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The ordered semilattice equivalence relations

on ordered semihypergroups
Jukkrit Daengsaen and Sorasak Leeratanavalee

Abstract. The semilattice equivalence relations play an important role in investigating the
structural properties of ordered semihypergroups. Such relations can be expressed in terms of
hyperfilters. There are two concepts of (ordered) hyperfilters of (ordered) semihypergroups which
were introduced by Tang et al. [16] and Kehayopulu[9]. In this paper, we prove that those two
concepts coincide and characterize the least semilattice equivalence relations on ordered semi-
hypergroups. Furthermore, we investigate the relationship between the semilattice equivalence
relations and the strongly ordered regular equivalence relations on ordered semihypergroups.
Finally, we introduce the concept of p-classes-chain on ordered semihypergroups and give the

characterization of the strongly ordered regular equivalence relations via such concept.

1. Introduction

The investigation of ordered semihypergroups, which are a generalization of or-
dered semigroups, was initiated by Davvaz and Heidari [8] in 2011. As we known,
the semilattice congruences on ordered semigroups play a significant role in study-
ing the structural properties of ordered semigroups, see [12, 10, 13]. In case of or-
dered semihypergroups, the analogous role is played by the concept of semilattice
equivalence relations which was defined through the strongly regular equivalence
relations on ordered semihypergroups. Such semilattice equivalence relations can
be expressed by means of hyperfilters and completely prime hyperideals. The con-
cept of (ordered) hyperideals of ordered semihypergroups was studied by Chang-
phas and Davvaz [1]. In 2015, Tang et al. [16] introduced the concept of (ordered)
hyperfilters and completely prime (ordered) hyperideals on ordered semihyper-
groups. They gave the characterization of the (ordered) hyperfilters in terms of
completely prime (ordered) hyperideals. Omidi and Davvaz [14] generalized some
remarkable results concerning the semilattice congruences and the relation N on
ordered semigroups to ordered semihypergroups, where A is generated by the same
principal filters (ordered hyperfilters) of ordered semigroups (ordered semihyper-
groups, respectively). They showed that N is the semilattice equivalence relation
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on ordered semihypergroups. Also, they discussed the relationship between the
Green’s relation J and the relation A" on ordered semihypergroups. Gu and Tang
[7, 6] introduced the concept of ordered regular (strongly ordered regular) equiva-
lence relations on ordered semihypergroups and discussed their related properties.
Moreover, they introduced the notion of ordered semilattice equivalence relations
on ordered semihypergroups and proved that A is the least ordered semilattice
equivalence relation. In the meantime, they illustrated by counterexample that
N is not the least semilattice equivalence relation on ordered semihypergroups
in general. Recently, Kehayopulu[11] introduced a new concept of hyperfilters
(in such paper, it is called filter) on ordered semihypergroups and used such hy-
perfilters to define the relation A™* (in such paper, the author use the notation
N). The author proved that N'* is the semilattice equivalence relation on ordered
semihypergroups. Furthermore, the author introduced the concept of complete
semilattice congruences on ordered semihypergroups and showed that A* is the
least complete semilattice congruence on ordered semihypergroups. From those
works, the following question is natural: What is the smallest semilattice equiv-
alence relation on ordered semihypergroups? In this paper, we attempt to solve
this problem.

The present paper is organized as follows. In Section 2, we recall some basic no-
tions and elementary results of ordered semihypergroups. We show that the Tang’s
hyperfilter and the Kehayopulu’s hyperfilter coincide. This implies that N' = N*.
In Section 3, we give the characterization of (complete) semilattice equivalence
relations in terms of the (ordered) hyperfilters generated by their corresponding
equivalence classes. In Section 4, we answer the previous question. Some our
results are an extension and a generalization of the results on ordered semigroups
given in [5]. The last section, we establish the connection between the complete
semilattice equivalence relations and the strongly ordered regular equivalence re-
lations on ordered semihypergroups. Furthermore, we introduce the concept of
p-classes-chain on ordered semihypergroups and characterize the strongly ordered
regular equivalence relation by means of such chain.

2. Preliminaries

In this section, we recall some basic results of ordered semihypergroups, see [4, 17,
18, 3.

Let S be a nonempty set and let P*(.S) be denoted as the set of all nonempty
subsets of S. A mapping o : S x § — P*(9) is called a hyperoperation. A couple
(S,0) is called a hypergroupoid. For any A, B € P*(S) and = € S, we write

AoB= U aob, Aox=Ao{x}and x 0B = {z}oB.
acA,beB

A hyperoperation o is called associative if (x oy)oz = x o (yo z), for all
x,y,z € S. In this case, the hypergroupoid (5, o) is called a semihypergroup.
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An ordered semihypergroup (S,0,<) is a semihypergroup (5, 0) with a partial
order < that is compatible together with the hyperoperation o, i.e., for z,y,z € S,

r < yimpliesrxoz<<yozand zox < zo0y.

Note that, for any A, B € P*(S), A < B means for any a € A there exists b € B
such that a < b.

Throughout this paper, we denote S as an ordered semihypergroup (S, o, <).
For A € P*(S), A is said to be a subsemihypergroup of S if Ao A C A Ais
called a right(left) hyperideal of S if Ao S C A(So A C A). If A is both a
right and a left hyperideal of S, then A is a hyperideal of S. A right hyperideal
(left hyperideal, hyperideal) of S is called an ordered right hyperideal (ordered left
hyperideal, ordered hyperideal) of S if for any y € S and z € A, y < x implies
y € A.

A hyperideal A of S is said to be prime if, for any z,y € A, z oy C A implies
x € Aory € A. A hyperideal A of S is called completely prime if, for any
z,y € A, zoyNA# () implies x € A or y € A. Clearly, every completely prime
hyperideal is always a prime hyperideal but the converse does not hold in general.
Let CP(S) and CPO(S) denote the set of all completely prime hyperideals of S and
the set of all completely prime ordered hyperideals of S, respectively. Evidently,
0 #£CPO(S) CCP(S).

There are two concepts of (ordered) hyperfilters of ordered semihypergroups.
In 2015, Tang et. al[16] introduced the following notion.

Definition 2.1 (cf. [16]). Let S be an ordered semihypergroup. A subsemihyper-
group F' of S is called an ordered hyperfilter of S if the following two conditions
hold.

(T1) F is a hyperfilter of S, i.e., if (xoy)NE #(, for all x,y € S, then z,y € F.
(T2) If for any = € F and y € S such that x <y, theny € F.
Also, they proved the following result.

Lemma 2.2. (cf. [16]) Let S be an ordered semihypergroup and A € P*(S). Then,
the following statements are equivalent.

(i) A is a (ordered) hyperfilter of S
(ii) S\A =0 or S\ A is a completely prime (ordered) hyperideal of S.

In 2017, Kehayopulu[9] introduced the notion of hyperfilter (in such paper, it
is called filter) on hypergroupoids and applied it to ordered hypergroupoids which
presented in [11] as follows.

