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Characteristic of ordered Menger systems
of multiplace functions

V. V. Varenick

Abstract

In this article the abstract characterization of Menger systems and some Menger
T-systems of multiplace functions is given. These multiplace functions can have
different number of variables.

1. Introduction

In his work [1] K. Menger has formulated the problem of abstract
characterization of sets of functions of several variables on which the
operation of superposition is given and the relation of continuation of
functions is marked. This problem for functions with the number of
variables n = 1 was solved by B. M. Schein [2] and for fixed n > 2 was
examined by V. S. Trokhimenko. But in a general case, when n takes
different natural values it is open until the present moment. In this
article the author solves the word problem for the so-called Menger
systems and some Menger T-systems of multiplace functions. The
results of the work were partially presented during the Colloquium on
Semigroups in Szeged (1994).
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2. Preliminaries

Let A be a set, n — natural number. Then, every partial mapping
f A" — Ais called a n—place function, where A™ is the n-th Cartesian
power of A. The set of all n-place functions, which are considered on
A, is denoted by F,(A). Now let (F,(A))ner be some family of sets
denoted above, where I C N (N is the set of natural numbers).
For any n,my,...m, € I and f € F,(4), ¢ € Fn,(A) (i =
1,...n), by flg1---g] a m-place function will be denoted, where
m = max(my,...,m,) and for all ay,...,a,, € A the following identity
holds:

flor---gnl(ar, ...;am) = f(g1(at, ..., amy)s ooy gnl@n, ooy am,)) - (1)

Doing so, we consider that the left and right members of (1) are de-
termined or not determined simultaneously. The operation

(fs 915 9n) & fl91---Gn]

will be denoted by O,. It is evident that the family of operations
(On)ner satisfies the so-called condition of superassociativity

flai--gnllhi.hm] = florPa - By )--gnlbae B, ] (2)

where
feF.,(A), g €Fn(A), i=1,..,n m=max(my,..,m,).
Let (®,,)ner be a family of subsets, which is stable regarding operations

(On)ner, where @, C F,(A), n €1, (Cp,,Xa,)ner 1 a family of pairs
of binary relations such that

(f,9) €, = fCy (3)

(f,9) € xa, < Dom f C Domg (4)

for all f,g € ®,,, where Domf is the domain of definition for f. Then
the systems (®,,, O, )ner will denote the Menger T-systems. The forms
((I)n, On, C‘I’m X(I)n)nej s (q)n; On, C‘Pn>n61 and ((I)n, On, Xq)n)nel will de-
note (respectively) fundamentally ordered projection (f.o.p.) Menger
systems, fundamentally ordered (f.o.) Menger systems and projection
quasi-ordered (p.q-0.) Menger systems of multiplace functions. If in
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(1) m = my = ... = my,, then we come to the notion of Menger system
of multiplace functions in the sense of work [6]. We similarly intro-
duce the definition of f.o.p. and p.q-o. Menger systems of multiplace
functions.

An abstract Menger T-system of rank I will be called a family
(Gry Op)ner, where I C N, (Gp)nes are non-empty sets, such
that G, NG,, = 0 for any n,m € I; for every n € I O, is
a mapping, which brings to conformity for every (n + 1)-th of the
elements (x,y1,y,) from G, X Gy X ... X Gy, My, .ccymy, € 1
the element z[yi,...,y,| is from G,,, where m = max(mq,...,my,),
and it satisfies the identity of superassociativity of the form (2). If
m = m; = ... = m,, then we obtain the definition of an abstract
Menger system [3], [6].

The Menger system of rank [ is called weakly unitary if for every
n € I the set G, contains such elements e7,...,e that for every
element ¢ from G, the identity gle},...,e'] = g is true.

By (7))ner we shall denote the family of sets of polynomials for
the (weakly unitary) Menger (7—) system (G, O, )ner that is defined
in the following way: let {z, : n € I} be a set of different subject
variables, then we can consider:

a) x, €T, forevery nel,
b) if t € Touy G1y-s9io1, Git1s oy In € Gm, g € Gy, then
glg1--gi—1t giz1---9n) € Ty,
for every : =1,...,n and m € [.
If t €T, and g € G,, where n € I, then by t(g) we shall
denote the element from G',, which is obtained as a result of realization

of all operations after the substitution of g for variable x, in the
polynomial .

