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On ternary semigroups of lattice
homomorphisms

Antoni Chronowski

Abstract

The notion of a ternary semigroup of lattice homomorphisms is introduced. Some
properties of the ternary semigroup homomorphisms of Boolean algebras are stud-
ied. Necessary and sufficient conditions for a certain characterization of lattices

by means of ternary semigroups of lattice homomorphisms are given.

1. Introduction

In providing a setting for this paper, one notes that there exist many
papers concerned with the study of the semigroups of endomorphisms
of algebraic, ordered, topological structures (e.g. [1], [2]). In the
present paper we introduce the notion of a ternary semigroup of lattice
homomorphisms. This ternary semigroup is the counterpart of the
semigroup of lattice endomorphisms. At the beginning of the paper
we study some properties of the ternary semigroup homomorphisms of
Boolean algebras. In the main theorem of this paper we give necessary
and sufficient conditions for a certain characterization of lattices by
means of ternary semigroups of lattice homomorphisms.
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2. Basic definitions

Definition 2.1. (cf. [3]|). A ternary semigroup is an algebraic struc-
ture (A, f) such that A is a nonempty set and f : A3 — A is a ternary
operation satisfying the following associative law:

f(f (@1, 29, 3), 24, 35) = f(21, f(22, 23, 04), ¥5) = f(21, 2o, f(T3, 24, 75))

for all x1, 20,23, x4, 75 € A.

Definition 2.2. (cf. [3]). A nonempty subset I C A is called an
ideal of a ternary semigroup (A, f) if f(I,AA) C 1, f(AI,A)CI,
f(A A D) C 1.

Definition 2.3. An element xg € A is said to be a left zero of a
ternary semigroup (A, f) if f(zo,x1,22) = xo for all z, 29 € A.

Throughout this paper the letter f will be reserved to denote the
ternary operation in ternary semigroups.

Definition 2.4. A mapping p : X — Y is said to be a lattice
homomorphism of lattices (X,V,A) and (Y,V,A) if

(i)  plzr Vo) =p(z1) Vp(z2),

(ii) p(x1 A w2) = p(z1) A p(z9)

for all 1,29 € X. A one-to-one lattice homomorphism p is called a
lattice isomomorphism.

Let (X,V,A) and (Y,V,A) be lattices. Let H(X,Y) be the set
of all lattice homomorphisms from the lattice (X,V,A) to the lattice
(Y,V,N). Put

HIX,Y] = H(X,Y) x H(Y, X).
Define the ternary operation f : H[X,Y]?> — H[X,Y] by the rule:

f((pb Ch) ) (pz, Q2) ) (p3> CJ3)) = (pl ©¢g20pP3,q1 ©pP20 Qs)

for all (p;,q;) where i = 1,2,3. The algebraic structure (H[X,Y], f)
is a ternary semigroup.
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Definition 2.5. The ternary semigroup (H[X,Y], f) is called the
ternary semigroup homomorphisms of the lattices X and Y.

3. Some properties of the ternary semigroup
of lattice homomorphisms

Consider the Boolean algebras (X,V,A,/,0,1) and (Y,V,A/,0,1).
Let H[X,Y]| be the ternary semigroup of lattice homomorphisms of
Boolean algebras X and Y. Put P[X,Y] = X xY. Define the ternary
operation

f i (PIX.Y] x H[X,Y]? — P[X,Y] x H[X,Y]
by the rule:

f(((z1,91) 5 (1, @) s (T2, 92) 5 (P2, 42)) , (23, 93) , (p3, 43))) =

(1 Var(y2) vV ai(pa(23)) ,y1 V pi(z2) V p1(ga(ys)) ,
(pl ©(@20DP3,4q1 Op20613))
for all ((x;,v:),(pi,q:)) € PIX,Y] x H[X,Y], where 1 =1,2,3.