Definition 2.3 (cf. [11]). Let S be an ordered semihypergroup. A subsemihyper-
group F of S is called a hyperfilter of S if it satisfies the conditions (K1) and (K2).
Furthermore, F' is called an ordered hyperfilter of S if it satisfies the conditions
(K1), (K2) and (K3) as follows.
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(K1) If zoy C F, for all z,y € S, then z,y € F.
(K2) For any z,y € S, we have zoy C F or (zoy)NF = .
(K3) If for any = € F and y € S such that z < y, then y € F.

To prevent the confusing, we call the Tang’s (ordered) hyperfilter that 7-
(ordered) hyperfilter and call the Kehayopulu’s (ordered) hyperfilter that K-(orde-
red) hyperfilter. Next, we show that the T-hyperfilter and K-hyperfilter coincide
on ordered semihypergroups.

Theorem 2.4. Let S be an ordered semihypergroup and F € P*(S). Then, F is
the K-hyperfilter of S if and only if F is the T-hyperfilter of S.

Proof. (=) Let F be a K-hyperfilter of S. Let x,y € S with (zoy)NF # (. By
(K2), we have z oy C F. By (K1), we get x,y € F. Thus F is a T-hyperfilter of S.
(=) Suppose that F is a T-hyperfilter of S. Let 2,y € S and zoy C F. It follows
that z oy N F # (. Since F is a T-hyperfilter of S, by (T1), we have z,y € F.
Next, we show that F satisfies (K2). Let x1,22 € S. Since F is a T-hyperfilter
of S, by Lemma 2.2, we obtain that S\ F = @ or S\ F is a completely prime
hyperideal of S. If S\ F = (), then FF = S. So F satisfies (K2). If S\ F is a
completely prime hyperideal of S, then we consider the following two cases.

Case 1: x; € S\ F for some ¢ € {1,2}. Since S\ F is a hyperideal of S, we get
z10w3 C S\ F. So (x10xe)NF = 0.

Case 2: k1,22 ¢ S\ F. Then x1,x9 € F. Since F' is a subsemihypergroup of S, we
have z1 029 C F. From Case 1 and 2, we conclude that F satisfies (K2). Therefore
F' is a K-hyperfilter of S. O

From the previous theorem, we also conclude that the T-ordered hyperfilter
and the K-ordered hyperfilter of S coincide. The present paper is based on the
notion of hyperfilters of S which was defined by Tang et al. As we know, the
intersection of all hyperfilters (ordered hyperfilters) of S is always a hyperfilter
(an ordered hyperfilter, respectively), provided it is nonempty. The intersection
of all hyperfilters (ordered hyperfilters) of S containing A(A € P*(.9)) is called a
hyperfilter (an ordered hyperfilter) of S generated by A. For case A = {z}, let n(x)
denote the hyperfilter of S generated by x, N(x) denote the ordered hyperfilter of
S generated by x.

An equivalence relation p on S is a semilattice equivalence relation [14] if p
satisfies the following conditions.

(1) p is a strongly regular relation[4] on S, i.e.,
(z,y) € pimplies zox pzoyand zoz pyoz foralz,y,z€ S

where, for any A, B € P*(S), ApB means (a,b) € p for alla € Aand b € B.

(2) x prozxandxzoy pyox forall x,y € S.
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Let SR(S) be the set of all semilattice equivalence relations on S. In addition,
any p € SR(S) is called a complete semilattice equivalence relation [11] on S if

(3) for any z,y € S, z < y implies z p x o y.

Let CSR(S) be the set of all complete semilattice equivalence relations on S.
Clearly, § # CSR(S) C SR(S). For any A € P*(S), we define the relations on S
as follows:

0a:={(z,y) €S xS:ax,yc Aorz,y ¢ A},

n:={(z,y) € S x5:n(x) =n(y)},
N :={(z,y) € SxS:N(z)=N(y)}
Clearly, the relations d4,n and A are equivalence relations on S. Moreover, we

have §4 = 0g\ 4 for all A € P*(S). Omidi and Davvaz [14] established the remark-
able properties concerning the relation A/ on ordered semihypergroups as follows.

Lemma 2.5 (cf. [14]). If A is a completely prime (ordered) hyperideal of S, then
04 € SR(S)

Lemma 2.6 (cf. [14]). Let S be an ordered semihypergroup. Then N € SR(S)
and N ={04a: A€ CPO(S)}.

Lemma 2.7. (cf.[4]) Let (S,0) be a semihypergroup and p be a strongly regular
equivalence relation on S. Then, (S/p,*,) is a semigroup with respect to the
following operation: p(x)*,p(y) = p(z) for all z € xoy where S/p := {p(z) : x € S}
and p(z) denotes the equivalence class of © (z € S).

3. Complete semilattice equivalence relations

In this section, we give some properties of (complete) semilattice equivalence rela-
tions on ordered semihypergroups in terms of the (ordered) hyperfilters generated
by their corresponding equivalence classes. Firstly, we give the following results
which are easily to prove by applying Lemma 2.7.

Lemma 3.1. Let p € SR(S). Then the following statements hold.
(i) For any x € S, the p-class p(x) is a subsemihypergroup of S.

(ii) The quotient set S/p := {p(x) : © € S} is a commutative semigroup under
the multiplication %, defined by p(z) *, p(y) = p(z) for all z € x o y.

Note that, for any z,y,z € S and p € SR(S), (zoy) N p(z) # 0 if and
only if p(z) = p(x) *, p(y). In fact, let a € (x oy) N p(z). Then a € z oy and
p(a) = p(z). Since p € SR(S), we have x oy p x oy and it implies that (a,bd) € p
for all b € x oy. By Lemma 3.1(ii), we get p(b) = p(z) *, p(y) for all b € z o y.
Thus p(z) = p(a) = p(b) = p(x) *, p(y). Conversely, if p(z) = p(x) *, p(y) then
by Lemma 3.1(ii), we have p(x) *, p(y) = p(c) for all ¢ € x oy. Consequently,
c € p(c) = p(z) and then ¢ € (z oy) N p(z) # 0.
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Lemma 3.2. Let S be an ordered semihypergroup and A € P*(S). Then the
following statements are equivalent.

(i) 64 € CSR(S).
(ii) One of A or S\ A is a completely prime ordered hyperideal of S.

Proof. (i) = (ii) Let 4 € CSR(S) and A € P*(S). If A =S, then we are done.
Suppose that A # S. Firstly, we show that A and S\ A are subsemihypergroups

of S. Let #,y € A. Then (z,y) € da. Since 64 € CSR(S), we have oy da yoy

and yoy d4 y. It follows that z o7y 04 3. Since y € A, we get zoy C A. So A
is a subsemihypergroup of S. Using the same process, we can show that S\ A is
a subsemihypergroup of S. Next, we show that A is an ordered hyperideal of S.
Let x € A and y € S. We consider two cases as follows.

Case 1: zoy C A. Since 64 € CSR(S), we get x oy 54 y o x. Consequently,
yox C A and so A is a hyperideal of S. Next, let w € S and v € A with u < v.
Since 64 € CSR(S), we have u 64 uov. Since A is a hyperideal of S and v € A,
we get uov C A. By the definition of § 4, it follows that u € A. So A is an ordered
hyperideal of S.

