Quasigroups and related systems, 3 (1996), 7-20

Monoquasigroups isotopic to groups

Viadimir I. Izbash

Abstract

In this work the quasigroups isotopic to groups are considered. The necessary
and sufficient conditions are found which the isotopy must satisfy so that the

corresponding group isotope be: monogenic quasigroup, momoquasigroup.

1. Introduction

The algebraic systems generated by one element (monogenic systems)
are the simplest in the lattice-theoretic sense in every class of algebraic
systems (in some cases, such as quasigroups, semigroups, in order to
be able always to talk about lattice, we need to consider the empty set
as a subsystem). These systems are contained as subsystems in some
other systems. More precisely, every non-empty system of some class
of algebraic systems includes some monogenic systems of this class as
its subsystems. Hence the structure of algebraic systems depends on
the structure of their monogenic systems.

In such classes of algebraic systems as groups and semigroups the
monogenic systems are the cyclic groups and semigroups, respectively,
which are completely described, as it is well known. In other classes
it is very difficult to describe monogenic systems.

Definition 1. A quasigroup generated by one its element is called a
Monogenic quasigroup.
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Definition 2. A quasigroup generated by every its element is called
a Mmonoquasigroup.

From the definition it is clear that monoquasigroups have no non-
trivial subquasigroups and, hence, its lattice of subquasigroups con-
sists of one element. A nontrivial (or proper) subquasigroup is a sub-
quasigroup different from the empty subquasigroup and the quasi-
group itself [1].

Researching different kinds of functional completeness of universal
algebras, A. V. Kuznetzov and A. F.Danilichenko A. F. announced
during The First All-Union Symposium on the Theory of Quasigroups
and its Applications (Suchumi, 1968) that for every positive integer n
there exists a monoquasigroup with |Q| = n, where by |Q| we denote
the order of Q.

A quasigroup (Q,-) is said to be without congruences if it has no
congruences except ¢ = Q x @ = Q? (the complete relation on Q)
and w = {(a,a) : a € Q} (the equality relation on Q, sometimes called
the diagonal of Q?).

T. Kepka has proved in [4] that a quasigroup (Q,-) such that
3 < |QJ] < R is isotopic to a monoquasigroup. In [3] is proved

Theorem 1.

a) Every quasigroup (Q,-) such that 3 < |Q| < Nq is isotopic to a
monoquasigroup without congruences.

b) Every quasigroup (Q,-) such that 5 < |Q| < Rq is isotopic to a
monoquasigroup without congruences and automorphisms. O

A quasigroup without automorphisms is a quasigroup with the
unitary group of automorphisms. There exist no monoquasigroups
with more than the countable order, because a finitely generated free
algebra with a finite set of operations has at most the countable order
[5]. A quasigroup (Q,-) with |Q| = 1 satisfies Theorem la and a
quasigroup (Q,-) with |Q] = 2 is a group and does not satisfies
Theorem 1a.

In |3 a class of order 2% of pairwise non-isomorphic monoquasi-
groups without congruences and without automorphisms is given. This
fact allows us to assert that it is not very probably to describe mono-
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quasigroups or monogenic quasigroups. Therefore to describe mono-
quasigroups we shall restrict ourselves to particular classes. In the
class of all idempotent quasigroups and the class of all loops there are
no monoquasigroups except single-element groups. In other classes it
is rather difficult to give examples of monoquasigroups.

Below we consider only quasigroups with the order greater than 2
and smaller than N;.

2. Preliminaries

A groupoid (i.e. a set (Q,-) with a binary operation "3” on Q ) is
called a quasigroup if equations ax = b, ya = b have unique solutions
for any elements a,b € Q. In a quasigroup (Q,-) a mapping = — ax
is called the left translation by a and is denoted by L,. The right
translation by a is the mapping z — xa that is denoted by R,. For
any a € Q the translations R, and L, are permutations on the set
Q and belong to the permutation group S(Q).