Denote the obtained algebraic structure (P[X,Y|x H[X,Y], f) by
PIX,Y|®H[X,Y]. We will prove that P[X,Y]®H[X,Y] is a ternary
semigroup. Assume that ((z;, ), (pi,¢:)) € P[X,Y]|® H[X,Y] for
1 =1,...,5. We have:

FU((nu), (1, q1)) s ((2,92) 5 (P2, 42)), (3, 93) 5 (P35G3))) 5
((T4,94) s (P2 @) > (5, 95) 5 (95, G5))) =
f(((x1 vV ar(y2) V @1(pa(x3)) ,y1 V pi(22) V pi(ga(ys))
(pl ©G20pP3,q10pP20 Q3)) ) (($4,?J4) ) (p4, Q4)) ) (($57 ys) ) (p5> %))) =
(21 Var(y2) V ar(p2(x3)) V q1(p2(a3(ya))) V a1 (p2(g3(pals))))
y1 V p1(x2) V pi(ga(ys)) V p1(g2(ps(z4))) V p1(g2(ps(aa(ys)))))
(P1og20P30Gs0Ps5,q10P20G30Ps0Gs5)),
and on the other hand
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f(((th) (1, 1)) s f(((22, y2) , (P2, 2)) (($3,y3) . (p3,q3)),
((r4,94), (Pa, @) (5, 95) 5 (P5,45))) =

F(((x91) s (01, q)), (T2 V q2(ys) V q2(ps(w4)) , y2 V pa(3) V p2(as(va)))
(P2oqzopa,qeopsoq)),((ws5,9s), (ps,45))) =

(1 V qi(y2 V pa(3) V p2a(q3(ya))) V a1 (p2(g3(pa(s))))
Y1V pi(ra V qa(ys) V q2(ps(r4))) V pr(g2(ps(aa(ys))))) ,
(Pr1ogaop30qsops,qiopP20q3oPs0qs)) =

= ((z1 vV @1(y2) V a1(p2(3)) V q1(p2(a3(ya))) V @1 (p2(g3(pa(25)))) .
Y1V pi(22) V pi(ga(ys)) V pi(a2(ps(qa(ys))))) ,
(PLog20P30Gs0P5,q10P20G30Ps0Q5)).
Similarly

f((($1,y1) ) (p17q1)> ) ((x% y2) ) (va Q2)) )
f(<x37 y3) ) <p37 QS)) ) ( T4, y4) ) (p4; CM)) ) ((ZE5, yS) ) (p57 qs

) =

)
f(((z1,91) 5 (P @r)) s (2, 92) , (D2, 42)) - (23 V @3(ya) V @3(pa(25))
Y3 V p3(24) V p3(qa(ys))) , (P30 qa0ps,q30pa©qs))) =

(1 V q1(y2) V q1(pa(3 V q3(ys) V g3(pa(z5))))
Y1V p1(w2) V pi(ge(ys V ps(zs) V p3(aa(ys))))) »
(P1ogaop30qsops,q1oP20q3oPs0qs)) =

(1 V q1(y2) V q1(p2(z3)) V 1(p2(g3(ya))) V q1(p2(gs5(pa(zs))))
Y1V p1(@2) V pi(qeys)) V pi(ge(ps(za))) V pi(ae(ps(aa(ys))))) »
(p1 ©G20P3°44°Ps5,d1 ©P20(G3 OP4OQ5))-

This proves that the algebraic structure P[X,Y|®H[X,Y] is a ternary
semigroup.
Consider the sets

Ho(X,Y) ={pe€ H(X,Y): p(0) =0}
and

Ho(Y, X) = {g € H(Y, X) : q(0) = 0}.
Put

Ho[X,Y] = Ho(X,Y) x Ho(Y, X).

It is easy to notice that P[X,Y] ® Ho[X,Y] is a ternary subsemi-
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group of the ternary semigroup P[X,Y] ® H[X,Y]. Assume that
p € HX,Y). Set z, = p(0). Define the mapping ¢, : X — Y
by the rule:
() = p(z) A 2,
for every x € X. It is easy to check that g, € Hyo(X,Y'). Assume that
q € H(Y, X). Similarly, g, € Hy(Y, X). Define the mapping
F:H[X,Y] — P[X,Y] ® Hy[X,Y]
by the rule:
F(p,q) = (24, 2p): (9ps 9q))

for every pair (p,q) € H[X,Y]. Define the mapping
G: P[X,Y]® Hy[X,Y] — H[X,Y]

by the formula:

z,y), (p,q)) = (p,q)

Y
for every pair ((x,y ) € P[X,Y]® Hy[X,Y], where

~—

~

=
\_/Q

plx1) =plx)Vy, x1€X,
Gy1)=qlyy) Ve, peyY.

