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Biquasigroups linear over a group

Wieslaw A. Dudek and Robert A. R. Monzo

Abstract. We determine the structure of biquasigroups (Q,o,*) satisfying variations of
Polonijo’s Ward double quasigroup identity (x o z) * (y 0 2) = z * y, including those that are

linear over a group.

1. Introduction

J.M. Cardoso and C.P. da Silva, inspired by Ward’s paper [11] on postulating the
inverse operations in groups, introduced in [1] the notion of Ward quasigroups as
quasigroups (@, o) containing an element e such that z o x = e for all z € @, and
satisfying the identity (x oy) oz =z o (2 0 (e o y)). Polonijo [8] proved that these
two conditions can be replaced by the identity:

(xoz)o(yoz)=zoy. (1)

In [1] it is proved that if (@, o) is a Ward quasigroup, then (Q, -), where z -y =
wo(eoy), is a group in which e = zox and 27! = eox for all z € Q. Also, xoe = =,
eo(eox) =z and eo(xoy) = yox. Conversely, if (Q, -) is a group, then @ with the
operation zoy = x-y~! is a Ward quasigroup (cf. [11]). Other characterizations of
Ward quasigroups can be found in [2] and [10], some applications in [5]. Note that
the Ward quasigroups corresponding to commutative groups sometimes are called
subtractive quasigroups (cf. [6] and [12]). A Ward quasigroup (@, o) is subtractive if
and only if it is medial (that is, it satisfies the identity (zoy)o(zow) = (xoz)o(yow))
if and only if it is left modular (that is, it satisfies the identity zo(yoz) = zo(yox))
(cf. Lemma 2.4, [3]).

A biquasigroup, i.e. an algebra of the form (Q, o, *) where (@, o) and (Q, *) are
quasigroups, is called a Ward double quasigroup if it satisfies the identity

(zoz)x(yoz)=zxy. (2)

Obviously each Ward quasigroup (@, o) can be considered as a Ward double
quasigroup of the form (Q,o,0). Ward double quasigroups have a similar charac-
terization as Ward quasigroups.

Theorem 1.1. (cf. [7]) A biquasigroup (Q,o,x) is a Ward double quasigroup if
and only if there is a group (Q,+) and bijections o, 8 on Q such that xoy = x— By
and x xy = a(z —y).
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Note that Ward double quasigroups are distinct from the double Ward quasi-
groups considered by Fiala (cf. [4]).

Let us consider the identity (2). Keeping the variables z,y and z the same and
varying only the quasigroup operations o and %, there are sixteen possible identi-
ties. Kight of these have reversible versions obtained by replacing the operation
o with the operation * and, simultaneously, replacing the operation * with the
operation o.

For example, the identity (x o z) x (y * z) = = o y has the reversible version
(x*x2)o(yoz)=uxxy. So, if we are to consider all possible versions of Theorem
1.1, we need to explore the following identities:

(xoz)o(yoz)==zoy, (3)
(xoz)o(yoz)=mxx*y, (4)
(02)o(yx2) =zoy, 5)
(o2)x(yoz) =zoy, (©)
(xoz)o(yxz)=xx*y, (7)
(xo2)x(yxz)==mzoy, (8)
(oz)* (yxz)=x*y (9)

The biquasigroup (Q, o, o) satisfies identity (3) if and only if (@, o) is a Ward
quasigroup. Our interest is in finding non-trivial models of the other six identities,
where ‘non-trivial’ means that the set () has more than one element. In particu-
lar, since Ward quasigroups are unipotent, we will be interested in biquasigroups
(Q, 0, %) where (@, 0) or (Q,*) is unipotent, both are unipotent or when one or
both are Ward quasigroups.

Note that a biquasigroup (Q, o, x), where (Q, ) is a commutative group and
roy = xxy ! satisfies identities (1) through (9) if and only if (@, x) is a Boolean
group.

2. Main Results

We will now characterize the biquasigroups satisfying the identities (2) to (9). First
we will describe their general properties then we will characterize biquasigroups
linear over a group and satisfying identities (2) to (9).

1. Recall that a quasigroup (Q,-) is linear over a group (cf. [9]) if there exists a
group (Q,+), its automorphisms ¢, % and a € @ such that z -y = pz 4+ a + Yy
for all z,y € Q. Consequently, a biquasigroup (Q, o, x) will be called linear over a
group if both its quasigroups (@, o) and (Q, x) are linear over the same group, i.e.
if there is a group (Q, +), its automorphisms ¢, ¥, v, 8 and elements a,b € @ such
that

xoy=wxr+a+y and rxy=oax+b+ By.
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According to the Toyoda Theorem (cf. [9]), a quasigroup (Q, -) is medial if and
only if it is linear over a commutative group with commuting automorphisms ¢, 1.
In an analogous way we can shows that a quasigroup (Q, -) is paramedial, that is
it satisfies the identity (x -y) - (z-u) = (u-y) - (z - z) if and only if it is linear
over a commutative group with automorphisms ¢, v such that ¢? = 2. Based
on these facts we say that a biquasigroup (@, o, *) is medial (paramedial) if both
its quasigroups (@, o) and (@, *) are medial (paramedial) and linear over the same
commutative group.

