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Annihilator graph of a commutative semigroup
whose zero-divisor graph is a refinement

of a star graph

Mojgan Afkhami, Kazem Khashyarmanesh
and Seyed Mohammad Sakhdari

Abstract. Suppose that G is a refinement of a star graph with center ¢ and G* is the subgraph
of G induced on the vertices V(G) \ {x € V(G) | ¢ = c or z is an end vertex adjacent to c}. Let
S be a commutative semigroup with zero and I'(S) be the zero-divisor graph of S. In this paper,
we determine the structure of the annihilator graph of S by using the zero-divisor graph I'(S),
which is a refinement of a star graph with center ¢, and I'(S)* has at least two components or

I'(S)* is isomorphic to a cycle graph or a path.

1. Introduction

Throughout the paper S is a commutative semigroup with zero whose operation is
written multiplicatively. The set of all zero-divisors of S is denoted by Z(S) and
2(8)" = Z(5)\ {0},

There are many papers which interlink graph theory and ring theory. Several
classes of graphs associated with algebraic structures have been actively investi-
gated (see for example, [2, 3, 4, 5, 6, 7, 8, 11, 12, 18, 19]).

For any commutative semigroup S with zero element 0, there is a simple undi-
rected graph, which is called the zero-divisor graph and is denoted by I'(S) (cf.
[17]). The vertex set of I'(S) is Z(S)* and x is adjacent to y in I'(.S) if and only if
xy = 0, for each two distinct elements x and y in Z(S)*. It was proved that T'(.S)
is connected and the diameter of I'(S) is less than or equal to three. Also if T'(.S)
contains a cycle, then its girth is less than or equal to four. For more details on
zero-divisor graphs see [9], [13], [15], [16], [17], [21].

In [10], A. Badawi introduced the concept of the annihilator graph for a com-
mutative ring R, denoted by AG(R), with vertices Z(R)* and x ~ y is an edge in
AG(R) if and only if anng(xy) # anng(x) U anng(y), where anng(xz) = {r € R |
ar = 0}.

In [1], the present authors introduced the annihilator graph for a commutative
semigroup S, which is denoted by AG(S). The graph AG(S) is an undirected
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graph with vertex set Z(S)* and two distinct vertices x and y are adjacent if and
only if anng(zy) # anng(x) U anng(y), where anng(z) = {s € S | xs = 0}. Some
basic properties of AG(S) are investigated in [1]. For example, it was proved that
if Z(S) # S, then I'(S) is a subgraph of AG(S), and so AG(S) is connected. Also
if Z(S) = S and there exists x € S* = S\ {0} such that anng(x) 2 Z(S) \ {«},
then x is an isolated vertex in AG(S).

Recall that a graph G with n+ 1 vertices is called a star graph, and is denoted
by Kin, if there exists a vertex x € V(G) such that d(z) = n, and for each
vertex y € V(G) \ {z}, we have d(y) = 1. The vertex z is called the center of
K . Suppose that G and H are two graphs. H is called a refinement of G if
V(G) = V(H) and each edge in G is an edge in H. The subgraph induced on
vertices V(G) \ {x € V(GQ) | z = c or z is an end vertex adjacent to c} is denoted
by G*.

In this paper, we study the annihilator graph associated to a commutative
semigroup with zero by using the zero-divisor graph I'(S), where I'(S) is a refine-
ment of a star graph with center ¢, and I'(S)* has at least two components or
I'(S)* is isomorphic to a cycle graph or a path.

2. Preliminaries

Now we recall some definitions and notations of graphs. We use the standard
terminology of graphs is contained in [14]. Let G be a graph with vertex set V(G)
and edge set F(G). We use the notation x ~ y to denote that x is adjacent to y
in G and edge between x and y will denote by {xy}. Also the distance between
two distinct vertices a and b, denoted by d(a,b), is the length of the shortest path
connecting a and b, if such a path exists; otherwise, we use d(a,b) := co. The
diameter of a graph G is diam(G) = sup{d(a,bd) : a and b are distinct vertices
of G}. The girth of G, denoted by gr(G), is the length of the shortest cycle in
G, if such a cycle exists; otherwise, we use gr(G) := co. A graph G is said to be
connected if there exists a path between any two distinct vertices, and it is complete
if it is connected with diameter one. We use K, to denote a complete graph with
n vertices. Also, we say that G is totally disconnected if no two vertices of G are
adjacent. We use nK; to denote the totally disconnected graph with n vertices.
For a vertex x of a graph G, the neighborhood of x, denoted by N(z), is the set
of vertices which are adjacent to x, moreover the degree of x, denoted by d(z), is
the cardinality of N(x). Also, a vertex u is an end vertex, if there is only one edge
incident to u, and it is an isolated vertex if d(u) = 0. Let G and H be two graphs.
We use the notation H < G (resp, H 2 @) to denote that H is a subgraph of G
(resp, H is isomorphic to G). Also we use G\ {{z1y1}, {z2y2}, {z3ys}, ..., {Tnyn}}
to denote a graph G, such that the edges {x1y1}, {z2y2}, {zsys}, ..., {xnyn} are
deleted.