A non-empty subset H of the quasigroup (Q, -) is a subquasigroup
of (Q,-) provided (H ,-) is a quasigroup with respect to the operation
73, The empty set ) will be considered as a subquasigroup iff the
intersection of all non-empty subquasigroups of (Q,-) is (). The set-
theoretic intersection of all subquasigroups of (Q,-) containing a sub-
set M of Q is a subquasigroup that will be denoted by (M) and will
be called the subquasigroup generated by M. The class L(Q, ) of all
subquasigroups of a quasigroup (Q,-) is a complete lattice with re-
spect to the set-theoretic intersection and "generate" operation. The
last element in L(Q,-) is the intersection of all non-empty subquasi-
groups and the greatest element is (Q, ).

Let 7 *” and ” o” be two operations defined on Q. The operation
7 %7 is said to be isotopic to 7 o” if there exist three permutations
a, 3,7 € S(Q) such that

rxy =~ "(az o By) (1)

forall z,y € Q.
We also say that (Q,*) and (Q,o) are isotopic, or that (Q )
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is an isotop of (Q,0) of the form (1). Shortly we write this as
(Q,%):xxy=7""azoPy), a,f,7€S(Q), zyeQ.

Then triple («, 3,7) of permutations such that the relation (1) holds
is called the isotopy of (Q,0).

If in (1) 7 is the identical permutation €, then (Q,x*) is said to
be a principal isotope of (Q o).

Ifin (1) = =1, then

rxy=7"(1r07y),
which means that 7 is an isomorphism between (Q, ) and (Q, o). The
equality (1) is equivalent to
vxy=7""(ay Iyzo By vy).

Whence we have proved the following:

Theorem 2 ([1] Theorem 1.2). An isotope (Q,*) such that x*y =
v HawoBy), a,B,v € S(Q), x,y € Q is isomorphic to the principal
isotope (Q,®), where Ty = ay lzofyly, a,8,7 € S(Q), z,y €
Q, and 7y is the isomorphism between them. O

3. Group isotopes

Let (Q,-) be a group with the unit element e. We will find the neces-
sary and sufficient conditions which the isotopy must satisfy in order
that the corresponding isotope of (Q,-) be a monogenic group; mono-
quasigroup (Theorem 3). Since an isomorphism keeps the number of
generators, then taking into consideration Theorem 2 it is sufficient to
find these conditions for principal isotopes of a group (Q,-).

Lemma 1. For a principal isotope
(Qx) t xxy=9pr-Yy, ¢ €SQ), z,y€Q

of a group (Q, ) with the unit e there exist permutations «, 3 € S(Q)
such that fe =e and xxy = ax- [y, i.e.

(Q,%) : zxy=ax-PBy, a,feS(Q), Pe=e z,y€Q. (2
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Proof. For every xz,y € Q we have

Ty =pr- Yy =z -Ye- (e) Yy = Ryepr - Liye-10y = az - Py,

where a = Rycp and (3 = L(ye)-19 . Moreover,
fe = Liyey-1ve = (Ye) e =e,

which completes the proof. O

For all a € §(Q), H C Q put
aH={ah : he H}.
Lemma 2. For an isotope
(Q,%) : xxy=azx-Py, a,eSQ), fe=e z,y€Q
of a group (Q,-) with the unit e the following conditions are equivalent

a) ec(H,x)eL(Q %)),
b)) aH=H=0H and (H,-)e L(Q,").

Proof. Let e € (H,*) € L(Q,*). Then for any x € H, we have
rxe € (H, %) and z*xe = ax-fe =axr-e =ax. Hence ax € H and,
as x is an arbitrary element, we have aH C H. For any x € H there
exists y € H such that x = y x e, since (H , %) is a subquasigroup
of (Q,*) and e € H. From the last equality we get y = o'z and
a 'H € H since x is an arbitrary element of H. Therefore H C aH
and we have H = aH. Let h € H be such that ah = e. For any
r € H we have hxx € H and hxx = ah- [z = e Bz = (.
Therefore fx € H for any x € H, so fH C H. There exists y € H
such that hxy =z for any x € H. Then

hxy=ah-By=c-By=pPy==x

and y = 37(z). Hence S7'H C H, H C SH and finally we have
BH = H. So, the restrictions of @ and § to H are permutations on
H, and (H,-) is an associative quasigroup isotopic to the quasigroup
(H,*) since = -y =a ‘z* 71y ie. (H,:) € L(Q,*). Therefore we
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have proved that e € (H,*) € L(Q,*) implies «H = H = fH and
(H,-) e L(Q,).
The converse implication is trivial. O
For any ¢ € S(Q) put
Stabpoyp={HCQ: (H,- )€ L(Q,:) and ¢H=H}.
Lemma 3. A quasigroup
(Q.%) t vxy=az- Py, a,feS(Q), fe=e, z,y€Q

which is isotopic to a group (Q,-) with the unit e is generated by e
if and only iof
StabL(gj.)a N StabL(Q.)ﬁ = {Q} . (3)

Proof. Let (Q, ) be generated by the unit e and
H € Stabrg,ya N Stabrg )5 .