A biquasigroup (Q, o, %) is unipotent if there is ¢ € @ such that zox = ¢ = xxx
for and all € Q. If both quasigroups (Q,o) and (@, *) are idempotent then we
say that (Q,o,*) is an idempotent biquasigroup.

2. We will start with biquasigroups satisfying the identity (2).
A general characterization of such biquasigroups is given by Theorem 1.1. Now
we describe a biquasigroup linear over a group (@, +) and satisfying identity (2).
From (2) for x = y = z = 0 we obtain aa + b+ fa = b, This together with (2)
implies ¢ = ¢ (the identity map). Thus

ar +aa+ apz + b+ By + Ba+ Bz = ax + b+ By.
This for z = 0 gives
aa+b+ By+ Ba=b+ By =aa+ b+ Ba+ By.

So By + Ba = Ba + Py, i.e. a is in the center Z(Q,+) of the group (Q,+). Thus
using (2) and the above facts we obtain atpz + b+ By + Sz = b+ Py. Hence
av+u+ fv =wu for all u,v € Q. Thus f = —a and consequently av +u = u+ av
for all u,v € @, which means that (Q, +) is a commutative group.

In this way we have proved the “only if” part of the following Theorem. The
second part is trivial.

Theorem 2.1. A biquasigroup (Q,o,x) linear over a group (Q,+) is a Ward
double quasigroup (that is, it satisfies (2)) if and only if (Q,4+) is a commutative
group, xoy =x + Yy +a and x*y = axr — ay + b.

Obviously such a biquasigroup is medial. The quasigroup (Q,o) has a right
neutral element and the quasigroup (@), %) is unipotent. Moreover, a biquasigroup
(Q, 0, %) satisfying (2) is paramedial if and only if 1% = .

3. Now consider biquasigroups satisfying the identity (3).

Since this identity contains only one operation, it is enough to examine the
quasigroup (Q, o). Quasigroups satisfying (3) were characterized at the beginning
of this paper. If a quasigroup (@, o) linear over a group (Q,+) satisfies (3), then
¢ = ¢ and a+vYa = 0. So (3) for y = 0, can be reduced to ¥z + 9?2 = 0.
This means that ¥z = —z and (Q,+) is a commutative group. Consequently
rToy=x—1Y+a.
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Theorem 2.2. A quasigroup (Q, o) linear over a group (Q,+) satisfies (3) if and
only if (Q,+) is a commutative group and x oy = x —y + a for some fized a € Q.

This quasigroup is medial, paramedial, unipotent and has a right neutral ele-
ment.

Note that (Q,0) is a Ward quasigroup if and only if there is a group (Q,+)
and an element a € @ such that 2 oy = 2 — y + a. The group (Q,+) need not be
commutative.

4. Will now consider a biquasigroup (Q, o, ) satisfying the identity (4), i.e.
(xoz)o(yoz)=x*y.

Theorem 2.3. If a biquasigroup (Q, o, x) satisfies the identity (4), then both quasi-
groups (Q,0) and (Q,*) are unipotent with ¢ € Q such that tox = q=x *x and
zry=(z0y)oq=qo(yox) forall ,y € Q.

Proof. If (Q,0) is idempotent, then ¢ = (roz)o (zox) = xxz. So (Q,*) is
idempotent too. If (Q,x*) is idempotent, then z = z * 2 = (x 0 z) o (z 0 2) for
all x,z € Q. In particular, for z = 2/ € Q such that z = z o 2’ we obtain
x = xox. This shows that both these quasigroups are idempotent or none of them
are idempotent.

If both are idempotent, then x oz = (xoz2)o(xoz2) =z *x =x =z ox for all
x,z € @, which implies x = z. Hence @ has only one element. So it is unipotent.

Now suppose both quasigroups (@, o) and (Q,*) are not idempotent. Then
there exists b € ) such that bxb = ¢ # b and for any = € Q there exist 2, 2" € Q
such that box’ =z and zoz” = 2. Thenzoxz = (boa')o(boa') =bxb=gq
and zxxz = (zoaz')o(zox") =z o0z = q. Hence, (Q,0) and (Q, *) are unipotent,
withg=xox=zxzforallz € Q. Also, zxy = (zox)o(yox)=qo(yox) and
z*xy=(roy)o(yoy)=(roy)oq. O

Corollary 2.4. If a biquasigroup (Q,o,*) satisfies (4) and (Q,o) has a right
neutral element, then (Q,0) = (Q,*) is a Ward quasigroup. If (Q,0) has a left
neutral element, then xxy =yox. If (Q,0) has a neutral element, then (Q,0) =
(Q, %) is a commutative Ward quasigroup.

Any medial unipotent quasigroup (Q, o) can be ’extended’ to a medial unipo-
tent biquasigroup (@, o, *) satisfying the identity (4), as follows.