As usual P, and C,, will denote the path of length n and the cycle of length
n, respectively. Suppose that G is a graph with m components such that each
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component of G is isomorphic to K,,. Then we will denote G by mK,,. Let H and
G be two graphs such that V(G)NV(H) = 0 and E(G) N E(H) = (. Then the
union of the graphs H and G, which is denoted by H U G, is a graph with vertex
set V(G) UV (H) and edge set E(H) U E(G).

Throughout the paper, we assume that |Z(S)*| > 3. The case that |Z(S)*| < 2
is easy. Indeed, if |Z(S)*| =1, then AG(S) 2 T'(S) = K;. Let |Z(S)*| = 2. Then
I'(S) 2 K. Now if Z(S) = S, then clearly AG(S) = 2K, and if Z(S) # S, then
AG(S) 2 T'(S) = K,. Moreover, in [1, Section 4 |, the case that |Z(S)*| = 3 and
in [20] the case that |Z(S)*| = 4, have been discussed.

3. Properties of AG(S)

In this section, we determine the structure of the annihilator graph of a commu-
tative semigroup S whose I'(S) is a refinement of a star graph with center ¢ and
I'(S)* satisfies one of the properties: (1) T'(S)* has at least two components, (2)
I'(S)* is a cycle graph, (3) I'(S)* is a path. Also since I'(S) is a refinement of
a star graph with center ¢, if ¢ = 0, then anng(c) = Z(S). Moreover, in this
section, we show that if Z(S) = S, then 5 is sharp for the girth of AG(S), while
if Z(S) # S, then gr(AG(S5)) < 4.

Proposition 3.1. [22, Corollary 2.4] Suppose that T'(S) is a refinement of a star
graph with center ¢, and T'(S)* has at least two components. Then S* = {0, c},
where S? = {zy|z,y € S}.

By Proposition 3.1, it is clear that if T'(S) is a refinement of a star graph and
I'(S)* has at least two components, then if there exists a vertex z which is not
adjacent to some vertices z and y in I'(S), then z and y are adjacent in AG(S).
Also, note that if I'(S) is a refinement of a star graph with center ¢ and S? = {0, ¢},
then anng(zy) = Z(S), for all z,y € Z(S). Now, the proof of the next theorem
follows from [1, Theorems 3.1 and 3.8].

Theorem 3.2. Suppose that T'(S) is a refinement of a star graph with center c.
Also assume that T'(S)* has at least three components and |V (T'(S))| = n+1. Then
the following statements hold.

1. If x and y are two distinct non adjacent vertices in I'(S), then x ~ y in
AG(S).

2. If Z(S) # S, then AG(S) =2 K, 11.

3. Z(S) =S, then AG(S) = K,, U K1, where c is an isolated vertez in
AG(S).

A graph G is called a friendship graph (or a fan graph) if G is a refinement
of a star graph with center ¢ such that G \ {c} = nK; and it is denoted by F,.
Clearly |V (F,)| = 2n + 1.
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Corollary 3.3. Suppose that T'(S) = F,, with center ¢ and n > 3. Then the
following statements hold.

1. If Z(S) 7& S, then AG(S) = K27L+1.

2. If Z(S) = S, then AG(S) = Ks,, U K, where ¢ is an isolated vertex in
AG(S).

Proof. Since I'(S) = F,, with center ¢ and n > 3, we have I'(S)* = nK», and
so I'(S)* has at least three components. Therefore, by Theorem 3.2, the results
hold. O

Lemma 3.4. Suppose that T'(S) is a refinement of a star graph with center ¢ such
that T'(S)* has exactly two components A and B. Then the following statements
hold.

1. If z,y € A, then x~y in AG(S). Similarly, if x,y € B, then x~y in AG(S).

2. Suppose that x, y € Z(S)* \ {c}. Then x =~y in AG(S) if and only if there
exists no end vertex adjacent to ¢ in T'(S) and x € A, anng(x) = AU {0, c}
and y € B, anng(y) = BU{0, c}.

Proof. (1). It follows by Proposition 3.1.