Clearly p € H(X,Y) and g € H(Y,X). We will prove that G is an
epimorphism of the ternary semigroup P[X,Y]® Hy[X,Y] onto the
ternary semigroup H[X,Y]. Assume that

(i 9), (pi, @) € P[X, Y] @ HolX, Y]
for ¢ =1,2,3. Therefore,
F(((z1,91) 5 (P @1)) s (2, 92) , (P2, 42)) , (23, 93) 5 (3, 43))) =
= (21 V qi(y2) V a1(p2(23)) , i V pr(22) V pi(a2(ys))),
(progops,qropaogs)) € PIX,Y]® Ho[X,Y].
Note that
(P10 @z 0 ps)(x) = Pr(@a(ps(2) V ys) V 22) =
= p1(q2(p3(2))) V pi(g2(ys)) V pi(z2) Vyr =
= (proqops)(x)V (y1 Vpi(22) V pi(a(ys)) = (Pro@ops)(z)

for every x € X . Thus
P19G20P3 =P19G20D3.
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Similarly,
q10P2°G3 =(q1oP2°7s.
Therefore,

G(f(((z1,01) 5 (P, @) s (2, 92) , (P2, 42)) (23, 93) 5 (p3, 43)))) =
= G((z1V a1(y2) V a1 (p2(73)) ;11 V pr(22) V pi(g2(y3))) ,
(progops,q1op2oqs)) =(P10G20D3,1OP20G3) =
=(@io@eps, iepzo®) = f((01, @), (P2, @), (Ps, B)) =
= f(G((x1,11), (1, 1)), G((w2,92) , (P2, 42)) » G((73,93) , (P3, G3))) -
Assume that p € H(X,Y). Thus
p(z) =p(x VvV O0)=p(x)Vz,
for every x € X. Notice that
Gp(2) V 2, = (p(x) V 2,) V 2, =
(p(z) V 2,) A (2, V 2) = p(z) V 2, = p()

for every x € X. Hence p(z) = g,(x)V 2, for every x € X. Similarly,
if g€ H(Y,X) then q(y) = g,(y) V 2, for every y €Y.

We will show that

G o F =idyx,y)-
Indeed,
(G o F)(p,q) = G((2¢: 2p) » (9ps 9¢)) = (T Tg)
for every pair (p,q) € H[X,Y]. Notice that
Gp(x) = gp(x) V 2p = p(7)
for z € X,
94(y) = 94(y) V 24 = q(y)

for y € Y. Hence (G o F)(p,q) = (p,q) for every (p,q) € H[X,Y].
Therefore, F' is an injection and G is an epimorphism.

We define the mapping
¢ P[X,)Y]|® Ho[X,Y]|/KerG — H[X,Y]
by the rule:
e([((z.y), (P, ))lkerc) = G((,y), (P, q))
for every

[((z,9), (p.q))|kerc € P[X,Y]® Ho[X,Y]/Ker G.
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Of course, ¢ is an isomorphism of the ternary semigroups
PIX,)Y]® Hy|X,Y]/Ker G and H[X,Y]. Let

k: PX,)Y|® Hy[X,Y] — P[X,Y]|® Hy[X,Y]|/Ker G

be the canonical epimorphism. We will show that ko F = ¢!,
Assume that (p,q) € H[X,Y]. We have

(ko F)(p,q) = [F(p, 9)]kerc-
We know that (p,q) = G((x,y), (po,q0)) for a pair
((z, ), (o, @0)) € PIX,Y]® Ho[X,Y].
Obviously, G(F(p,q)) = (p,q). Hence

(((z,9), (po, 9)) . F'(p,q)) € KerG.
Therefore,

e Hp,q) = ¢ H(G((z, ), (po, %)) = [((z,y) , (po, @) kerc =
= [F(p,q)]kerc = (ko F)(p,q).