Let (Gn, Opn)ner be the (weakly unitary) Menger (7'—) system
of rank I, then the family of binary relations (p,)ne; such that
pn C G, X G, , is called:

— stable, if for all nnm e I, z,y € G,, z;,y; € G, 1=1,...,0n
(:17 y) € pn N\ {(‘rlvyl) (xnayn)} C pm = (‘T[le ] y[yl yn]) € Pm;
— v-regular, if for any n,m e I, uve G,, z;,y; € G, 1 =1,...,n

(T1,91)5 s (Tns Yn) C P = (u[$1 n] ) [ ]) € Pm,
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— l-reqular, if for all n,m € I, =,y € G, 21,...,2n € G,
(,y) € pn = (x[z1...20], Y[21.--20]) € P

A family of subsets (W,,)ner (where W,, C G,,) is called a [-ideal,
ifforall nmel, geG,, ye€ G}, €W, and 1 =1,...,n it is
true that

g[g |z x] € Wy ’
where [7|; x] denotes (yi,..., Yi—1,%, Yit1, - Yn) -

Let us consider two Menger T-systems of rank [ : G = (G,,, Oy )ner
and G’ = (G, , O,¢;). By a homomorphism G on G’ we’ll denote the
family (P")ner, where P" is a mapping G,, on G, for every n € I
such that for all n,mq,....m, €I, g€ G,, g € G, 1 =1,....,n the
following identity holds:

P™(glg1--gn]) = P"(9)[P"" (91)--- P (gn)] , (5)

where m = max(my,...,m,). If every mapping P" is one-to-one then
such a homomorphism is called a proper one (or isomorphism). A
homomorphism of the Menger T-system G on some Menger system
of multiplace functions is called a representation of G by functions.
The notions of homomorphism, isomorphism and representation are
defined similarly for the Menger systems.

Consider the family of pairs (£,, Wy )ner on Menger (7'—)system
(Gny On)ner, where for every n € I &, is a relation of equivalence on
G, and W, is either an empty set or a &,-class; the family (&, ),e; is
v-regular and (W,,),¢; is an [-ideal. Let (H,)qca, denote the family of
E,-classes that is different from W,,, and let it be one-to-one indexed
by elements of a set A,. We find that A, N A,, = 0 for any n,m € I
if n # m. Let {C,, : n € I} be the set of different elements that

do not fall into A = U A,. For every n € I denote by I, the set
nel

{m : meIAnm<n}, and by I! — the set I\([, U{n}). Let
By= 11 Ap x{C}x I Ap, A=T11A4,, S, =A"UDB"
mely mel], nel

(for the Menger T-systems we find that B, = () and ¥, = A™). For
every element g € G,, n € I, we’ll determine n-place function such
that:
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(@1, ...,0n,b) € P"(g) <
(@r,....,a,) € S A (Vi € I)(g[Har<is - Hameis| C Hy_i)  (6)

where @; < ¢ > denotes the component of the vector a; that belongs
to the set A; for ¢ # n; and to the set A, U{C,} for i = n. It can be
shown that the family of mappings (P"),es (where P™ : g — P™(g))
is a representation of Menger (7T'—)system G by multiplace functions
which in future will be called the simplest.

3. Results

Let (P, Opn)ner be some Menger (7—) system of multiplace functions,
(o, )Jner and (xa, )ner be the family of binary relations that are de-
fined by means of (3) and (4). In the future, instead of (f,g) € (o,
and (f,9) € xe, we'll write f C,, g and f <, g respectively.

Proposition 1. On the Menger (T—) system (P, On)ner of multi-
place functions set (o, )ner is the stable family of relations of order
and set (Xa, )ner is the l-reqular family of quasi-order being for every
n € I; the inclusion (s, C X, 1S true too.

Proof. 1t is evident that (s, is an order and x4, — a quasi-order on
®,,, therefore it is necessary to verify only the conditions of stability
and [-regularity.

Let f Cn g, fi Cm gi, @ = 1,...,n, and (ay, ..., am,c) € flfi...fnl-
Then there will exist such elements by, ..., b, that (ay,...,an,b;) € fi,
i = 1,...,n, and (by,....,b,,c) € f. Therefore, (ay,...,am,b;) € gi,
i =1,...,n, and (by,...,b,,¢c) € g, whence (a1, ...,am,¢) € g[gi..-gn]-
And so

flfrefa] Co glgr---ga] -

Stability of (e, )ner is proved.