(2). First suppose that z, y € Z(S)*\{c} and z » y in AG(S). Then, by (i), z €
A, y € B, and so zy # 0 and, by Proposition 3.1, we have zy = ¢ which follows that
c? = (zy)c = z(yc) = 0, and hence anng(c) = Z(S). Since x = y in AG(S), we see
that anng(z) Uanng(y) = anng(zy) = anng(c) = Z(5). If there exists u such that
u is an end vertex adjacent to ¢ in I'(S), then u ¢ anng(x)Uanng(y) = Z(S), which
is impossible. Thus there exists no end vertex adjacent to ¢ in I'(.S). Now if 22 # 0
or y? # 0, then = ¢ anng(x) U anng(y) = Z(S), or y ¢ anng(z) U anng(y) = Z(S),
which is impossible. Therefore 22 = y? = 0. Finally, if there exists a € A such
that  ~ a in T'(S), then a ¢ anng(z) U anng(y) = anng(zy) = anng(c) = Z(9),
which is impossible. Hence for each a € A, we have  ~ a in I'(S), and so
anng(z) = AU {0, ¢}. Similarly, anng(y) = BU{0,c}.

Conversely, since z € A and y € B, which implies that xy # 0 and, by
Proposition 3.1, we have zy = ¢. So anng(zy) = anng(c) = Z(S). Since there
exists no end vertex adjacent to ¢ in I'(S) and anng(x) = AU{0, ¢} and anng(y) =
B U {0,c}, we have anng(x) U anng(y) = AU BU{0,¢} = Z(S) = anng(zy).
Therefore x ~ y in AG(S). O

The next theorem follows from Lemma 3.4.

Theorem 3.5. Suppose that T'(S) is a refinement of a star graph with center c
such that there exists no end vertex adjacent to ¢ in T'(S) and |V (T'(S)*| = n.
Also assume that T'(S)* has exactly two components A and B. Then the following
statements hold.
1. If Z(S) # S, then AG(S) = K, 41\ {{zy}| z € A, y € B and anng(z) =
AU{0,c} and anng(y) = BU{0,c}}.
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2. If Z(S) =S, then AG(S) 2 K1 UK, \ {{zy}| x € A, y € B and anng(x) =
AU{0, ¢} and anng(y) = BU{0, c}}, where ¢ is an isolated vertex in AG(S).

The next two corollaries immediately follows from Theorem 3.5 and [1, Theo-
rems 3.1 and 3.8].

Corollary 3.6. Suppose that T'(S) = Fy with center c. Also assume that Z(S) # S

and V(I'(S)*) = {z,y, z,w} with x ~y and w ~ z. Then the following statements
hold.

1. AG(S) 2 F, if and only if 2® = y* = 2° = w? = 0.
2. AG(S) = K5 \ {{wy}, {wz}} if and only if 2* = ¢ and y* = w? = 2% = 0.
3. AG(S) = K5\ {{yz}} if and only if 2> = w? = ¢ and y? = 22 = 0.
4. AG(S) =2 K5 if and only if 2> = y* = c or w? = 2% = c.
Corollary 3.7. Suppose that T'(S) = Fy with center c. Also assume that Z(S) = S

Yy
and V(T'(S)*) = {z,y, z,w} with x ~y and w ~ z. Then the following statements
hold.
1. AG(S) = K1 U2K,, where ¢ is an isolated vertex in AG(S), if and only if

2=y’ =22=w?=0.

2. AG(S) =2 K1 U Ky \ {{wy}, {wz}}, where ¢ is an isolated vertex in AG(S),
if and only if 2° = ¢ and y* = w? = 2% = 0.

3. AG(S) = K7 U K4\ {{yz}}, where c is an isolated vertex in AG(S), if and
only if 22 =w? =c and y?> = 22 = 0.

4. AG(S) = Ky U Ky, where ¢ is an isolated vertex in AG(S), if and only if
?=yt=corw?=22=c

Theorem 3.8. Suppose that T'(S) is a refinement of a star graph with center ¢

and T = {u | u is an end vertex adjacent to ¢ in T'(S)} and | T |= m > 1. Also

assume that T'(S)* has exactly two components A and B and |V (I'(S)*)] = n.

Then the following statements hold.
1. Ifx € A and y € B, then x ~ y in AG(S).

2. IfxreA,ye Bandu €T, thenu~z and u ~y in AG(S5).
3. Ifu,veT, thenu~ v in AG(S).

The next corollary immediately follows from Theorem 3.8 and [1, Theorems
3.1 and 3.8].

Corollary 3.9. Suppose that T'(S) is a refinement of a star graph with center c
and T = {u | u is an end vertex adjacent to ¢ in T'(S)} and | T |= m > 1. Also
assume that T'(S)* has exactly two components and |V (I'(S)*)| = n. Then the
following statements hold.
1. If Z(S) # S, then AG(S) = Kpint1-
2. If Z(S) =S, then AG(S) = Ky1n U K1, where ¢ is an isolated vertex in
AG(S).
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Proposition 3.10. [22, Theorem 2.5] Suppose that T'(S) is a refinement of a star
graph with center ¢ such that T'(S)* is isomorphic to C,,, where n > 5. Then

5% = {0, c}.