Case 2: zoy ¢ A Then y ¢ A. Indeed, if y € A, then, since A is a sub-
semihypergroup of S, we have z oy C A. It is impossible. Hence y ¢ A.
We have (y,z) € d4 for all z € zoy\ A. By Lemma 3.1(ii), we obtain that
0a(y) =da(z) =da(x) x5, 04(y). Since z € A and y ¢ A, we get d4(x) = A and
0a(y) =S\ A. Tt follows that S\ A= Ao (S\ A). Furthermore, we have

So(S\A)=(AUS\ A)o(S\ A)
C(Ao(S\A))U((S\A)o(S\A4) S (S\AU(S\A4)=5\4,

since S\ A is a subsemihypergroup of S. Consequently, S\ 4 is a left hyperideal
of S. As we known that, for any z,y € S, if yox C A, then, since yox 4 xoy, we
have zoy C A. Since zoy ¢ A, it follows that yox ¢ A. Using the same process,
we can show that S\ A is a right hyperideal of S and hence S\ A is a hyperideal
of S. Next, let u € S and v € S\ A. If u < v, then, since 5,4 = 64 € CSR(S),

we have u dg\4 uow. Since S\ A is a hyperideal of S and v € S\ A, we get
uov C S\ A and hence u € S\ A. Consequently, S\ A is an ordered hyperideal of
S. Finally, we show that A is completely prime. Let z,y ¢ A. Then (z,y) € 0a.

Since 04 is a strongly regular, we obtain that z o x 04 woy. Since 64 € CSR(S),

we have 2 64 x ox. So x §4 xoy. Since x ¢ A, by the definition of J4, we get
(xoy)N A =10. Consequently, A is a completely prime ordered hyperideal of S.
Similarly, we can show that S\ A is also a completely prime ordered hyperideal.
(ii) = (i) Since 4 = dg\4 for all A € P*(S), by Lemma 2.5, we get 04 € SR(S).
Next, we show that §4 € CSR(S). Firstly, suppose that A is a completely prime
ordered hyperideal of S. Let z,y € S with x < y. If y € A, then, since A is an

ordered hyperideal of S, we get z € A and so zoy C A. It follows that z E Toy.
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Hence d4 € CSR(S). If y ¢ A, then we consider the following two cases.

Case 1: (xoy)N A # 0. Since A is completely prime and y ¢ A, we have x € A.
Since A is an ordered hyperideal of S, we get z oy C A and so 204z o y.

Case 2: (roy)NA=10. Thenzoy C S\ A. If z € A, then, since A is an ordered
hyperideal of S, we get x oy C A, which is a contradiction. So z ¢ A. Hence
x0ax oy. From Case 1 and 2, we conclude that §4 € CSR(S). Similarly, for
case S\ A is a completely prime ordered hyperideal of S, we can also show that
da = d5\4 € CSR(S) and the proof is completed. O

Corollary 3.3. Let S be an ordered semihypergroup and A € P*(S). Then, the
following statements are equivalent.

(i) 04 € SR(S).
(ii) One of A or S'\ A is a completely prime hyperideal of S.

Let p be an equivalence relation on S. For any x € S, let (p(z)); denote the
hyperfilter of S generated by p-class p(z); ¢t denote the hyperfilter of S generated
by U n(y); (p(x))p denote the ordered hyperfilter of S generated by p-class

yep(z)

p(x); T denote the ordered hyperfilter of S generated by |J N(y).
yEp(z)
The following lemmas extend and generalize the results of filters and ordered

filters on ordered semigroups, see Lemma 2.4 and Lemma 2.6 in [5].

Lemma 3.4. Let S be an ordered semihypergroup, p € SR(S) and x € S. Then
the following statements hold.

(i) (p(z)); = {a €S:acp(x) oruoanp(z)#0 for some u € (p(x)>f}

(ii) (p(z)), = t.
(i) Ify € (p(2)) s, then (p(y)); € (p(x));-

() p={(z.9) € 5 x 5 (p(a)); = (p()); |-

Proof. (i) Let N = {a €S:a€p(x)oruoanp(x)#0D for some u € (p(x)>f}

Clearly, p(z) € N C (p(x));. Indeed, if a € N, then a € p(x) or uoanp(z) # 0
for some u € (p(x));. Since 0 # uoanp(z) Cuoan (p(z)), and (p(x)); is a
hyperfilter of S, we have a € (p(z));. So N C (p(x));. The following assertions
hold.

(1) N is a subsemihypergroup of S. Indeed, let a,b € N. There exist 4 cases
to be considered as follows.
Case 1.1 a,b € p(z). By Lemma 3.1(i), we have a o b C p(x) C N.
Case 1.2 a € p(x) and uob Np(x) # O for some u € (p(z)) ;. We have p(z) = p(u)*,
p(b). Since p € SR(S), we have x p zox and then p(z) = p(z) *, p(x). By Lemma
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3.1(ii) we have p(z) = p(z) #, p(x) = (p(u) %, p(b)) *, pl(a)
Let z € aob. By Lemma 3.1(ii), we have p(x) = p(u) *,
uozNp(z) # 0. Hence z € N and it implies that aob C N.
Case 1.3 b € p(v) and u o a N p(x) # O for some u € (p(z)) ;. The proof is similar
to Case 1.2 and we get aob C N.

Case 1.4 ujoanp(x) # 0 and uzobNp(x) # P for some u1, uz € (p(z)) ;. By Lemma
3.1(i1), we have p(u1) *, p(a) = p(z) = p(uz) *, p(b). Since p € SR(S), we have
p(x) = p(x) %, p(x). This implies that p(z) = (p(u1) *, p(a)) *, (p(uz) *, p(b)) =
(p(u1) *, p(u2)) *, (p(a) *, p(b)). Let z € aob. By Lemma 3.1(ii), we have
p(x) = (p(u1) *, p(u2)) *, p(z). It follows that p(x) N ((ug o ug) o z) # 0. Since
(p(x)); is a subsemihypergroup of S, we have ui ous C (p(z));. Consequently,
z€ N and soaob C N. Thus N is a subsemihypergroup of S.

(2) We show that N is a hyperfilter of S. Before showing that, we first prove
that, for any a,b € S, if aobN N # () then boaN N # 0. Let a,b € S with
aobN N # . Then there exists ¢ € aobNN. Since ¢ € N, we obtain that ¢ € p(x)
or vocn p(z) # 0 for some v € (p(x)) ;. We consider the following two cases.
Case 2.1: ¢ € p(xz). By Lemma 3.1(i1), we have p(z) = p(c) = p(a) *, p(b) =
p(b) %, p(a). It follows that ) #boanp(x) CboaNN.

Case 2.2: vocp(z) # 0 for some v € (p(x)),;. Then vo (aob)Np(z) # 0. By
Lemma 3.1(ii), we have p(z) = p(v) %, (p(a) 5 p(b)) = p(v) %, (p(b) %5 pla)). It
follows that v o (boa) N p(x) # (. Consequently, boa C N and soboanNN
From the previous two cases, we conclude that, for any a,b € S, if aocbN N
then boa N N # (.