We have obtained the following

Theorem 3.1. For arbitrary Boolean algebras X and Y the ternary
semigroups H[X,Y| and P[X,Y|® Hy[X,Y]/Ker G are isomorphic.

Theorem 3.1. provides a certain characterization of the ternary
semigroup H[X,Y] of all lattice homomorphisms of Boolean algebras
X and Y by means of all lattice homomorphisms of X and Y by means
of all lattice homomorphisms of X and Y which preserve zero elements.

Consider the further properties of the mappings F' and G. Assume
that (p;,q:) € H[X,Y] for ¢ =1,2,3. Notice that

G(F(f((p1,q1)s (P25 G2), (p3,93)))) = f((P1, 1) (P25 G2), (P3,43))

and
G(f(F(pi,q1),F(p2, q2)  F(ps,q3))) =

= f(G(F(p1,q1)), G(F(p2, q2))
= f((ph Q1) )

>G( (Ps,%))):
(P2, q2) , (3, g3))-

Therefore,



62 A. Chronowski

(F(f((Ph (h) (P2, q2) (p37 Q3)) ) f(F(ph (h) ) F(pz, Q2) , F'(p3,q3))))

belongs to Ker G. We may say that
F:HX,)Y] - P[X,Y|® Hy[X,Y]

is a monomorphism modulo Ker G from the ternary semigroup H|[X, Y]
into P[X,Y]|® Hy[X,Y].
For all (p1,q1), (p2,q2) € H[X,Y] if

(F(p1,q1), F(p2,q2)) € Ker G,
then

G(‘F(pla ql)) = G(F(p27 q2)) )
and so (p1,q1) = (p2, q2) . Assume that

[((Iay) ) (po,qo))]KerG € P[X7 Y] & Ho[X, Y]/KerG

is an arbitrary equivalence class. Notice that

G(F(G((z,9) , (po, 90)))) = G((z,y) , (Po, %)) -
Hence
F(G((z,y), (po, 90))) € [((z,y) . (Po; 90))] ker G -

Thus, each equivalence class from the set P[X,Y]| ® Hy[X,Y]/KerG
has exactly one element of the set F(H[X,Y]).
We have obtained the following

Proposition 3.1. The set F(H[X,Y]) is a selector of the family of
equivalence classes P[X,Y]|® HylX,Y]/KerG. O

4. Main result

Let (X, V,A) and (Y, V,A) be lattices. In the sequel lattice homomor-
phisms (isomomorphisms) will often be referred to as homomorphisms
(isomomorphisms). Let H[X,Y| be a ternary semigroup of homomor-
phisms of lattices X and Y.
Consider the following sets:
H(X,Y)={pe H(X,Y): 3y €Y Vo € X p(z) = yo}
H(Y,X)={qe HY,X) :Jzo € X Vy €Y p(y) = 20}

The such homomorphisms p € H.(X,Y) and ¢ € H.(Y, X) that their
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single values are yo € ¥ and zy € X we denote by p,, and ¢,
respectively. Put

H[X,)Y]=H.(X,Y) x H.(Y, X).
It is easy to notice that H.[X,Y] is a ternary subsemigroup of H[X,Y].

Define two binary operations V and A in the set H.(X,Y’) by the
rules:

Py vpyz =Dy <= Y1 Viy =1y,
Py1 /\pyz = Dy < Uy NYy2=%y
for py,, Pyss Dy € H(X,Y).
Similarly, define two binary operations V and A in the set H.(Y, X)
by the rules:
Gzy V Qzy = Gz == 1 V T2 = T,
oy NQoy = Qo == T1 NT2 =T
for qu,,quy, ¢ € H(Y, X).
Notice that (H.(X,Y),V,A) and (H.(Y,X),V,A) are lattices.

Lemma 4.1. Let X and Y be lattices. A pair of homomorphisms
(p,q) is a left zero of the ternary semigroup H[X,Y] if and only if
(p.q) € HJ[X,Y].