Lemma 3.11. Suppose that I'(S) is a refinement of a star graph with center c
such that there exists no end vertex adjacent to ¢ in T'(S). Also assume that
I(S)* =2 C,, wheren 25 and z, y € Z(S)* \ {c}. Then the following statements
hold.

1. If v ~y in T'(S), then x ~y in AG(S).

2. If v =y in T(S) and 2> # 0 or y?> # 0, then x ~y in AG(S).

3. Ifxey inT(S) andn =7, then x ~y in AG(S).

4. x5y in AG(S) if and only if 2> =y*> =0, 2y = c andn =5, or

22 =92 =0, d(z,y) =3 in T(S) and n = 6.

Proof. The proof of (1) and (2) is clear.

(3). Since I'(S) = C,, and n > 7, we have |V(T'(S)*)| > 7, and so |Z(S5)| > 9,
since Z(S) = C,,U{0, c}. On the other hand, for each two distinct vertices = and y
in T'(S)*, we see that |anng(z) Uanng(y)| < 8. Since x ~ y in I'(S), by Proposition
3.10, we have zy = ¢, and so anng(zy) = Z(S). Hence anng(z) U anng(y) #
anng(zy), and therefore x ~ y in AG(S).

(4). First suppose that « « y in AG(S). Then, by (i), (ii), (iii) and Proposition
3.10, we have 22 = y?> =0, 7y = cand n =5, or n = 6. If n = 6 and d(z,y) = 2
in T'(S), then there exists a vertex z, such that z ¢ anng(z) U anng(y), and so
anng(z) Uanng(y) # Z(S) = anng(c) = anng(xy). Thus x ~ y in AG(S), which is
impossible. Also if d(z,y) = 1 in I'(S), then z ~ y in I'(S) and, by (i), x ~ y in
AG(S), which is again impossible. Therefore d(z,y) = 3 in I'(S).

Conversely, first suppose that n = 5, 2 = y?> = 0 and zy = ¢. Then, since
x » yin I'(S) and z, y € Cs, we have anng(z) U anng(y) = Z(S) = anng(c) =
anng(zy). Thus x » y in AG(S).

Now suppose that 22 = y? = 0, d(z,y) = 3 in I'(S) and n = 6. Then Z(S) = CsU
{0, ¢}, and so |Z(S)| = 8. Also since d(z,y) = 3, we see that anng(z) Nanng(y) =
{0, ¢} and |anng(z)| = |anng(y)| = 5, and so |anng(z) U anng(y)| = 8 = |Z(9)| =
|anng(¢)| = |anng(zy)|. Thus anng(x) U anng(y) = anng(zy). Therefore z ~ y in
AG(S). O

The following three theorems immediately follows from Lemma 3.11, [1, The-
orems 3.1 and 3.8].

Theorem 3.12. Assume that all the hypothesis of Lemma 3.11 hold and n > 7.
Then we have the following statements.
1. If Z(S) # S, then AG(S) 2 Kp41.

2. If Z(S) = 8, then AG(S) = K,,UK, where c is an isolated vertex in AG(S).

Theorem 3.13. Suppose that all the hypothesis of Lemma 3.11 hold and n = 6.
Then we have the following statements.
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1. If Z(S) # S, then AG(S) = K7 \ {{zy}|2? = y?> = 0,d(z,y) = 3 in T'(S)}.
2. If Z(S) = S, then AG(S) 2 K1 U K \ {{zy}|2? = y? = 0,d(z,y) = 3 in
T'(S)}, where ¢ is an isolated vertez in AG(S).

Theorem 3.14. Suppose that all the hypothesis of Lemma 3.11 hold and n = 5.
Then we have the following statements.

1. If Z(S) # S, then AG(S) = K¢ \ {{zy}|2? = y*> = 0,2y = c}.
2. If Z(S) = S, then AG(S) =2 K1 U K5\ {{zy}2? = y? = 0,2y = c}, where c
is an isolated vertex in AG(S).

If Z(S) # S, then, by [1, Theorem 3.1], T'(S) < AG(S), and since gr(I'(S)) < 4,
we have gr(AG(S)) < 4. But if Z(S) = 5, then the following example shows that
5 is sharp for the girth of AG(S).

Example 3.15. Suppose that S = {0, ¢, a1, as,as, a4, a5}, with ajas = azaz =
azas = agas = asa; = 0, ¢S =0 and a? = ¢ = 0, for each 1 < i < 5. Otherwise
a;a; = c. Then Z(S) = S and, by [22, Theorem 2.5, S is a semigroup and I'(.S)
is a refinement of a star graph with center ¢ such that there exists no end vertex
adjacent to ¢ in T'(S) and T'(S)* = Cs.