Then (H,-) € L(Q) and aH = H = fH. By Lemma 2 we get
(H,*) € L(Q,*) and (H,*) = (Q,*) as e € (H,*). Hence

StabL(Q,.)a N StabL(g.)ﬂ = {Q} .

Conversely, let the relation (3) holds and (H,*) € L(Q, %), where
e € (H,*). By Lemma 2 we have aH = H = fH and from (3) we
get H = Q. Therefore (Q, ) is generated by the unit e. |

Directly from Lemmas 1 and 3 we get

Corollary 1. A quasigroup
(Q.%) txxy=azx-Py, o,fe€S8(Q), z,yeQ,

which is isotopic to a group (Q,-) with the unit e is generated by e
if and only of

StabL(g.)Rgea N StabL(Qv.)LEelﬁ = {Q} . (4)
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Proof. By Lemma 1 we get the equalities z * y = Rg.ox - Lgelﬁy and
L. Be = e. The equality (4) follows from Lemma 3.

Remark that relation (4) gives ae - fe # e, otherwise the set {e}
is a subquasigroup of (Q, ), contrary to (4). O

Now we will find the condition for a quasigroup

to be generated by any its element a € Q, a # e.
Let us consider the isotope

(Q,0) twoy=z-a"ly, ,y€Q

for any fixed element a € Q. This isotope is a group with the unit
a and the left translation L, of a group (Q,-) is an isomorphism
between groups (Q,-) and (Q,0), i.e. we have L,(z-y) = L,x o Lyy.
Then the equality

L (woy) =L w- Lty
and implications
(Hu') € L(Qv') = (LaH7 O) € L(Q,O),

(H,O)EL(Q,O) = (L;1H>')EL(Q7') (5)

hold. The quasigroup (Q,*) is an isotope of a group (Q,o) with the
unit a since we have rxy = ax - fy = ax o L,By. By Corollary 1 the
quasigroup (Q, x) is generated by a if and only if the equality

StabL(an)RZ(},@aa N StabL(QP)f/EalﬁaLaﬂ = {Q} (6)
holds, where by R, , L, we denote the translations by x on the group

(Q,0).

Remark. If the equality (6) holds, then we have aa - Sa # a. The
following equalities hold for any a,u € Q:
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L;l = Ly,
Ly=LyLg-1 = Lyg—1, L;'=LyLy-1 = Loy,
R, = R,Ry—1 = Ry-1,, R;'=R,R,1 = Ry-1,,
1 1

where a=', u™! are the inverses of a,u in (Q,-). Then

R, a0 = Rogax = Ry-1.48,00 = Rgax

L7 saLaB = LyjaLaB = Lagay-1a-1Laf = La(ga)-1.

Now the equality (6) can be rewritten in the following way:

StabL(Q,O)Rgaa N StabL(Q’o)La(ﬁa)aﬂ = {Q} . (7)

Lemma 4. For any ¢ € S(Q) we have

StabL(Q 0P = La(StabL(g 7.)La71 (pLa)
and

Stabrgoyp ={ LoH : (H,-) € L(Q,-) and L,1pL,H = H}.

Proof. It (H,-) € L(Q,-) and L,-1pL,H = H, then ¢L,H = L,H
and (L,H,o0) € Staby(g o)p since (L,H,0) € L(Q, o). Hence we have

StabL(Q,o)ga 2 La(StCLbL(Qy.)La—lgDLa) .

Conversely, let (H,o) € Stabr(g,0)¢. Then ©H = H and we can
write

oLoL,'H =L,L,'H

which get ) R
Lo1oL,L;'H =L"H .