Next, we show that N is a hyperfilter of S. Let a,b € S with aocbN N #
(). Then there exists d € a o bN N. Since d € N, we obtain that d € p(z)
or vodnNp(x) # 0 for some v € (p(x)),. It follows that a o b p(z) # 0 or
(voa)ob)Np(z) = (vo(aob))Np(x)#0. Since D #aobNN Caobn (p(z)),
and (p(z)), is a hyperfilter of S, we have a b E (p(x));. Since (p(z)); is a
subsemihypergroup of S, we have v oa C Consequently, b € N. As
we know that a o b NN # () implies boa N N 7& (Z{ Using the same process, we
also get @ € N. Hence N is a hyperfilter of S containing p(z) and so (p(x)); C N.
Therefore N = (p(z)) ;.

(ii) Since p(z) C U{n( ):y € p(x)}, we obtain that ¢ is a hyperfilter of S
containing p(z). Thus (p(z)); C t. Conversely, for any y € p(z), since n(y) is
the hyperfilter of S generated by y and y € (p(z)),, we have n(y) C (p(x))-.
So U{n(y) :y € p(x)} C (p(z));. This follows that ¢ C (p(z)), and hence t =
(p(x)) -

(iiij)c Let y € (p(z));. Then y € p(x) or uoy N p(z) # O for some u € (p(x));.
We consider two cases as follows.

# 0.
#@7

Case 3.1 y € p(z). We have p(y) = p(z) C (p(2)) ;. Thus (p(y)), C (p(z

Case 3.2 uoy N p(x) # O for some u € (p(z)) ;. We have p(z) = p(u) *, p{y Let
z € p(y). Then p(z) = p(u)*,p(z). It follows that 0 # woznp(x) CuozN(p(z));.
Since (p(z)); is a hyperﬁlter we have z € (p(z)) ;. Consequently, p(y) C {(p(x)),

and hence {p(y))  (p(x)),.
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(iv) Let ¢ = {( y) € S x5 (p(x)); (p(y)>f} Obviously, p C 0. Con-

versely, let (z,y) € 0. Then (p(z)), = (p(y));. Hence z € (p(y)); and y € (p(x));-
By (i), if z € p(y) or y € p(x), then p(x) = p(y) and so o C p. Next, assume
that @ ¢ p(y) and y ¢ p(z). By (i), there exist u,v € (p(z)),; = (p(y)); such that
woxNp(y) # 0 and voyNp(z) # 0. By Lemma 3.1(ii), we have p(y) = p(u)*, p(x)
and p(x) = p(v) *, p(y). Since p € SR(S), we have z proxz and y p yoy. By
Lemma 3.1(ii), we obtain that p(z) = p(z)*,p(x) and p(y) = p(y)*,p(y). We have
p(x) = p(v)*, p(y) = p(v) *, (p(y) %o p(y)) = (p(v) %0 P(Y)) 5 p(y) = p(x) %, p(y) =
0(2) %y (p() %9 p(z)) = p(u) %5 (p() %5 p(x)) = plut) %5 p(x) = p(y). Consequenly,
(z,y) € p. Therefore o C p and the proof is completed. O

Corollary 3.5. Let S be an ordered semihypergroup and x € S. Then the following
assertions hold.

(i) n € SR(S) and (n(z)); = n(z).
(ii) n(z) ={a € S:aen(x) oruoanmn(z)#0 for somew € n(x)}.
(

Proof. (i) As in the proof of Theorem 5.5 in [14], it is not difficult to verify that
n € SR(S). By Lemma 3.4(ii), we have (n(z)), = t. Since n(y) = n(z) for

all y € n(z). So U n(y) = n(x). Since t is a hyperfilter of S generated by
yEn(I)
U n(y) =n(z), we have n(z) C ¢t C n(x). Consequently, (n(z)), =t = n(z).
yen(z)

(ii) By Lemma 3.4 (i), we have
n(x) = (n(x)); ={a € S:aen(z)oruocanmn(z)#0 for some u € n(x)}. O

For any A € P*(S), denote by [A) = {z € S: a < z for some a € A}.
Lemma 3.6. Let S be an ordered semihypergroup, p € CSR(S) and z € S. Then
(i) (p(2))p ={a € S:acp(x)) oruoanip(x)) #0 for some u € (p(x))p}
(i) (p(x))p=T.
(iii) If y € (p(x)) g, then (p(y))p C (p(2)) p-
v) p=

(i {(z,y) € x5 (p(2)) p = {p(¥)) £}

Proof. (i) Let N ={a € S:a € [p(x)) oruoan|p(x)) # 0 for some u € (p(x))}.
Clearly, p(z) € N C (p(z)) . Firstly, we show that IV is an ordered hyperfilter
(1) N is a subsemihypergroup of S. Let a1,as € N. We consider the following
two cases.
Case 1.1 ai,az ¢ [p(x)). Then, there exist ui,us € (p(x))p such that u; o a; N
[p(z)) # 0 for all i = 1,2. For any i = 1,2, we put b; € u; o a; N [p(z)) # 0.
Then, there exists v; € p(x) such that v; < b;. Since < is compatible, we get
v1 0 vy < by 0 by and vy 0w C p(x) by Lemma 3.1(i). Let ¢ € vy o vg. Then, there
exists d € by o bg such that ¢ < d. Since p € CSR(S), we have ¢ p cod and then

{p
{p
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p(c) = p(c) *, p(d). Since ¢ € vy ovy C p(x), we have p(c) = p(z). By Lemma
3.1(ii), we have

p(@) = () = () %, pld) = pl&) 5 p(d),  since d € by oy,
= p(x) *, (p(b1) %, p(b2)), since b; € u; 0 a; for alli=1,2,
= p(x) *, ((p(u1) *, p(ar)) *, (p(u2) *, p(az))), since *, is commutat.,
= (p(x) *, (p(u1) *, p(uz))) *, (p(ar) *, p(az))-

Let y € ajoas. By Lemma 3.1(ii), we have p(z) = (p(x) *, (p(u1) %, p(u2))) *, p(y)-
Consequently, 0 # ((z 0 (u1 0 42)) o) N p(x) € (2 0 (uy 0 42)) o) N [p(x). Since
z o (u1 oug) C (p(x))p, we have y € N and so a1 ocas C N.
Case 1.2 a; € [p(z)) for some i € {1,2}. There exists v; € p(z) such that v; < a;.
Since < is compatible, we have v; o v; < v; 0 a;, i.e., for any b € v; o v; there exists
¢ € v;0a; such that b < c. It follows that ¢ € [p(z)) and so v;0a; N [p(x)) # 0. As
we known that v; € p(z) C (p(z)), using the similar process as in Case 1.1, we
also conclude that a; o ag € N. Thus N is a subsemihypergroup of S.