Now, by Theorem 3.14 (ii), AG(S) = K,UC5 which means that gr(AG(S)) = 5.

Theorem 3.16. Suppose that all the hypothesis of Lemma 3.11 hold and n = 3.
Then we have the following statements. 1. If Z(S) # S, then AG(S) = Ky.

2. If Z(S) = S, then AG(S) = 4K;.

Proof. Since there exists no end vertex adjacent to ¢ in T'(S) and T'(S)* = C3 = K3,
we have I'(S) 2 K4. Now, by [1, Theorems 3.1 and 3.9], the results hold. O

For the case n = 4, we have the following lemma.

Lemma 3.17. Suppose that all the hypothesis of Lemma 3.11 hold and n = 4.
Also assume that V(T'(S)*) = {z,y,z,w} withx ~y ~ z ~w ~ x. Then we have
the following statements.

1. anng(z) U anng(y) = anng(y) U anng(z) = anng(z) U anng(w) = anng(w)U
anng(z) = Z(95).

2. zz € {x, z,¢} and wy € {w,y,c}.

3.2~z in AG(S) if and only if vz =x, or vz =z, or vz = c and 2% = 2° =
0. Also w =y in AG(S) if and only if wy = w, or wy =y, or wy = ¢ and
w? =y% = 0.

4.z ~ z in AG(S) if and only if zz = c and 2® # 0 or 22 #0. Also w ~ y in
AG(S) if and only if wy = ¢ and w? # 0 or y* # 0.

Proof. (1). Since V(I'(S)*) = {z,y,z,w} with x ~ y ~ z ~ w ~ z, we have
Z(S) = {0,¢,z,y,z,w}, and anng(z) 2 {0,¢,y,w} and anng(y) 2 {0,c,z,2}.
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Thus anng(z) U anng(y) = Z(S). Similarly, anng(y) U anng(z) = anng(z) U
anng(w) = anng(w) U anng(z) = Z(S5).

(2). Since x » z and w ~ y in I'(S), we have zz # 0 and wy # 0. If zz =y,
then wy = w(zz) = (wx)z = 0, which is impossible. So xz # y. Similarly zz # w.
Thus zz € {x, z,c¢}. By a similar argument, wy € {w,y, c}.

(3). Suppose that & = z in AG(S), xz # = and zz # 2. Then, by (ii), zz = c.
If 22 # 0, then x ¢ anng(z) U anng(z), and so anng(z) U anng(z) # Z(S) =
anng(c) = anng(xz). This implies that z ~ z in AG(S), which is impossible.
Therefore 22 = 0, and similarly 22 = 0.

Conversely, if £z = z or zz = z, then x » z in AG(S). Now suppose that zz = ¢
and 22 = 22 = 0. Then anng(z) = {0,¢,z,y,w} and anng(z) = {0, ¢,y, z,w}, and
so anng(x) Uanng(z) = {0, ¢, z,y, z,w} = Z(S) = anng(c) = anng(xz). Therefore
x » zin AG(S). In the same manner we can see that w « y in AG(S) if and only
if wy = w, or wy =y, or wy = c and w? = y? = 0.

(4) By (3), it is clear. O

The following two corollaries follow from Lemma 3.17 and [1, Theorems 3.1
and 3.8].

Corollary 3.18. Suppose that all the hypothesis of Lemma 3.17 hold and Z(S) #
S. Then one of the following statements hold.
1. AG(S) = K5 if and only if the conditions:
(1) zz = wy = ¢,

wy =c, and w? #0 ory? #0,
rz=2x, orxz =z, orxz =c and 2> = 22 = 0 hold.
3. AG(S) = K5 \ {{zz},{wy}} if and only if the conditions:
(1) wy = w, or wy =y, or wy = c and w? = y? =0,
(2) zz =2, orxz =2, or xz = c and 2% = 2?> = 0 hold.

Corollary 3.19. Suppose that all the hypothesis of Lemma 3.17 hold and Z(S) =
S. Then one of the following statements holds.

1. AG(S) = 2K, U K1, where ¢ is an isolated vertex and x ~ z and y ~ w, if
and only if the conditions:
(1) zz =wy =,
(2) 22 #0 or 22 £ 0,
(3) w2 #0 ory? # 0 hold.
2. AG(S) & K3 U3Ky, where ¢, x, z are isolated vertices and w ~ y if and only
if the conditions:
(1) wy = ¢,
(2) w? # 0 or y? # 0,
(3) xzz==x, orxz =2, or vz = c and 2% = 2*> = 0 hold.
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3. AG(S) 2 5K, if and only if the conditions:
(1) wy = w, or wy =y, or wy = c and w? = y? =0,
(2) zz ==, orxz =2, or vz = ¢ and 2% = 2% = 0 hold.