Now assume that f <, g,i.e. Dom f C Domg and f,g € ®,. Let
hi,....hy € ®,, and (ay,...,a,) € Dom flhy...h,|. The latter means
that there exists an element ¢, such that (a1, ..., am,c) € flhi...hy,].
Then, for some by,...,0, : (ai,....am,b;)) € hyy i = 1,...,n, and
(b1,...,bn,c) € f; consequently (by,...,b,) € Dom f. Therefore,
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(b1,....,b,) € Domg. Thus, (ai,...,am,b;) € h;, i = 1,...,n, and
(b1,...,bn,d) € g for some element d.

The latter means that (aq,...,am,d) € g[hy...h,] for some d, i.e.
(a1, ..., am,) € Dom g[hy...h,] . Then

flhi.hn] s=m glha..ha),

therefore, the [-regularity of family (xs, )ner is proved. The inclusion
(s, C X, is evident (for every n € I). O

Proposition 2. Let the families of relations (Co, )ner, (Xa, )ner be
defined on the Menger (T—) system (P, Op)ner of multiplace func-
tions. Then they satisfy the following conditions:

fiCafa N gCutai(fi) A g Cutalge) = g Cuta(fr),  (7)

G Cnf NGCnf N gi~ng2= g1 Cng2, (8)
GCaGe AN fng A fsnu@ljg]=f—nu@ljgl, (9)
flh1--hn] ~m b1, (10)

for any n,m € I, 1 =
U, hy,....;h, € D, g =1,....m, t1,ty €T,,.

Proof. Let the premise of condition (7) be valid, then, from f; C,, fa,
we obtain that fi = fao4p,, 4 (the restriction of function f; on the
domain of the function f; is denoted by fyo+,,, ;). From g C, t1(f1)
follows Dom g C Dom f;, therefore from g C,, t2(f2) we obtain that

9=9°%pomp C t2(f2)opom s = t2(f20 £pony) = t2(f1) -

Thus, g C,, t2(f1). The condition (7) is proved.

Let now the premise of condition (8) be valid, then from ¢; C,, f
and g» C, f wehave g = fo+p, o and g = fo+4p, .
respectively. Since ¢g; ~, ¢2, then Domg; C Dom gy, therefore
fotpoma € fOEpomgy, - g1 C g2. The condition (8) is proved.
The following condition (9) is proved similarly (7), therefore we must
prove validity of (10).

Let (a1, ...a,,) € Dom f[hy...h,), therefore (aq, ..., am,c) € flh1...hy]
for some element ¢, and there exists vector (by,...,b,) for which
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(b1, ....,bp,c) € f and (a1, ...,am,b;) € hy, i = 1,...,n. Therefore, we
obtain (ay,...,a,) € Domh;. Thus, Dom f[h;...h,] C Dom h; which
was needed to prove. O

Theorem. A (weakly unitary) Menger (T—) system of the form
(G, Ony Gy X )ner s where (o, Xn are fived binary relations on G,
is isomorphic to some f.o0.p. Menger (T'—) system of multiplace func-
tions if and only if it is a stable family of relations of order, (Xn)ner
1s a l-regular family of relations of quasi-order such that ¢, C x, for
every n € I, and the following conditions hold:

GT<ng N GP<ag AN gi~ng = g <ng, (11)

G<nG N gt N g~ u@wljg = g0 uwljanl, (13)

for all nom € I, i = 1,..n, j =1,...m, ¢,91,920 € Gy,
Uy hyy ooy hyy € Gy, W= (W1, ...,wm) € G, where g1 <, g2, 91 ~n G2
mean that (g1,92) € G, and (g1, 92) € Xn, respectively.

Proof. The necessity of conditions of the theorem follows from Propo-
sitions 1 and 2, therefore weSll dwell on the proof of their suffi-
ciency. So, let the Menger (weakly unitary T'—) system of the form
(G, On,y Gy X )ner satisfies all conditions of the theorem. Easily can
be proved that foralln € I, g,q1,92 € G,, t1,t2 € T,, the conditions:

91 <n g2 N g~ t1(g1) N g~ t2(g2) = g~n t2(g1), (14)
91 <n g2 N g~ ti(g1) N g~ ta(g2) = g~ t2(g1), (15)

are valid.

Let G denote the Cartesian power of the sets of the family (G, )ner.
For every g from G we shall assign a family of pairs of the form
(Eg<ns>s Wgens)ner, where E;ops = 5§1<n> N 5§2<n>, and 5§1<n>, 5§2<n>,
W5<n> are defined as follows:

(g1, 92) € 8§1<n> & (Vt e T,) [g(n) <. tlg)

(91,92) € €§2<n> & VteT,) [gn) s tlg1) &

g(n) = t(g2)] (17)
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W§<n> - Gn\Xn<g<n>> ) (18)
for all g¢,¢91,92 € G,,, where

Xn(g(n)) = {z : g{n) ~ =}.