Proof. Let (p,q) be a left zero of H[X,Y]. By Definition 2.3 we have

f((p, @), (p1,q1) , (P2, g2)) = (p, @)

for all (p1,q1),(p2,q2) € HIX,Y]. Put (p1,q¢1) = (Pyo qw,) for some
xo € X, yo € Y. Hence

f((p7 Q) ) (pym q:vo) ) (p27 qQ)) = (p7 Q)
and p=poq,, op2, ¢=qop,yoq. Therefore,

Vr € X p(z) = p(wo)
and

Yy €Y q(y) = a(w),
and so (p,q) € H.[X,Y].

Conversely, suppose that (p,q) € H.[X,Y]. Consequently p = py,
and ¢ = ¢, for some zg € X, yo € Y. For any (p1,q1), (p2,q2) €
H[X,Y]| we have:
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f((p7 Q) ) (pla ql) ; (p27 Q2)) = f((pyoapxo) ) (plv QI) ) (p27 q2)) -
= (pyo ©q19P2,qz, ©P1© 92) = (pyo7QLIr0) = (p7 Q)
Therefore, the pair (p,q) is a left zero of H[X,Y].

Proposition 4.1. The set H.[X,Y] is the smallest ideal of the ternary
semigroup H[X,Y].

Proof. Tt is easy to check that H.[X,Y] is an ideal of H[X,Y]. Put
I. = H.|X,Y]. Let I C H[X,Y] be an ideal of H[X,Y]. By Lemma
41 f(I.,1,I) = I.. On the other hand, f(I.,I,I) C I. Hence I.C I,
which completes our proof. O

Lemma 4.2. Let X; andY; (i =1,2) be lattices. Let

F: H[X1, 1] — H[X»,Ya]
be an epimorphism of the ternary semigroups H[X1,Y1] and H[X,, Y3].
Then

F(H:[X1,Y1]) = He[X5, Y2

Proof. Suppose that (p,q) € H.[X1,Y1]. By Lemma 4.1 we have

f((p,q), (p1, 1), (P2, 42)) = (P, q)
for all (p1,q1), (p2,q2) € H[X1,Y:]. Therefore,

f(F(p,q), F(p1,q1) , F(p2, q2)) = F(p,q)

for all (p1,q1), (p2,q2) € H[X1,Y1]. Again by Lemma 4.1 F(p,q) €
H.[X5,Y5].

Conversely, suppose that (r,s) € H.[X,,Y3]. This implies that
r = ry, and s = s, for some xy, € Xy, y» € Y. There exists
a such pair (p/,¢') € H[Xy,Y1] that F(p',q) = (ry,, 52,). Assume
that (p),,q,,) € HJ[X1,Y1] is an arbitrary fixed pair and (p1,q1) €
H[X,,Y;]. Put

(p,q) = F((W'q)s (Py, s 4y )5 (D1, 1))

Hence p = p' 0 gy, op1 and ¢ = ¢ o py oqu. Set y1 = p'(z}) and
r1 = ¢ (y}). Thus p = p,, and ¢ = q,,, hence (p,q) € H.[X;,Y1]. We
have
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F(p,q) = f(F(',¢), F(py, q) , F(p1,q1)) =
= f«rywsm)?F(py'lvqm)) = (ryzv 8332) = (T’ 8)'
Therefore, there exists a such pair (p,q) € H.[Xi,Y1] that F(p,q) =

(r,s).

Notice that a mapping
Fo @ H[X1, V1] — He[Xy, Y3

is an isomorphism of the ternary semigroups H.[X7, Y1] and H [X5, Y5
if and only if Fj is a bijection.

Let X; and Y; (i = 1,2) be lattices. Suppose that f; : X1 — Xs
and fo : Y] — Y5 are lattice isomorphism. Define the mapping
F : H[lei/l] - H[X27}/2]
by the rule:
F(p,q) = (faopo fi' ficqo fy ') (1)

for every (p,q) € H[X1,Y1]. It is easy to check that F' is an isomor-
phism of the ternary semigroups H[X7,Yi| and H[X,, Y3].

Definition 4.1. The mapping F' defined by the formula (1) is called
the isomorphism of the ternary semigroups H|[Xi,Y1] and H[Xs, Y5
induced by the pair of lattice isomorphisms (f, f2).