The next theorem follows from [1, Theorems 3.1 and 3.8].

Theorem 3.20. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = C,,, where n > 5. Also assume that

T ={u|u is an end vertex adjacent to c in I'(S)}
and | T |=m > 1. Then the following statements hold.

Afx, y e V(D(S)*), then x ~y in AG(S).

Afx e V(I(S)*) and u € T, then x ~ u in AG(S).

Afu,veT, thenu ~v in AG(S).

IfZ(S) # S, then AG(S) = Kpymy1-

IfZ(S) =8, then AG(S) = Kpim U K1, where c is an isolated vertex in
AG(S).

T = W N =

Proposition 3.21. [22, Theorem 2.6] Suppose that T'(S) is a refinement of a star
graph with center ¢ and T'(S)* = P,,, where n > 5. Then S? = {0,c} and ¢* = 0.

Theorem 3.22. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = P, where n > 6. Also assume that

T = {u|u is an end vertex adjacent to c in I'(S)}
and | T |=m > 0. Then we have the following statements.

Afx, y e V(I(S)*), then x ~y in AG(S).

Afx e V(I(S)*) and u € T, then x ~ u in AG(S).

Afu,veT, thenu ~v in AG(S).

IfZ(S) # S, then AG(S) =2 Kpymia.

JIfZ(S) =S, then AG(S) =2 Kpymy1 U K1, where ¢ is an isolated vertex in
AG(S).

Proof. The proof follows from Proposition 3.21 and [1, Theorems 3.1 and 3.8]. [

T o= W N =

Lemma 3.23. Suppose that I'(S) is a refinement of a star graph with center c
and T'(S)* =2 P, with a1 ~ ag ~ az ~ a4 ~ a5 ~ ag. Also assume that there exists
no end vertex adjacent to ¢ in T'(S). Then as ~ as in AG(S) if and only if a3 # 0
or a? # 0. Otherwise, a; ~ a; in AG(S), for each 1 <1i < j <6.

Proof. By proposition 3.15, for each 1 < ¢ < j < 6, we have a;a; = 0 or a;a; = ¢
and ¢ = 0, which follows that anng(a;a;) = Z(S). Now if a3 # 0 or a2 # 0, then
anng(as)Uanng(as) # Z(S) = anng(asas), which implies that as ~ a5 in AG(S).

Conversely, suppose on the contrary that as ~ a5 in AG(S) and a3 = a2 = 0.
Then anng(az) Uanng(as) = Z(S) = anng(azas), which is a contradiction. Thus
a3 # 0 or a? #0.
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Finally, since T'(S)* & Ps, it implies that, for each 1 < i < j < 6, other than
the case i = 2 and j = 5, we have anng(a;) U anng(a;) # Z(S) = anng(a;q;),
which implies that a; ~ a; in AG(S). O

Theorem 3.24. Suppose that all the hypothesis of Lemma 3.23 hold. Then we
have the following statements.
1. If Z(S) # S, then AG(S) = K if and only if a3 # 0 or a? # 0. Otherwise
AG(S) = K7 \ {0,20,5}.
2. If Z(S) = S, then AG(S) = K1 U K if and only if a3 # 0 or a2 # 0.
Otherwise AG(S) = K; U Kg \ {azas}, where ¢ is an isolated vertex in
AG(S).

Proof. By Lemma 3.23 and [1, Theorems 3.1 and 3.8|, it is clear. O

Lemma 3.25. Suppose that T'(S) is a refinement of a star graph with center
¢ and T(S)* = Ps, with a1 ~ ay ~ az ~ a4 ~ a5 ~ ag. Also assume that
T = {u | u is an end vertex adjacent to ¢ in I'(S)} and | T |= m > 1. Then we
have the following statements.

1. If Z(S) # S, then AG(S) = Krym.
2. If Z(S) =S, then AG(S) = K¢rm U K1, where ¢ is an isolated vertex in
AG(S).

For the case n < 4, Proposition 3.21 doesn’t hold. For the case n = 4, we have
the following two lemmas.

Lemma 3.26. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = Py, with a1 ~ as ~ ag ~ a4 ~ as. Then the following statements
hold.

1. T(S)* < AG(S).

2. ajaz € {as, ¢}, a1aq = ¢, aras € {as, c}, asay = ¢, asas = ¢ and azas €

{as, c}.

Proof. (1). Since as ¢ anng(a;) U anng(ag) U anng(as) and a; ¢ anng(as) U
anng(aq) U anng(as), which follows that T'(S)* = Py < AG(S).