Hence, R
(L,'H,") € Stabrg yLa-1¢Ly,

as (L;'H,.) e L(Q, -) by (5). Therefore
Stabr(o,0)p € La(Stabr(o,yLa-—1¢La)

and the statement of the lemma is proved. O
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Now the equality (7) can be rewritten as
Lo(Stabro,y L1 RgactLy) N Lo(Stabr(o,)Ligay-18La) = {Q} .
from which we have
Stabr(g,)La-1RgatLy N Stabr(g,)L(ga)y-18La = {Q} . (8)
So, we have proved the following:

Theorem 3. A quasigroup
(Q,%) + zxy=ax-PBy, «,BeSQ), zyeQ

isotopic to a group (Q, -) with the unit e is:
a) generated by an element a € Q iff the equality (8) holds,
b) a monoquasigroup iff the equality (8) holds for any a € Q . O

Corollary 2. If a quasigroup (Q,*) isotopic to a group (Q,-) with
the unit e is a monoquasigroup, then ax - Bx # x for all x € Q.

Proof. In fact, if aa - Fa = a for some a € Q, then a is an idempo-
tent. Thus (Q,*) is not generated by a, contrary to the assertion of
the corollary. |

Proposition 1. The order of a subquasigroup of a group isotope
(Q,®) divides the order of the quasigroup (Q,®).

Proof. Let (H,®) be a subquasigroup of a group isotope (Q,®) and
() £ H # Q. By Albert’s Theorem the isotope

(Q,0) : zey=R 'z L'y

is a group for every element a € H and (H,e) is a subgroup of (Q ,e)
as a € H. In a group the order of subgroup divides the order of the
group. U
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Corollary 3. FEvery proper subquasigroup of a group isotope of prime
order is a single-element set. O

Corollary 4. The isotope
(Q.%) : zxy=ax By, «BeS(Q), ryeQ

of a group (Q,*) of a prime order is a monoquasigroup if and only if
ax - fBr # x for all v € Q.

Proof. Let ax -z # x for all x € Q and |Q| be a prime num-
ber. The isotope (Q,*) has not single-element subquasigroups since
xx = ax - fr # x for all x € Q. From Corollary 3 we obtain that
(Q, %) is generated by any its element, i.e. is a monoquasigroup. O

By Corollary 2 the relation ax - Sz # x holds in (Q,x*) for all
x € Q. We will adopt some of the above results for right loops princi-
pally isotopic to groups, i.e. we will find the necessary and sufficient
conditions for a right loop isotopic to a group to be generated by any
its non-unit element, therefore to have no proper subloops. A results
can be obtained for left loops isotopic to groups.

Recall that a right (left) loop is a quasigroup (Q, %) with the right
(left) unit f (respectively - (e)) i.e. such elements that = * f = x
(exx =x) for all x € Q. The sets {f}, {e} and Q are right (left)
subloops of (Q, %) called improper subloops. All other subloops are
called proper subloops.

For all a € @ put

Su(Q)={¢YeS(Q) : Yva=a}.

Proposition 2. A right loop isotopic to a group (Q,-) with the unit
e 1s i1somorphic to some right loop

(Q.0) + zoy=1x-9py, ¢ES(Q), z,yeQ
with the unit e.
Proof. To prove that, by Theorem 2 it is sufficient to consider right
loops principally isotopic to groups. Let
(Q.%) @ wxy=az-Py, o feS(Q)
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be a right loop isotopic to a group (Q,-) and f be the right unit of
(Q,%). For every x € Q we have x = x x f = ax - ff and we obtain

o = R(_/Blf) = R(ﬂf)fl .
Therefore

vxy = Rp-rx- By =2(Bf) " By = x - Lgp-18y

for all z,y € Q. Let us consider the isotope
(Q,0) : woy=uw-Lp1BLpy, xyecQ.
Remark that Lgsp)-18Lse = e, ie. (Q,0)is aright loop with the unit
e. The loop (Q, o) is isomorphic to (Q, *) since
Ly(xoy) = Ly(x- Lgpy-1BLysy) = Lyx - LigpyBLpy = Lyx * Lyy

for all z,y € Q. O

The following assertion can be proved in a way analogous to that
used in Theorem 3.
Lemma 5. A right loop
(Q,%) @ zxy=x-ay, «aq€S8(Q), z,ye

isotopic to a group (Q,-) with the unit e has no proper subloops if
and only if

Stabro,ya = {{e}, Q}. O

Lemma 6. A right loop
(Q,%) : zxy=x-ay, a€S8(Q), af=e z,y€Q

isotopic to a group (Q,-) with the unit e has no proper subloops if
and only if

Stabrg.yaL. = {{e}, Q}

Proof. The right loop (Q, ) is isomorphic to the right loop
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(Q,0) : zoy=uz-alpy, z,yeQ.
In fact