It is easy to see that (Ejcps)ner is the v-regular family of relations
of equivalency and (W<, )ner is an l-ideal family of &.,~-classes, if
Wi<ns # 0 for every n € I. Therefore, as it is shown in the previous
part, the family (E5<p>, Wi<ns )ner defines the simplest representation
of the system (G,,, O, )ner with the help of multiplace functions, which
we denote by (P)ne;. If w,7 € G, U # U, then for every g € Gy,
n € I we'll find that the n-place functions P2(g) and PZ(g) are given
on disjoint sets. Let now

Pr(g) = U P(g),
ueG
then the family (P"),cs is a representation of (G, O, )ner with the
help of multiplace functions.
Let’s prove that for every n € I and any g1, g2 € G,

91 ~n g2 <= Dom P"(g;) C Dom P"(gs) .

Indeed, if Dom P"(g;) C Dom P"(gs), then it means that
for every w € G-
Dom P2(g;) C Dom P2(gs)

for every w € G.
The latter inclusion means that for ay,....a, € A" such that
(@1, ...,a,) € ", the implication

(ai,...,a,) € Dom P} (¢g1) = (ag,...,a,) € Dom P2 (g2) (19)

is valid. This condition, as it is easily to see, is equivalent to
(Vd) 39 (@,...,an,0) € Pi(g1) = (a1,....an, ) € Pp(q1),

which, in its turn means

(v8) (32) [ (Vi€ I) (g1[Harcis Hapeis] C H;

b<i>

= (\V/k - _[) (QQ[HUT<]€>...H@<]€>] C HE<k>)] . (20)

) =
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It can be proved that (20) is equivalent to the formula

(V(z1,....,7,) € D,,) (Vk € I)
(qi[zi(k). - Tlk)]  Wachs = galTi(R)- T (R)] & Wacks) - (21)

where

D,=G"UE", E,= Tl Gunx{entx II Gn,

(for the weakly unitary Menger T-system we suppose E, = (),
en € G, and gle,...e,] = g for every g € G, by the definition. Let
the condition (21) fulfill: Z7,...,. 7, € E, k = n, and let u be an
element from G such that w(n) = g;, then we obtain:

G1len-..en] € Wy, = golen...en] € W, , (22)
i.e. g1 ¢ Wg1 = g2 ¢ ng .

So g1 & Wy, is true for every g1 € G, and (22) can be written as

g € ng s 1.e. g1 ~—n 92 .
Conversely, let

(a) g1 ~n 92,
(b) gi[F1(k).. (k)] & Wacks
for some we G, kel, 7y,...,T, € D,.
So (xn) is an [-regular family, and from (a) we obtain
[T(k).. (k)] i g2[Ti(k).. . To (k)]
The condition (b) means that
u(k) = gi[zi(k).. Tn (k)]
therefore, due to transitivity of x,, we have
u(k) = g2[Ti(k)..Tn (k)] ,
ie. go[Ti(k).. Tn (k)] € Wack~. Thus, (21) is proved. Hence,
Dom PZ(g1) C Dom PZ(gs)

for every u € G, i.e. Dom P"(g;) C Dom P"(g2). Let’s prove now
that for every n € I and any g1, g2 € G, the condition g; <,, (g2) is
valid if and only if the inclusion P"(g;) C P"(gs) is true.

Indeed, if P"(g;) C P"(g2), then for every u € G we have



98 V. V. Varenick

P2(g1) C P2(g2). This inclusion means that

(@i, ....an,b) € Py(g91) = (@1,...,an,b) € P7(g2) (23)

for any ag,...,a,,0 € A, where (ay,...,a,) € S,. According to the
definition of the simplest representation the condition (22) can be
rewritten as follows:

(Vl - I) (gl [Ha71<i>"~Hﬁ<i>] C H

b<i> ) =

= (Vk S I) (92[Hﬁ<k>---Ha7<k>] C HE<k> )» (24)

for all @y, ..a,,b € A, where (ag,...,a,) € S,. One can check that
(24) is equivalent to the formula:

(V(z1, ..., T € Dy) (VK € I) (a[T1 (k). T (k)] & Wacs =
= g[T1(k).. Tu(k)] = galTi (k). T (k)] (&5 <k >)) (25)