(2). Since a; » agz in I'(S), we have ayaz # 0. If ajas = a;, then ajay =
(a1as)as = a1(azaq) = 0, and if ajaz = as, then asay = 0, which are impossible.
Also if ayaz = a4, then asay = 0, and if ajaz = as, then asas = 0, which are
again impossible. Thus ajas € {as,c}. The similar arguments applies to the other
cases. O

If ayas = as, then a; « az in AG(S), and if ajas = ¢, then a3 ~ az in AG(S),
since as ¢ anng(a;) U anng(az). Also if @ = 0 and a = 0, then anng(a;) U
anng(as4) = {a1,a2,as,a4,as5,¢,0} = anng(c) = anng(ajas). Thus a3 ~ a4 in
AG(S) if and only if a? # 0 or a3 # 0. Since a3 ¢ anng(a;) U anng(as) and
az € anng(c) = anng(ajas), if ajas = ¢, then a1 ~ a5 in AG(S). If ayas5 = as,
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then afas = ajaz # 0 and a2a; = asaz # 0, and so a3 # 0 and a? # 0. Now if
a? # 0, then anng(a;) Uanng(as) = {az,a4,¢,0} = anng(as) = anng(ajas). Hence
if ajas = ag, then a; ~ as in AG(S) if and only if a3 = 0. Similarly, as ~ ay
in AG(S) if and only if a3 # 0 or a # 0, and as ~ a5 in AG(S) if and only
if a3 # 0 or a2 # 0. Clearly, if agas = a3, then az = as in AG(S), and since
a1 ¢ anng(a3) U anng(as), if azas = ¢, then ag ~ a5 in AG(S).

For example, suppose that S = {0,¢,a1,a2,as,a4,as5}, with ajas = asag =
aszayq = a40a5 = 0, aijaz = ajas = azas = as, a1a4 = A204 = A205 = C, a% = a% =
a? = az and a3 = ¢, a3 = 0. Then, by [22, Exampe 2.7|, S is a commutative
semigroup and I'(S) is a refinement of a star graph with center ¢ and T'(S)* & Py,
with a; ~ as ~ ag ~ ag ~ as. Also there exists no end vertex adjacent to ¢ in
I'(S). See Figure 1.

ay ay ay
as a9 as a9 as a2
ecC
a4 as a4 a3 a4 as
Figure 1. T'(S) AG(S), Z(S) =S AG(S), Z(S) # S

Lemma 3.27. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* & Py, with a; ~ ag ~ ag ~ a4 ~ as. Also assume that
T = {u|wu is an end vertex adjacent to ¢ in I'(S)}
and | T |=m > 1. Then the following statements hold.
1. For eachu, v €T, ifuv ¢ T, oruv =t € T\ {u,v} and t? =0, then u ~ v
in AG(S). Otherwise u » v in AG(S).
2. For each a; € V(I'(S)*) and u € T, we have a;u ¢ T and a; ~ u in AG(S)
if and only if a;u # a;, for 1 <1i < 5.

Proof. (1). If uv ¢ T, then wv = c or wv = a;, (1 < ¢ < 5). If uv = ¢, then
¢ = 0 and clearly u ~ v in AG(S). Assume that uv = a;, (1 < i < 5). Then
there exists a;, (1 < j < 5 and j # 4) such that a;a; = 0, ua; # 0 and va; # 0.
Thus a; € anng(a;) = anng(uv) and a; ¢ anng(u) U anng(v), and hence u ~ v in
AG(S).

Now suppose that uv =t € T\ {u,v} and > = 0. Then u?v = ut # 0, and so
u? # 0 also v? # 0. Thus anng(u) U anng(v) = {0, c} # {0,¢,t} = anng(t), which
implies that u ~ v in AG(S). Otherwise if uv = u, or uv = v, or wv = t and
t2 # 0, then clearly u = v in AG(S).
(2). If aju =t € T, then there exists a; € anng(a;), j # 4, such that a;t =
a;(a;u) = (aja;)u = 0, which is impossible. Thus a;u ¢ T, and so a;u = ¢ or
a;u =a; and 1 < j < 5. If aq;u = ¢, then clearly a; ~ u in AG(S), since there
exists aj, (1 < j <5 and j # i), such that a;a; # 0, ua; # 0 and ca; = 0.
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Now if aju = a4, then asay = as(a1u) = (aza;)u = 0, and if ayu = as, then
agas = 0, which are impossible. Thus aju € {¢,a1,a2,a3}. Similarly we have
asu € {c,as,aq,as5}, asu € {c,as}, azu € {c,as}, and aqu € {c, as}.

Now by the above discussion the statement (2) holds. O

In this case, by Lemma 3.26, I'(S)* < AG(S) and we have a1 ~ a4 ~ az ~ as
in AG(S) and aq ~ ag in AG(S) if and only if a1a3 = ¢ and ag ~ a5 in AG(S) if
and only if agas = ¢. Also a1 ~ a5 in AG(S) if and only if ajas = ¢, or ajas = as
and a3 = 0.