(2) Using the similar process as in the proof of Lemma 3.4(ii), we obtain that
N is a hyperfilter of S. Next, let a € N and b € S with a < b. Then a € [p(z)) or
uwoan [p(z)) # 0 for some u € (p(z)) .. We consider the following two cases.
Case 2.1: a € [p(x)). Since a < b, we get b € [p(z)). So b€ N.
Case 2.2: uoaN[p(x)) # 0 for some u € (p(x))p. Since < is compatible, we get
uvoa < uob,ie., for any ¢ € u o a, there exists d € u o b such that ¢ < d. Put
¢ €uoanip(x)), there exists d’ € wo b such that ¢/ < d’. Since ¢’ € [p(x)), we
have d’ € [p(z)). It implies that wo b N [p(x)) # 0. Consequently, b € N.
From Case 2.1 and 2.2, we conclude that N is an ordered hyperfilter of S containing
p(z). Hence (p(z))r € N and so (p(z))r = N.

(ii) The proof is similar to Lemma 3.4(ii).
(iii) Let y € (p(2)) . By (i), we obtain that y € [p(z)) or uoyN[p(x)) # 0

for some u € (p(x)) . We analyze two cases as follows.
Case 3.1: y € [p(z)). Then, there exists a € p(x) such that a < y. Since p €
CSR(S), we have a p aoy. It follows that p(z) = p(a) = p(a)*,p(y). Let y’ € p(y).
We have p(x) = p(a)*,p(y’) and it follows that () # (aoy )ﬂp( ) C (aoy')N[p(x)).
Since a € p(x) C (p(z))p and by (i), we have v’ € (p(z))p. It follows that
p(y) € (p(x))p and so (p(y)) p S (p()) p-
Case 3.2: uoyN|p(x)) # 0 for some u € (p(z)) . Then, there exists b € uoyN[p(z)).
There is a € p(z) such that a < b. Since p € CSR(S), we get a p aob. By
Lemma 3.1(i), we have p(z) = p(a) = p(a) %, p(b) = p(a) %, (plu) *, p(y)) =
(p(a) %, p()) 5 p(y). Let yf € p(y). It follows that p(z) = (p(a) *, p(u)) *» p(y/).
We have 0 # ((aou)oy’) N p(x) € ((aowu) oy’) Np(x)). Since a € p(x) C (p(x))p
and (p(z))p is a subsemihypergroup of S, we have a ou C (p(z))p. By (i), we
have y" € (p(z))p and hence p(y) C (p(2))r. Thus (p(y))r C (p(z)) 5

(iv) Let 0 = {(z,y) € S xS : {p(z))r = (p(y)) p}. Evidently, p C 0. Con-
versely, let (z,y) € p. Then (p(z))r = (p(y))r. It follows that « € (p(y)) and
y € (p(x)) . We consider the following two cases.
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Case 4.1: = ¢ [p(y)) and y ¢ [p(x)). Then there exist ui,uz € (p(x))p = (p(¥)) g
such that u; oz N [p(y)) # 0 and us o y N [p(x)) # @. Since uy oz N [p(y)) # 0,
there exists a € u; ox N [p(y)) and o’ € p(y) such that a’ < a. Since p € CSR(S),

we have @’ p a’ o a. Since a € u; oz and a’ € p(y), by Lemma 3.1(ii), we have

p(y) = pla’) = p(a’) x, p(a) = p(y) *, pla) = p(y) *, (p(u1) *, p(x)). Similarly,
since uz 0y N [p(z)) # 0, we have p(z) = p(x) *, (p(u2) *, p(y)). It follows that

p(uz) *p p(y) = p(uz) *, (p(y) * (p(u1) *, p(x))),  since *, is commutative,
= p(u1) =, (p() %, (p(uz) *p p(y))) = p(wr) *, p(x).
Since p € CSR(S), we have p(z) = p(x) *, p(x) and p(y) = p(y) *, p(y). Then
p(x) = p(x) *p (p(uz) *p p(y)) = p(x) *, (p(u1) %, p(z)) = p(u1) p(p(x) *p p()) =
p(ur) *, p(x) = p(uz) *, p(y) = p(uz) *, (p(y) *, )(y)) (p(u2) *p p(y)) *p p(y) =

= p(uz) *p
(p(ur) =, p(x)) x, p(y) = p(y)- Consequently, (9'j y) €
Case 4. 2 x € [p(y)) or y € [p(x)). Without loss of generality, assume that x €

[p(y)). Using the similar poof as in Case 1.2, there exists v € (p(2))p = (p(¥)) g
such that voxz N [p(y)) # 0. Using the analogous processes as in Case 4.1, we also
obtain that (z,y) € p. From Case 4.1 and 4.2, we conclude that ¢ C p and the
proof is completed. O

Applying Lemma 3.6 and Corollary 3.5, we obtain the following result.
Corollary 3.7. Let S be an ordered semihypergroup and x € S. Then
() V@) p = Na).
(i) N(z)={a€ S:ae[N(®)) orucan|N(z))#0D for some u € N(z)}.

4. The least semilattice equivalence relation

We will show that the relation n is the least semilattice equivalence relation on
ordered semihypergroups which is used to answer the question in Section 1.

Theorem 4.1. Let S be an ordered semihypergroup. Then
() 1= {64 A eCPES)}
(i) n CN.

Proof. (i) Let 7 = (1{da: A€ CP(S)}. By Corollary 3.3, we have 64 € SR(S)
for all A € CP(S). So 7 € SR(S). By using the similar proof as in Theorem 2.8
in [14], we can show that n = 7.

(ii) Since CPO(S) C CP(S), by (i) and Lemma 2.6 (ii), we obtain
n=N{0a:A€CP(S)} CN{da: AcCPOS)}=N. O

Theorem 4.2. Let S be an ordered semihypergroup and p € SR(S). Then
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©) p= N S,
€S
(ii) n is the least semilattice equivalence relation on S.

Proof. (i) Let 7 = N {§<p($)>f (X € S}. Since (p(z)); is a hyperfilter of S, by
Lemma 2.2, we have S \ (p(x)) ; is a completely prime hyperideal of S. By Corollary
3.3, we have 5p(x) = 5S\(p(w)>f € SR(S). It follows that 7 € SR(S). Let
(z,y) € 7. Then (z,y) € 6<p(a)>f for all @ € S. To show that (x,y) € p, assume
that (z,y) € p. By Lemma 3.4(iv), we have (p(z)), # (p(y));. It follows that
(@), £ ), or (), ¢ (o).

Case 1.1: <p(m)>f Z (p(y));- By Lemma 3.4(.iii.), we have z ¢ (p(y)) . Since
y € (p(y)) ;. it follows that (z,y) ¢ d(p(y)),- This is a contradiction.

Case 1.2: (p(y)) ¢ (p(x));. Using the similar proof as in Case 1.1, we obtain

a contradiction. Hence (z,y) € p and so 7 C p. Conversely, let (z,y) € p. By

Lemma 3.4(iv), we have (p(z)) ; = (p(y));. To show that (z,y) € 7, assume that

(z,y) ¢ 7. Then, there exists a € S such that (2,y) ¢ ds\(p(a)),- We obtain the

following two cases.