Li(xoy)=Ls(zr-aLsy)=Lsx-alyy= Lx* Ly

for all x,y € Q. Then the right loop (Q,*) has no proper subloops
provided that (Q, o) has no ones. Now we apply Lemma 5 to the right
loop (@, 0) and this completes the proof of our Lemma. O

Corollary 5. The loop isotopic to a group of prime order has no
proper right subloops.

Proof. The assertion follows from Lemma 6 taking into account that
a group of a prime order has no proper subgroups. U

Theorem 4. Let (Q,-) be a group with the unit e. The right loop
(Q.%) + wxy=7"az-By), «af,7€S(Q), zyeQ
with the right unit f has no proper right subloops if and only if

Stabra ) Lisp-107"" Ly = {{e}, Q}

Proof. By Theorem 2 the right loop (Q,*) is isomorphic to the right
loop

(Q.%) + xxy=7""az-By), «fB,7€S(Q), zyeQ
with the unit ~f. For every x € Q we have
v=woqf=ay s 4f,

1= R(gp-1. Therefore

hence avy~
zoy=Rppx-By ly=a-(Bf) By y =2 Ligp-1687y.
Let us consider the isotope
(Q,x) : zxy=ux- L(ﬁf)qﬁfy’l[,(ﬁ)y, T,y € Q.

This isotope is a right loop with the right unit e and the translation
L. is an isomorphism between (Q, x) and (Q,0). Now we apply
Lemma 5 to the right loop (Q, x) and this completes the proof. O
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4. Examples

1. Let (Q,:) = (h) be a cyclic group generated by h € Q and
|Q] =7, 3<r <Rq. Let e be the unit of the group (Q, -), I be
the permutation of (Q, -) defined by Iz = 27!, a = (eh) be the
transposition of elements e and h. Then the isotope

(Q,%) xxy=azr-ly, z,y€Q

is a monoquasigroup which satisfies the identity = * (x xy) = y. In
fact
rx(zxy)=ar -I(ax-ly)=ax - lax-y=y.

Recall that every element of the group (Q, -) = (h) is a power of the
element h and every its subgroup is the cyclic subgroup generated by
some power h* of h. To prove that (Q,*) is a monoquasigroup, by
Lemma 3, it is sufficient to prove the equality

StabL(Q,.)oz N StabL(g.)] = {Q}

This equality holds since we have ae = h and the group (Q, ) is the
unique subgroup of (Q, -) which contains h.

Now we will prove that every subquasigroup (H,x*) of (Q,*) con-
tains e. Really, if h* € (H,*) for k # 1, then e = h* - h™% € (H, *).
If h e (H ), then h! =e-h™t =ah-Th = hx*h € (H,*) and
e € (H,*) as it is proved above.

2. Let (Q,:) = (h) be a cyclic group with the unit e generated
by h € Q, |Q] =n, 3 <n <N;and a be a cyclic permutation
(hh%h3...h"~1). Then the isotope

(Q7*> CIrTxYy =T ay, x:yEQ

is a right loop with the unit e and has no proper right subloops.

Really, we have x e =2-ae =x-e =2 for all x € Q and
thus (Q,*) is a right loop with the unit e. If 1 < k < n — 2, then
ah® = h**1 and ah™! = ah™ ! = h. Now, if a subgroup of the cyclic
group (h) contains elements h¥ and h*'!, then it contains h as a
solution of the equation h* -z = h**! and thus it coincides with (h).
Hence, we have

StabL(g.)CJt = {{e}; Q}a
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and thus (Q,*) has no proper right subloops.

3. Let (Q,:) = (h) be the infinite cyclic group generated by the
element h € Q. Let e be the unit of (Q,-) and « be the following
permutation: ae = e, ah™! = h, ah® = h**! for all k # 1. Like that
in the example 2 we can prove that the right loop

(Q,%) : wxy==z-ay, z,y€Q

has no proper right subloops.
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