For the case n = 3, we have the following two lemmas.

Lemma 3.28. Suppose that T'(S) is a refinement of a star graph with center c
and T'(S)* = P, with ay; ~ ay ~ az ~ ay4. Also assume that there exists no end
vertex adjacent to ¢ in T'(S). Then the following statements hold.

1. a1 ~az and az ~ ag in AG(S), but if Z(S) =5, then az = as in AG(S).

2. ajaz € {as,c}, ajaq € {ag,as,c}, asay € {as,c}. Also if aaq = ag, then
a2 =0, and a2 # 0, and if ajay = a3, then a% = 0 and a? # 0.

Proof. (1). Since a4 ¢ anng(a;)Uanng(as) and a1 ¢ anng(as) Uanng(ays), we have
ay ~ ag and ag ~ aq in AG(S). Also we see that anng(as) Uanng(az) = Z(5) and
anng(azaz) = 9, and so if Z(S) = S, then as » az in AG(S).

(2). Since a; » a3 in I'(S), we have ajaz # 0. If ajaz = aq, then ajay =
(a1as)as = a1(aszaqs) = 0, and if ajaz = as, then asay = 0, which are impossible.
Also if aja3 = ay4, then asay = 0, which is again impossible. Thus ajas € {as, c}.
Since a; » a4 in T'(S), we have ajaq # 0. If ajag = aq, then ara3 = (a1a4)az =
ai(agaz) = 0, and If ajay = a4, then asay = 0, which are again impossible.
Thus ajas € {az,as,c}. Similarly, azas € {az,c}. Also if ajas = as, then a2 =
as(aiay) = (azar)ay = 0, and since a1a? = azay # 0, we have a? # 0. Similarly, if
ajay = az, then a% = 0 and a? # 0. O

If ajas = ag, then a; » a3z in AG(S), and if ajas = ¢, then a1 ~ a3 in AG(S)
if and only if a? # 0 or a3 # 0. If ajay = ¢, then a; ~ a4 in AG(S) if and only if
a? # 0 or a # 0. Assume that ajay = ap. Then a3 = 0 and a3 # 0. If a} = 0,
then anng(a;)Uanng(ag) = {0, ¢, a1, a2,a3} = anng(asz), and so a; = ag in AG(S).
Thus if ajas = as, then a1 ~ a4 in AG(S) if and only if a? # 0. Similarly, if
ajay = ag, then a; ~ a4 in AG(S) if and only if a3 # 0. Moreover as ~ a4 in
AG(S) if and only if asas = ¢ and a3 # 0 or a? # 0. Clearly, if asay = as, then
as » ayg in AG(S).

Lemma 3.29. Suppose that T'(S) is a refinement of a star graph with center ¢
and T'(S)* = P3, with a; ~ ay ~ ag ~ a4. Also assume that

T ={u|u is an end vertex adjacent to c in T'(S)}
and | T |=m > 1. Then the following statements hold.

1. D(S)* < AG(9).

2. aya3 € {as,c}, ajaq € {az,as,c}, asay € {ag,c}. Also if ajaqy = ag, then
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a2 =0, and also if ajay = as, then a3 =0 and a3 # 0, and if ajaq = as,
then a3 = 0 and a3 # 0.

3. For eachu,v €T, ifuv ¢ T, oruv=t€c T\ {u,v} and t* =0, then u ~ v
in AG(S). Otherwise u » v in AG(S).

4. For each a; € V(I'(S)*) and u € T, we have a;u ¢ T and a; ~ u in AG(S)
if and only if a;u # a;, for 1 <1i < 5.

Proof. Since agas = 0, uas # 0 and uag # 0, we have u ¢ anng(az) Uanng(as) and
u € anng(azag). Thus as ~ az in AG(S). Now, by using argument similar to that
we used in the proof of Lemmas 3.27 and 3.28, the results hold. O

In this case, a; ~ ag in AG(S) if and only if ajaz = ¢, and if ajaq = ¢, then
a; ~ ag in AG(S). Also if ajas = as, then a; ~ a4 in AG(S) if and only if a? # 0.
Similarly, if ajas = as, then a; ~ ay in AG(S) if and only if a3 # 0. Moreover
as ~ ag in AG(S) if and only if azas = ¢ and a3 # 0 or a3 # 0

Assume that I'(S) is a refinement of a star graph with center ¢ and T'(S)* = P,
with a1 ~ ag ~ ag such that there exists no end vertex adjacent to ¢ in I'(S). Then
I'(S) =2 K4 \ {a1a2} and we can see [20, Lemmas 3.11, 3.15, 4.12, 4.16]. Also for
the case n = 1, we can see [20, Lemmas 3.17, 3.12, 3.21, 4.9, 4.17] and [1, Section
4].
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