Case 2.1: z ¢ (p(a)); and y € (p(a));. By Lemma 3.4(iii), we have (p(y)), C
=(p

)
(p(a));. and so x € (,0( ) W) C (p(a)) - It.ls 1.mp0551ble.
Case 2.2: z € (p(a)); and y ¢ (p(a));. The proof is similar to Case 2.1, we also
get a contradiction. Consequently, (x,y) € 7. Therefore p = 7.
(

ii) Let p € SR(S). Since .5\ {p(z :x €Sy CCP(S), we obtain that
f

Tlfn{(sz‘l AcCP(S }Cﬂ{55\p(x) xGS}:m{cs(p(x))f:xGS}:

Therefore 7 is the least semilattice equivalence relation on S. O

Applying Lemma 3.2, 3.6, and Corollary 3.7, by using the similar proof of
Theorem 4.2, we obtain that N is the least complete semilattice equivalence re-
lation on ordered semihypergroups which analogous to the Kehayopulu’s results,
see Corollary 4.11 in [11].

Theorem 4.3. Let S be an ordered semihypergroup and p € CSR(S). Then
©) p= N dp(e)
zeS

(ii) N is the least complete semilattice equivalence relation on S.

Example 4.4. Let S = {a,b,¢,d}. Define o: S x S — P*(S) as in the table.
Then (S, 0) is a semihypergroup(see Example 1 [15]). Define a partial order < by

Si= {(ava)7 (b7 b)’ (C, a)’ (Cv C), (d> a)’ (d7 d)}

Then (S,0,<) is an ordered semihypergroup. Clearly, H; = {a,b,d}, Hy =
{a,¢,d}, H3 = {a,d} and S are all hyperideals of S. On the other hand, H,
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a b c d
{a,d} {a,d} {a,d}  {a}
{a,d}  {b} {a,d} {a,d}
{a,d} {a,d} {c} {a,d}
{a}  {a,d} {a,d} {d}

QL O Q|0

and S are all ordered hyperideals of S. Furthermore, Hy, Hs, S are completely
prime and Hj is not completely prime because (boc¢) N Hy = {a,d} N{a,d} # 0
but b,c ¢ Hs. By Lemma 2.6 and Theorem 4.1, we have

n=10m, Ndu, Nds = {(a,a), (a,d),(b,b),(c,c),(d,a),(d,d)},
N = Om, Nos = {(aa a)v ((L, C)v (aa d)v (bv b)’ (Cv a)» (Cv C)’ (Ca d)a (dv a)7 (da C)v (dv d)}

It is not difficult to show that all semilattice equivalence relations on S are defined
as follows:

pr = {(a,a), (a,d), (b,), (¢, ), (d. a), (d. d)} =,

p2 = {(a,a), (a,b), (a,d), (b, a), (b,b), (b, d), (c, ), (d, a), (d. ), (d, )},

ps = {(a,a), (a,0), (a,d), (5,), (c.a), (¢, ), (c.d), (d, a), (d, ¢), (d,d)} = N

p1 = {(a,a), (a,b), (a,0), (a,d), (b, ), (b,D), (b,), (b, d), (¢, a), (¢, ), (c; ), (¢, d),
(d,a), (d,b), (d,c), (d,d)}

Moreover, all complete semilattice equivalence relations on S are ps and py. Con-
sequently, n C A. Therefore 7 is the least semilattice equivalence relation on S
and A is the least complete semilattice equivalence relation on S.

5. Ordered regular equivalence relations

In this section, we describe the relationship between complete semilattice equiv-
alence relations and strongly ordered regular equivalence relations on an ordered
semihypergroup S via the (ordered) hyperfilter of S generated by its equivalence
classes. Firstly, we recall the notion of strongly ordered regular equivalence rela-
tions on ordered semihypergroups which was introduced by Gu and Tang in [7].

Definition 5.1. Let (57, 01,<1) and (S2, 02, <2) be two ordered semihypergroups.
A mapping ¢ : S; — S; is called a normal homomorphism if the following two
conditions hold.

(i) o(x o1 y) = p(x) og p(y) for all z,y € S, where p(H) = {¢(a) : a € H}.
(if) If = <4 y, then p(z) <2 ©(y).

Definition 5.2. Let (S, 0, <) be an ordered semihypergroup and p be a strongly
regular equivalence relation on S. The relation p is called strongly ordered regular if
there exists an order relation < on S/p which satisfies the following two conditions.
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(1) (S/p,*,,=) is an ordered semigroup.
(ii) the mapping ¢ : S — S/p by =+ p(x) is a normal homomorphism.
The following theorems extend and generalize Theorem 2.1 and 2.2 in [19].

Theorem 5.3. Let p € SR(S). Define an order relation <y on S/p as follows

p(x) < p(y) if and only if (p(y)); C (p(x)); -
Then (S/p,*,,<y) is an ordered semigroup.

Proof. Let p(x) = p(z') and p(y) = p(y') with p(z) <r p(y). Then (p(y)), C

(pla))y. 1t follows that (p(y)); = (p(u)); € {p(x)); = (p(a')), and hence
p(z') <5 p(y'). So <y is well-defined. Next, we show that < is a partial order on

S/p. Obviously, p(z) <f p(x) for all x € S, so <y is reflexive. Let p(z) < p(y)
and p(y) <7 p(x) for all z,y € S. Then (p(y)); C (p(2)); and (p(z)); € (p(y))-
Hence (p(z)); = (p(y));- By Lemma 3.4(iv), we have (z,y) € p. Consequently,
p(z) = p(y) and so <y is anti-symmetric. Let p(x) <5 p(y) and p(y) <5 p(2)
for all z,y,z € S. Then (p(z)); < (p(y)); S (p(x));. Hence p(z) <5 p(2)
and <y is transitive. Thus < is a partial order on S/p. Next, we show that
< is compatible with the operation *, on S/p which was defined in Lemma
3.1(i1). Let p(z) <f p(y) and p(c) € S/p. Then (p(y)); C (p(z));. Firstly,
we show that p(z) *, p(c) <f p(y) *, p(c). Let u € x oc. By Lemma 3.1(ii),
we have p(u) = p(z) *, p(c). Since p € SR(S), we have p(x) = p(x) *, p(x) and
p(c) = p(c)x,p(c). Since u € (p(u)) ;, for any a € uoc, we have p(a) = p(u)*,p(c) =
(9(2) %9 () %, pLe) = p() 5 (P(C) % plc)) = plx) %p plc) = p(u). Tt follows that
uocNp(u) # 0. By Lemma 3.4(i), we get ¢ € (p(u)) ;. Similarly, far any b € uoz,
we have p(b) = p(u) *, p(x) = (p(x) *, ())*pp(%‘ (p(x) *p p(x)) % p(c) =

p(x) *, p(c) = p(u). It follows that uw oz N p(u) # 0 By Lemma 3.4(i), we get
z € (p(u));. By Lemma 3.4(iii), we have y € (p(y)); C (p(z)); C (p(u)),. Since
(p(u)); is a subsemihypergroup of S, we have yoc C <p( ))s- By Lemma 3.4(iii),
we obtain that (p(v)), C (p(u)); for all v € yoc. It follows that p(u) <5 p(v) for
allu € xocand allv € yoc. By Lemma 3.1(i1), we get p(x)*, p(c) <5 p(y) *, p(c).
Similarly, we can show that p(c) *, p(x) <f p(c) *, p(y). Therefore (S/p,*,,<y)
is an ordered semigroup. 0

Theorem 5.4. FEvery complete semilattice equivalence relation on S is a strongly
ordered regular equivalence relation.