An isomorphism
F : H[Xh)/l] - H[X27)/2]

of the ternary semigroups H[X,Y;] and H[X5, Y3] need not imply the
existence of isomorphisms f; : X; — Xy and fy : Y7 — Y, of the
lattices X, X, Y7, Y.

The following example illustrates the above statement.

Example. Consider the following sets:
Xy ={z1, 712, 715}, Yi={n},
Xy = {21, T2, .., T25}, Yo ={y2}.

Assume that Y, and Y, are trivially ordered sets. Define the partial
orders in the sets X; and X5 by the following diagrams:
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T15 T23

Ta4
X12 X14 X22

X25

T11 T21

The sets X, Xs, Y7, Yo equipped with the foregoing orders are lat-
tices. Thus we have:

H<X1>le) = {py1}7 H<}/17X1) = {qgc117qx15}7
H<X271/2) = {py2}7 H<Yv27X2) = {szpqgczs}?

Hence
H[Xh Yl] = {(pqu:vu) IR (pr qwm)} )
H[X27 Y2] = {(pyw q:rzl) IR (py27 qéws)} )
Therefore,
H[Xl,Yi] = Hc[Xl,n]
and

H[XQa YVQ] — HC[X27 }/2]
Define the mapping
F: H[Xh}/l] — H[XQ,}/Q]
by the formula
F(pyu an) - (py27 %:21) PR F<py17 %715) = (py27 qg:zs) .
The mapping F' is an isomorphism of the ternary semigroups H[X;, Y]]
and H[X5,Ys]. However, the lattices X; and X5 are not isomorphic.
Let X; and Y; (i =1,2) be lattices. Let

F H[XLYl] — H[XQ,}/VQ]

be an isomorphism of the ternary semigroup [Xi,Y)] and H|[Xs, Ys]
induced by a pair of lattice isomorphisms (fi, f2). Assume that
Py, Py, € He(X1,Y1) and ¢,¢" € He(Y1, X1). We have

F(py,q) = (faopy o fit, fioqo fi'),
F(py,q') = (faopyofit . fiodofy'),

Notice that fy op,, o fi ' = Tiyy) and fropy o it = Ty it
means that
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Than)s Tha(y)) € He(X2,Ya).

If p,, < py, then y < gy, Since fo(y1) < foyy), it follows that
Thm) < Try). Conversely, suppose that 7p,,) < 7). Hence

f2(y1) < fo(yy), and so y1 < y;. This means that p,, < p,. Let us

denote by m and 7y the projections of Cartesian product. From the
foregoing we have obtained the following condition:

Vp,p/ € HC(X].?}/:L) vq,q, € Hc(}/laXl)

(W)
p<p o m(Fpq) <m(FP.q))
A similar argument yields the following condition:
Vp,p' € Ho(X1,Y1) Vq,q' € H(Y1, X3)

(W2)

¢ <q & m(F(p,q) < m(F(p',q))]

Notice that the isomorphism
F : H[Xlai/l] - H[X27}/2]

defined in the previous example does not satisfy the condition (Ws).

Theorem 4.1. Let X; andY; (i =1,2) be lattices. An isomorphism
F H[Xh}/l] - H[X271/2]
of the ternary semigroups H[X1,Y1] and H[Xs,Y3] is induced by a pair

of lattice isomorphisms (f1, f2) if and only if the isomorphism F sat-
isfies the conditions (Wy) and (W3).

Proof. We have proved that the isomorphism F' induced by the pair of
lattice isomorphisms (f1, f2) satisfies the conditions (W;) and (W5).

Let us assume that
F: H[X1,Yi] — H[Xa,Ys)]

is an isomorphism of the ternary semigroups H|[X;,Y7] and H[X5, Ys]
such that the conditions (W) and (W) are satisfied.