Assume that 77,...,7, € EI', k = n in the condition (25) and
let @ be an element from G, such that uw(n) = g;, then we obtain
g1 = g2(&,,), whence it follows: ¢ = 92(5911). The latter according to
formula (16), means that

(VteT,) (g1 <n t(g1) <= g1 <n t(g2) ) (26)

Let t be the variable z,, then from (26) it follows that g1 <, go.
Conversely, suppose that ¢g; <,, g» and

G [Tr(k) .. T (k)] & Wacks
for any u € G, (%1, ...,T,,) € D,,, k € I. We must prove that

G [T(k) .. T (k)] = go[T1(k).. Tn (k)] (Eacrs) (27)

is valid.

For this purpose we must check if the condition (27) is valid for
every relation &._,_, ¢ = 1,2, which is defined with the help of the
formulas (16) and (17). Let

ulk) <p t(gi[i(k)... T (K)])
for some t € T}.. Since the family ((,)ner is stable, then from g; <,, go
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we obtain

t(g (k). Tn(k)]) <k t(ga[T1(k).. Tn(k)]),
therefore
a(k) <g t(ga[T(k)..T0(K)]) -

Suppose now that

(c) (k) <p t(galzi(k)..T0(K)])

is valid, where t € Tj.
Since g1 <, ¢g» and

g1 [ﬂ(k}?n(k)] € Wack>
then it is evident that

] G [Tk) .. Ta (k)] <p golmi(k).. T (k)]

(k) <k gi[Ti(k).. T (k)]
(c) and (15) we obtain
u(k) <p t(gi[Ti(k).. 70 (k)])-
7)

is true for &i_,..

whence considering

This means that (2
Now, let

(d)  alk) ~— t(gi[Ti(k)... 70 (K)])

be valid for some ¢t € Tj,.
Since g1 <, ¢g» then as it has been stated above

t(gi[Ti(k)..Ta(k)]) <p t(ga[zi(k)..Tn(k)]),

t(gi @ (k). 70 (K)]) ~—k t(ga[Ti(k).. 70 (K)])

therefore,
hence,
(e) k) —x t(go[mr(k).. T (K)]) .

Conversely, let (c) be valid. From ¢; <, g» we obtain
[T (k). T (k)] <k galTi(k).. 0 (k)]



100 V. V. Varenick

therefore, according to (14),

u(k) ~—k t(g1[Tr(k)... 70 (k)])
it will be true. Thus, (27) is true for £2_,. . Thus, (25) is valid because,
as it has been stated above, it is equivalent to PZ(g1) C P2(g2), where
u € G. Thus P*(g1) C P"(gs), n € I, 91,92 € G,,, which was needed
to prove.

Finally, let us suppose that P"(g;) = P"(g2) for some ¢1, g2 € G,.
Then P"(¢1) C P"(g2) and P"(g2) C P™(g1). Therefore g1 <,, g2
and ¢g» <,, g1, whence ¢g; = ¢go, since (, is an order. So we have
proved that the (weakly unitary 7—) Menger system G is isomorphic

to f.o.p. Menger (T'—) system of multiplace functions. The theorem
is proved. O

Corollary 1. A (weakly unitary T—) Menger system of the form
(G, On, Co)ner (where ¢, C Gy, x G,,) is isomorphic to some f.o. (T—)
Menger system of multiplace functions if and only if ((n)ner is a stable
family of relations of order, satisfying the condition:

G <nge N g<pti(gr) A g<ptalg2) = g <n ta(gn) (28)

fO’f' all n e I, g,3d1,3s c Gn, tl,tg GTn.

Proof. Supposing x, = 0, o (,, where ¢, C G, x G,, and
(91792) € 0, = (Elt € Tn) g1 = t(gg),

we come to the conclusion that the system (G, Oy, G, Xn)ner satisfies
all the conditions of the theorem. O

Corollary 2. A (weakly unitary T—) Menger system of the form
(G, Ony Xn)ner (where X, C G, X Gy,) is isomorphic to some p.q-o.
(T'—) Menger system of multiplace functions if and only if (Xn)ner is
a l-reqular family of relations of quasi-order satisfying the condition
(12).

Proof. Supposing (, = Ag, in the theorem, where Ag, is the
identical relation on G,,, we obtain the present corollary. O
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We must remark that analogous results for semigroups [2]| and for
Menger algebras [4] may obtain from the proved theorem.

Finally I would like to express my gratitude to V. S. Trokhimenko
for the useful advice given to the author of the article.
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