Proof. Let p € CSR(S). We define an order relation <z on S/p by p(x) <7 p(y)
if and only if (p(y))r C (p(2))r. By Lemma 3.6 and using the similar proof as
in Theorem 5.3, we obtain that (S/p, *,, <) is an ordered semigroup. Next, we
consider the mapping ¢ : S — S/p which is defined by ¢(x) = p(z) for all z € S.
Clearly, ¢ is a normal homomorphism. Indeed, if z < y, then y € (p(x))p. By
Lemma 3.6(iii), we have (p(y))» C (p(x))». Consequently, p(z) <r p(y) and then
o(z) <r ¢(y). Therefore p is a strongly ordered regular equivalence relation on
S. O
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From Theorem 5.4, we obtain the following result.
Corollary 5.5. N is a strongly ordered reqular equivalence relation.

Definition 5.6. (cf. [7]) Let S be an ordered semihypergroup and p be an equiv-
alence relation on S. Then, p is an ordered semilattice equivalence relation if

(i) S/p is a semilattice. Note that (S/p, *,, <) is an ordered semigroup with the
well-known partial order <1 on semilattice which is defined by

p(z) < p(y) if and only if p(z) = p(z) *, p(y),

(ii) p satisfies the condition (ii) in Definition 5.2.

Clearly, AV is an ordered semilattice equivalence relation on S.

On the other hand, a semilattice equivalence relation on an ordered semihyper-
group S is called a weak ordered semilattice equivalence relation if it is a strongly
ordered regular equivalence relation on S. Consequently, every complete semi-
lattice equivalence relation and A are the weak ordered semilattice equivalence
relations on S. In |7], Gu and Tang proved that N is the least ordered semilattice
equivalence relation on S. The following example shows that the relation N does
not need to be the least weak ordered semilattice equivalence relation in general.

Example 5.7. Let S = {a,b,c,d}. Define o : S x S — P*(S) by the following
table.

a b c d
{a,d} {a,d} {a,c,d}  {a}
{a,d} {b} {a,c,d} {a,d}
{a,d} {a,d} {a,c,d} {a,d}

{a}  {a,d}  {c} {d}

*LO Q|0

Then (S, 0) is a semihypergroup (see Example 3 [15]). Define a partial order < by

<:={(a,a), (b,a), (b,b),(c,c),(d,a), (d,d)}.

Then (S, o, <) is an ordered semihypergroup. Clearly, all completely prime hyper-
ideals of S are A = {a, ¢,d} and S. Furthermore, A is not an ordered hyperideal of
S since b < a € A but b ¢ A. Consequently, S is only a completely prime ordered
hyperideal of S. By Lemma 2.6 and Corollary 3.3, we have

p:=6a={(a,a),(a,c),(a,d),(b,b),(c,a),(c,c),(c,d),(d a),(dc)(dd)}
€ SR(S),
N = s ={(a,a),(a,b), (a,c), (a,d), (b, a),(b,b), (b,c), (b d), (c,a),(cb),(cc),
(¢,d),(d,a),(d,b),(d,c),(d,d)} € CSR(S).
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x| pla)  p(b)
pla) | pla) pla)
p(b) | p(a) p(b)

Next, we show that p is a weak ordered semilattice equivalence relation on S.
Clearly, 5/p = {p(a), p(b)} where p(a) = {a,c,d} = p(c) = p(d), p(b) = {b}. By
Lemma 3.1(ii), we have (S/p,*,) is a semigroup where the hyperoperation x*, is
defined by the following table.

Next, we define a partial order <, on S/p by

<pi= {(p(a), p(a), (p(b), p(a)), (p(b), p(D))} -

Then, (S/p,*,,<,) is an ordered semigroup. Furthermore, we have

a implies p(b) <, p(a)

<
< a implies p(d) = p(a) <, pla).

Therefore p is a weak ordered semilattice equivalence relation on S and p C N.

From the previous results, the following question is natural: Is every semilattice
equivalence relation the weak ordered semilattice equivalence relation on ordered
semihypergroups ?

In order to solve the problem, we first present Theorem 5.8 that gives the
characterization of the smallest order relation with respect to the given strongly
ordered regular equivalence relation.

Theorem 5.8. Let p be a strongly reqular equivalence relation on S. Define a
relation <, on S/p as follows:

a:={(p(x),p(y)) € S/px S/p: there exist x' € p(x) and y' € p(y) such that x' < y'}

<p={(p(@), p(y)) € 5/p x S/p: (p(x), p(y)) € a™ for some m € N}.

If p is a strongly ordered regular equivalence relation on S, then <, is the smallest
order relation on S/p with respect to p.

Proof. Let p be a strongly ordered regular equivalence relation on S. First of all
we show that <, is a partial order on S/p.

(1) Reflexive. Since < z for all z € S, we have (p(z), p(z)) € a <.

(2) Anti-symmetric. Let (p(z), p(y)) €<, and (p(y), p(x)) €<,. Then, there
exist m,n € N such that (p(x),p(y)) € o™ and (p(y),p(z)) € a™. There are
plai), ..., plam=1), p(bl), vty p(bn—1) € S/p such that p(z) a p(a1) a ... a p(am-1) @ p(y)
and p(y) o p(b1) a ...« p(bn_1) a p(zx). By the definition of «, there exist /', 2" €

p( ), y,y € ply ), a;,all € p(al) and b;,b;’ p(bj), for all ¢ = 1,...,m — 1 and
=1,. — 1, such that 2’ < a},df < ab,...,a! _o < al,_4,a’ 1 <y and
"< b b < '2,. SO o <L, b < a”. Since p is a strongly ordered regular
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equivalence relation, there exists an order regular < on S/p such that (S/p, *,, <) i
an ordered semigroup and the mapping ¢ : S — S/p which is defined by z — p(z
is a normal homomorphism. It follows that p(z) = p(z') < p(a}) = plar)
p(ay) < ... < plag,_y) = plam—1) = play,_1) < py') = p(y) and p(y) = p(y") <
p(b1) = p(b1) = p(b7) < ... < p(by—1) = p(bn—1) = p(bl_1) < p(z”) = p(z). Since
< is transitive, we have p(z) < p(y) and p(y) < p(z). Since < is anti-symmetric,
we have p(z) = p(y).

(3) Transitive. Let (p(x),p(y)) €<, and (p(y),p(2)) €<,. Then, there ex-
ist m,n € N and there are p(u1), ..., p(tm—1), p(v1), ..., p(vn_1) € S/p such that
p(x) a plur) a... o p(um—1) o p(y) and p(y) o p(vy) @ ... a p(vp—1) a p(z). Since
p(y) @ ply), we have (p(2),p(2)) € am ™4 C,.