In view of Lemma 4.2 we can define the mapping

F*IX:LXYE[HXQXYQ



68 A. Chronowski

by the formula:

F*<£L'1,y1) = (x27y2) — F(pyl?qm) = (TyNSfEQ) (2)

for (z1,11) € X1 X Y] and (29,y2) € X x Y. It is easy to notice that
F* is a bijection. Let yy € Y7 be an arbitrary fixed element. We define
the mapping f; : X1 — Xy by the rule:

fi(x1) = 29 <= m(F" (21, %)) = 22 (3)

for x| € X, To € X2.
We will prove that

filz1) = 2o <= Vy1 € Y1 mi(F*(21,11)) = 22

for X € Xl, To € XQ.
Suppose that F*(z1,y0) and F*(x1,y1) = (2, y5) for an arbitrary
fixed element y; € Y;. Thus we have

F*(21,90) = (22, 92) <= F(Pyos ¢ur) = (T, Sa) »
F*(x1;y1> = (13/27yé) — F(pyuqm) = (Tyg75x'2) :
In view of the condition (W) we infer that s,, = s,;, and so x5 = 5.
Therefore,

filz1) =20 <= Vy € Y7 m(F*(z1,11)) = 2 (4)
for 1 € X1, xo € Xo. It is easy to verify that
filzr) =20 = Fy1 €Y1 m(F*(x1,p1)) = 22 (5)

for 1 € X1, x5 € Xo.

Next we will prove that f; : X; — X, is a bijection. Suppose
that x5 € X5. Let us take an arbitrary fixed element y, € Y5. Thus
there exists a such pair (x1,71) € X1 X Y] that F*(z1,y1) = (22,92)-
Therefore using the condition (5) we obtain fi(z1) = 2, and so fi is
a surjection. Suppose that fi(z1) = fi(z)) for z1, 2} € X;. Hence
fi(z1) = z2 and fi(2)) = x4 for some xo € Xy. By (3) it follows that
F*(z1,y0) = (22,y2) and F*(2,y0) = (x9,v5) for some ys, 9, € Y.
Hence we have

F(py07qx1) = (Tymsxz)
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and

F(pyov q:ﬂ’l) = (ry§7 sz) ‘
Using the condition (W2) we get ¢, = ¢, and so z; = 7. Therefore
f1 is an injection. We will prove that

Vo, 21 € Xa[r <21 <= f(21) < f(21)] (6)

Suppose that 1 < 2} for z1, 2] € Xy. Set fi(x1) = x5 and fi(2)) = 2}
where x4, 25, € X5. Hence

fl(fl’l) =Ty Wl(F*(ﬂflayo)) = T2,

fi(z)) = oy <= m(F*(z1,y0)) = 7.
Thus  F*(z1,%0) = (v2,%2), and F*(2},y) = (z4,v5) for some
Y2, Yh € Yo. We have

F*(xbyO) = (3727?/2) <~ F(pqugcl) = (Tyzysxz)v
F*(x/byO) = ($/27yé) — F(py(HQLU’l) = (Tyéwsz’z) :
Since ¢z, < qu, the condition (W) yields s,, < s, that is zo < a5,
and so fi(z1) < fi(z}). It is easy to notice that fi(z1) < fi(z))
implies z; < ) for all 1,25 € X;. Therefore we have proved the
condition (6).
Summarizing, the mapping f; : X7 — X5 is an isomorphism of the
lattices X7 and Xs.

Let xy € X; be an arbitrary fixed element. We define the mapping
fa: Y1 — Y5 by the formula:

foly1) =92 = m(F"(v0,y1)) = vo (7)

for all y; € Y7 and 5 € V5.
The analogous argument applied to the mapping f, allows to prove
that

folyr) =2 = Vo, € Xy mo(F* (21, 01)) = v, (8)
fo(yr) =y = 1 € Xy m(F*(21,51)) = Y2, 9)

for all y; € Y7 and y5 € Ys. We can similarly show that the mapping
fo 1 Y7 — Y5 is an isomorphism of the lattices Y; and Y;. By the
conditions (4) and (8) we get

F*(xy, 1) = (m(F* (21, 1) , 1 (F*(21,91)))) = (fi(z1), falyr))



70 A. Chronowski

for every (z1,y1) € X3 x Y;. Consequently,

B = (f1,f2)- (10)

We will prove that the isomorphism F'is induced by the pair of lattice
isomorphisms (f1, f2). First, we will show that the following condition
is satisfied

