>°° (z+y). Similarly a —l>°° aand a —l>°° x give (a+a) —l>°° (a+x),
ie. a —l>°° (a + z). Then by transitivity of —l>°° we get a —l>°° (x +y), ie.
z+y € Aa). Letc € S. Thena —l>°° 2 and since 7 — cx, one has cz € A(a). Let

1
x € S such that 22 € A(a). Then a —> 22 LS implies € A(a). Thus A(a) is

a completely semiprime left k-ideal of S containing a, since s is reflexive. Let L
be a completely semiprime left k-ideal of S containing a. Then Sa C SL C L, so
Ai(a) =+/Sa C VL = L, by Lemma 3.3. As an induction hypothesis, we assume
that A, (a) € L. Then SA,(a) CSL C L, so Apyi(a) =+/SA,(a) C VL =L, by
Lemmas 3.1 and 3.3. Hence by induction A(a) = |J,,cy An(a) € L. Consequently,
A(a) is the least completely semiprime left k-ideal of S. O

The author in [6] introduced the following equivalence relation A on a semiring
S, which is induced from the principal left k-radicals:

aXb & A(a) = A(D).

Finally, we are in a position to characterize the semirings which are union of
l
principal left k-radicals via the relation —°, where we see that the decomposition

!
occurs if and only if —*° is symmetric.

Theorem 3.5. Let S be a semiring S such that ab € v/ Sa for all a,b € S holds.
Then the following conditions are equivalent on S':

1. X is a rectangular idempotent congruence on S;

2. X is a right zero idempotent congruence on S;
l

3. abc —> ac;
l

4. aba —> a;

l
5. ab—> b for all a,b € S,

6. S is a disjoint union of its principal left k-radicals;

l
7. The relation —° is symmetric on S.
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Proof. (1) = (3): For a,b,c € S, by hypothesis, one has cAcac. Since A is
left compatible with multiplication, one gets (ab)cA(ab)cac. This can be written
as abcA(abca)chac, as again by hypothesis, a(bc)ada. Since A is transitive, one
has abcAac. Then by definition of A, we have A(abc) = A(ac). Consequently,

l
abc —*° ac by the definition of principal left k-radicals.
1 !
(3) = (4): For a,b € S one has aba —° a? Ly a, that is, aba —*° a, since
l

— is transitive on S.
l

_ !
(4) = (5): For a,b € S,bab € Sab implies that ab — bab. Also bab —> b.
l 1
Then by transitivity of —°°, one gets ab —° b.

1 1
(5) = (2): For a € S, by hypothesis, one gets a> —> a. Also a —*> a?.

These two relations imply a € A(a?) and a®> € A(a) so that A(a) C A(a?) and
A(a?) C A(a) because of the least virtue of A(a), for any a € S. Thus one gets
A(a?) = A(a), whence a®)a.

Now consider a,b € S such that aAb and ¢ € S. By hypothesis, ac —l>°° c S0
that one has ¢ € A(ac). By Lemma 3.4, A(c) is the least completely semiprime left
k-ideal of S, and so ¢ € A(ac) implies A(¢) C A(ac). The opposite inclusion follows
since A(c) is a left k-ideal of S, and ac € A(c). Thus A(ac) = A(c). Replacing a

1
by b in ac —*° ¢, and proceeding as above one gets A(bc) = A(c). Consequently,
A(ac) = A(be), that is, achbe. Also, A(ca) = A(a) = A(b) = A(cb) so that calcd.
Again, we have A(a) = A(b) so that a € A(b) and b € A(a). By definition of

1 l
the principal left k-radical, one has b —*° a and a —> b. Then there exist

l 1
m,n € N such that b —"™ a and a —™ b. For the first relation, there are
k € Nand s,a;(i = 1,2,....,m — 1) € S such that a¥ + sb = sb,a* + sa,_; =
sa,_1(r = 2,3,...m — 1),a* + say_1 = sam_1. Also, (a1 + c)* = a¥ + uc +
cv+ > | uicv; for some u, v, u;,v; € S. Then as in the proof of Lemma 3.4, one
gets (b + ¢) SN (a1 + ¢). Similarly, from the remaining equalities we can obtain
(a1 + ¢) LN (az + ¢), (a2 + ) SN (a3 + ¢),..., (@m—1 + €) LN (a + ¢). From
l
these, one obtains (b+ ¢) —*° (a + ¢) so that (a + ¢) € A(b+ ¢). Then one gets

l
A(a+c¢) C A(b+c). Similarly, starting with a —™ b one can get (b+c¢) € Ala+c¢)
so that A(b+¢) C A(a+c¢). Thus A(a+c) = A(b+c). Consequently, (a+c)A(b+c).
Also, since A(b) is the least completely semiprime left k-ideal, for a € S, ab\b,

and so A(ab) C A(b). Now, by hypothesis, one has ab —l>°° b, yielding b € A(ab).
Then A(b) C A(ab). Thus we have the equality A(ab) = A(b) so that abAb. Thus
A is a right zero idempotent congruence on S.

(2) = (6): Let S be a right zero idempotent I of semirings S;,7 € I, which are
A-classes of S. Let a € S, then a € S; = A, for some i € I. Let x € A\,,c € S.
Then A(z) = A(a), and so A(cx) = A(z) = A(a) so that cxAa, whence cx € A,.
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Thus A, is a left ideal of S.

Also for z € S and 2% € A,, one has A(x) = A(2?) = A(a), since A is idem-
potent. This yields zAa so that x € \,. Thus )\, is a completely semiprime
left ideal of S containing a. Hence A(a) C A,. The opposite inclusion follows
from the fact that whenever b € \,,a\b implies A(a) = A(b). Consequently,
S =U,egAa),A(a) = S;, and Ss are disjoint.

(6) = (7): Let S be a disjoint union of its principal left k-radicals, that is,

!
S = Useg Ala), and A(a) # A(b) for a # b. Let a,b € S such that a —> b.
Then b € A(a), that yields A(a) N A(b) # ¢. This implies A(a) = A(b) so that

I 1
a € A(b). Then one gets b —>° a by the definition of —°. Consequently, the

1
relation —*° is symmetric on S.
(7) = (5): Since (S, +,-) is a semilattice, for a,b € S, one has ab+ ab = ab which

_ l l
implies ab € Sb then we have b Ly ab. Since L>§—>°°, one gets b —*° ab and
l l
since —*° is symmetric, one gets ab —>° b.

(2) = (1): Suppose that A be a right zero idempotent congruence on S. Then, for
a,b € S one has a(ba)\bala. Also, a> = aala. Consequently, A is a rectangular
idempotent congruence on S. 0

Remark. We see that a semiring which is a distributive lattice of left k- Archimedean
semirings, can also be treated as a semiring which is a right zero idempotent of

principal left k-radicals that follows from the proof of (2) = (6). Since the relation
l
—° is reflexive and transitive on S by definition, the last theorem shows that

the decomposition of semirings into principal left k-radicals makes the relation
1 1
— an equivalence relation on S. Moreover, the —*°-classes are exactly the

1
A-classes, and —>°= A on S.
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