(4) <, is compatible with the operation %, of S/p. Before showing that, we
first prove that the relation « is compatible with *,. Let (p(z), p(y)) € o and
p(z) € S/p. Then, there exist 2’ € p(x) and y' € p(y) such that 2’ < y'. Since <
is compatible with the hyperoperation o of S, we have 2’ o 2 < ¢/ o z, i.e., for any
a € x’ o z there exists b € 3 o z such that a < b. So (p(a), p(b)) € a. By Lemma
3.1(ii), we have p(a) = p(a') x, p(2) = p(x) *, p(2) and p(b) = p(y') *, p(z) =
o(y) %, p(z). Consequently, (p(z) % p(2), ply) *, p(2)) € a. Similarly, we can
show that (p(z) *, p(z),p(2) *, p(y)) € a. Furthermore, it is not difficult to
show that the relation o™ is compatible with *, for all m € N. Thus <, is
compatible. Consequently, (S/p,*,,=,) is an ordered semigroup. Clearly, the
mapping ¢ : S — S/p by  — p(z), for all x € S, is a normal homomorphism. In
fact, if z < y for all z,y € S, then (p(z), p(y)) € o C<,. Therefore <, is an order
relation on S/p.

Finally, we show that <, is the smallest order relation on S/p with respect
to p. Let <’ be an order relation on S/p with respect to a strongly ordered
regular equivalence relation p. Let (p(z),p(y)) €<,. Then, there exists m €
N such that (p(z),p(y)) € ™. There are p(wy), ..., p(wm—1) € S/p such that
p(x) a p(wi) a ... a p(wm-1) a p(y).

By the definition of «, there exist 2’ € p(z),w},w! € p(w;) and y’ € p( ), for
all i = 1,...,m — 1, such that ' < wi,w{ < wh,..,w)_5 < w),,_; and w),_; <

”\./U)

y’. Using the similar proof of (2), we obtain that p(z) <’ p(w) < ... ¥
p(wm—1) =" p(y). Since %’ is transitive, we have (p(z), p(y)) €<’ and the proof
is completed. O

Example 5.9. Let S = {a,b,c,d, e, f}. Define o : S xS — P*(S) by the following
table.
Then (S, o) is a semihypergroup(see page 63 in [4]) and a partial order < is defined
by

<= {(a/a a)a (a/, b)a (a, f)7 (a7 6), (b7 b)a (b7 f)a (C, a’)a (C, b)a (C, C)a (C, f)’ (C, 6),
(d,b), (d,d), (d, f),(e,e), (e, f),(f f)} hen (S,0,<)is an ordered semihypergroup.
We will show that the semilattice equivalence relation on S is not an ordered
semilattice in general. Let A = {c¢,d,e, f}. Clearly, A is a completely prime
hyperideal of S. By Corollary 3.3, we have
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ol a b c d e f
aTa (@il ¢ odl « (of
blo b 4 4 f f
c|le {edt ¢ {ed} ¢ A{cd}
d|d d d d d d
ele {eft ¢ {edt e {ef}
rr fr d df f

p:={(a,a),(a,b),(b,a), (b,b),(c,c),(c,d), (c,e), (c, f), (d,c), (d,d), (d,e),
(d, [),(e,c), (e, d), (e e), (e, [), (f,c), (f,d), (f,e),(f. f)} € SR(S)

By Lemma 3.1(ii), (S/p, *,) is a semigroup where S/p := {p(a), p(c)}, p(a) =
{a,b} = p(b) and p(c) = {c,d, e, f} = p(d) = p(e) = p(f).

Assume that p is a weak ordered semilattice equivalence relation on S. By
Theorem 5.8, we have the smallest order relation <, on S/p with respect to p.
Then

a:={(p(a), p(a)), (p(a), p(c)), (p(c); p(a)), (p(c), p(€))} <, -

Since (p(a), p(c)), (p(c), p(a)) €<, and =, is anti-symmetric, we have p(a) = p(c)
which is impossible. Consequently, p is not a weak ordered semilattice. Therefore,
any semilattice equivalence relation on ordered semihypergroups does not need to
be weak ordered semilattice in general which leads to answer our problem.

Finally, we give a characterization of the strongly ordered regular and the weak
ordered semilattice equivalence relation on ordered semihypergroups.

Definition 5.10. Let (5, 0, <) be an ordered semihypergroup and p be a (strongly)
regular equivalence relation on S. A sequence p(z), p(a1), p(az), ..., p(an), p(y) of
S/p is called a p-classes-chain if p(z) a p(a1) a plaz) a ... o p(ay) o p(y) where
« is defined in Theorem 5.8. A p-classes-chain is called a p-classes-cyclic if and
only if (z,y) € p and a1, ag, ..., a, ¢ p(x).

Theorem 5.11. Let S be an ordered semihypergroup and p be a strongly regular
equivalence relation on S. Then, p is strongly ordered regular if and only if S/p
does not contain the p-classes-cyclic.

Proof. (=) Let p be a strongly ordered regular equivalence relation on S. Then,
there exists an order relation < on S/p such that (S/p, *,, <) is an ordered semi-
group and the mapping ¢ : S — S/p by  — p(x) is a normal homomorphism. As-
sume that S/p has a p-classes-cyclic p(a) a p(by) « p(bg) .a p(by) a p(a). Then
b1, ...,bn & p(a). By the deﬁnition of a, there exist a’,a” ( ), bl, b;’ p(b;), for
alli = 1,...,n, such that a’ < b}, b < bj; and b, < a” foralli=1,...,n—1. It fol-
lows that p(a’) < ©(b]), ©(b)) < ©(bj41) and ¢(b);) < @(a”) for all i=1,.,n—1
We have

pla) = p(a’) < p(by) = p(br) = p(b)) < ... < p(by,) = p(bn) = p(b;) < p(a”) = p(a).
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Since = is anti-symmetric on S/p, we have p(a) = p(b1) = ... = p(b,). This
implies that by, ..., b, € p(a) which is a contradiction. Thus S/p does not contain
the p-classes-cyclic.

(<) Suppose that S/p does not contain the p-classes-cyclic. Since p is a
strongly regular equivalence relation on S, by Lemma 3.1(ii), we obtain that
(S/p,*,) is a semigroup. Let =<, be the relation which was defined in Theo-
rem 5.8. Consequently, the rest of the proof in this theorem that <, is reflexive.
Let (p(x), p(y)) €<, and (p(y), p(x)) €<,. Then, there exist m,n € N such that

(p(x), p(y)) € a™ and (p(y), p(x)) € ™. There are p(a1), ..., plam—1), p(b1), ...,
p(bp—_1) € S/p such that

plz) a plar) a ... a plam—) @ p(y) @ p(br) a ... a p(bn—1) o p(z).

Since S/p does not contain the p-classes-cyclic, we get a1, ..., @m—1,Y, b1, ..c; bp_1 €
p(x) and then p(z) = p(y). Using the similar proof of Theorem 5.8, we conclude
that p is strongly ordered regular on S. 0

Corollary 5.12. Let p € SR(S). Then, p is a weak ordered semilattice if and
only if S/p does not contain the p-classes-cyclic.
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