Vo, € X1 Vi € Y1 V(p,q) € H[X1,Y1]
F(p,q)(fi(z1), f2(y1)) = (f2(p(21)), f1(a(y1))) - (11)

Suppose that x; € X3, y; € Y7 and (p, q), (p1,q1) € H[X1,Y1]. Hence

f((p7 q)7 (pylaql‘l)a (pypq:m) s (p17Q1)) =
= (PO e, oP1, 40Py © Q1) = (Ppar) > Qalwn)) -
We have

F(pp(:rl) 5 Qq(y1)) =

= F(f«p’ (]) ) (pylaqm)’ (thI))) = f(F(p7 q) ) (pyuqa?l)? (thI))'
Set F(p,q) = (r,s) and F(p1,q1) = (r1,s1). By Lemma 4.2 we get

F(py, s qu,) = (7yy, S,) for some zo € Xy, yo € Ys. By (10)
F(py,s @uy) = (ryy, 82,) <= F*(21,41) = (22, 92) <=
= (fi(21), f2(11)) = (22, 92) <= (x2 = fi(z1) Ay2 = folyn)).
Therefore,
F(ppar) s Qo) = F((r,8), (Tpaqn) » Spuan))s (r1,81)) =

= (108 071, 0T ) ©51) = (Tr(fu@) » Sstawn)) -
On the other hand,

F(Ppar) » datwn)) = (Ty1s Sas)
for some x5 € Xs, y2 € Y5. By (10)

E(pp(r) » datr)) = (Tyes Sa2) = F*(q(11), (1)) = (22, 42) <=
(filq(n)), fo(p(z1))) = (22, 92) <= (22 = f1(q(y1)) ANy2 = fo(p(z1))) -
Therefore,

F(Po@1) » Q) = (Thap(@n) > Shatawn)) -
Consequently, f(fi(z1)) = fao(p(z1)) and s(fa(y1)) = fi(q(y1)). Thus,
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F(p,q)(fi(z1), f2(yn)) = (7, 8)(f1(21), fa(yn)) =
= (r(fi(21)), s(f2(y1))) = (fa(p(21)), frla(yr))) -

Therefore, we have obtained the formula (11). For zo € X5 and y» € Y5
there exist such 21 € X and y; € Y] that fi(z1) = z9 and fao(y1) = yo.
Hence x1 = f; '(x3) and y; = f5 (y2). Using the formula (11) we ob-
tain

F(p,q)(z2,92) = ((faopo fi')(wa), (frogo f3')(y2)) =
= (faopo fi'l, fiogo fy')(2, 4o)
for any pair (p,q) € H[X1,Y1]. Therefore,

F(p.q) = (f20opo fi',ficqo fy')
for every (p,q) € H[X;,Y1]. Finally, we conclude that the isomor-

phism F is induced by the pair of lattice isomorphisms (f1, f2) defined
by the formulas (3) and (7). O

Definition 4.2. Let X; and Y; (i = 1,2) be lattices. The ternary
semigroups H|[X1,Y1| and H[X,,Y5] are called W -isomorphic if there
exists an isomorphism F : H[X;,Y]] — H[X5,Y5] of the ternary
semigroups H[X1,Y)] and H[X5, Y] fulfilling the conditions (1¥;) and
(W2).

From Theorem 4.1 we deduce the following two corollaries.

Corollary 4.1. Let X; and Y; (i = 1,2) be lattices. The ternary
semigroups H[X1,Y1] and H[Xs, Y] are W-isomorphic if and only if
the lattices X1 and Xo are isomorphic and the lattices Y1 and Yy are
1somorphic. O

Corollary 4.2. Let X; and Y; (i = 1,2) be lattices. Let

G: H[X,Y)]| — H[X,,Y3]
be an isomorphic of the ternary semigroups H[X1,Y1] and H[X,,Y3].
The lattices X1 and Xy are isomorphic and the lattices Y1 and Ys are
1somorphic if and only if there exists a such automorphism p of the
ternary semigroup H[X1, Y] that the isomorphism F = G o u satisfies
the conditions (W1) and (Ws). 0
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