Proposition 2.5. If (Q, o) is a medial unipotent quasigroup, then (Q, o, ), where
zox=qandx*xy = (xoy)oq for al x,y € Q, is a biquasigroup satisfying (4).
Moreover, if q is a left neutral element of (Q,0), then x xy =y o x.

Proof. Indeed, (Q,*) is a quasigroup and z xy = (xoy)og= (xoy)o(z02z) =
(zoz)o(yoz). Also, if ¢ is a left neutral element of (@, o), then zxy = (zoy)og =
(roy)o(woa) = (wox)o(yor) = you. .
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Let (Q,o,%) be a biquasigroup linear over a group (Q,+). If it satisfies (4),
then ga + a +a = b and a = ¢?. So (4) for x = y = 0 and 1z = a gives
2pa + a + 21pa = b = pa + a + a which implies a = b. Consequently a o a = a.
Thus, by Theorem 2.3, a = ¢ and z *y = ao (y o x). Hence

rx0=ao(0ox)=ax+a=pa+a+pa+p’s=a+ P’z

and
a=zox=oar+a+ fz=a+ Pz + fu.

This gives %z + fz = 0, i.e. B = —%. Hence x xy = p?x + a — 1?y. Since
rox =a = z+*z we also have px +a = a — 1 and p?>z +a = a + ?z. This
for x = @z gives 2z +a = a — Yz, Hence a + Y%z = a — Ypz. Consequently,
Yp=—pandrzoy=gpr+a—ypy. Soa=zxox =pr+a—px. Thusa € Z(Q,+).
Also p? = 2.

Therefore, z oy = pz +a — oy and = *y = @z + a — ¢?y. Inserting these
operations to (4) we obtain —p?z — %y + p?z = —p?y for all y,2z € Q. Hence
(Q,+) is a commutative group. Consequently (Q,o,*) is medial and unipotent.
This proves the “only if” part of the Theorem 2.6 below. The proof of the “if” part
follows from a direct calculation and is omitted

Theorem 2.6. A biquasigroup (Q,o,*) linear over a group (Q,+) satisfies the
identity (4) if and only if (Q,+) is a commutative group, xoy = px +a— y and
x*y:gpzx—i—a—go?y.

It is clear that such a biquasigroup is medial and paramedial. If a = 0 then it
is unipotent.

5. Will now consider a biquasigroup (Q, o, *) satisfying the identity (5), i.e.
(xoz)o(yxz)=zo0y.

Theorem 2.7. If a biquasigroup (Q, o, *) satisfies the identity (5), then both quasi-
groups (Q, o) and (Q,*) have only one idempotent. This idempotent is a right
neutral element of these quasigroups. Moreover, (Q,*) is unipotent.

Proof. For each = € @ there is uniquely determined T € ) such that z o T = x.
Then for z,y € Q, by (5), we have

zoy=(xoF)o(y+T) =z o(yxT).

So,y =y=*T for each y € Q. Alsoyoy = (yoT)o(y*T) = (yoT) oy, hence
y=1yoT for all y € Q. Thus e = T is a right neutral element of (Q, o) and (Q, *).
There are no other idempotents in (Q, o) and (Q, *). Indeed, if @ * a = a, then for
each x € Q

xoa=(roa)o(axa)=(xoa)oa,
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so xoa = = xoe. Hence a = e. Similarly for a o a = a we have
aox=(aoca)o(xxa)=ao(xx*a),

which implies x * a = x = x * e, so also in this case a = e.
For each z € @ there exists 2’ € @ such that x xx = x o 2’. Thus, by (5),

(xox)oe=xzox = (vox)o(z*xz)= (zox)o(xoa),
which implies e = x o2’ = z x . So, (Q, *) is unipotent. O

The following example shows that (@, o) may not be unipotent.

Example 2.8. Let (Q,0) be a group. Then (Q, o, *), where z xy =y~ ox is an

example of a biquasigroup satisfying (5) in which only one of quasigroups (Q, o)
and (@, *) has a left neutral element. Moreover, (@), %) is unipotent but (@, o) is
unipotent only in the case when it is a Boolean group.

Corollary 2.9. If in a biquasigroup (Q,o,*) satisfying (5) one of quasigroups
(Q,0) or (Q,*) is idempotent, then Q has only one element.

Proposition 2.10. Let (Q,o,%) be a biquasigroup satisfying (5). If (Q,0) is a
Ward quasigroup, then (Q,0) = (Q, ).

Proof. Since (Q,0) is a Ward quasigroup, there exists a group (@,-) such that
roy==x-y !andeo(zoy)=youx, where e is the neutral element of the group
(Q,-) (cf. [1]). Then zoy = (zox)o(y*xz) =eo(y+x) and so xoy =eo(yox) =
eo(eo(xxy)) =xx*y. Hence (Q,0) = (Q, *). O

Proposition 2.11. Let (Q,o,*) be a biquasigroup satisfying (5). If (Q,o0) is
medial and unipotent, then (Q,0) = (Q, ).

Proof. For every x,y € @ there exists z € @) such that x *y = x 0 2. Since (Q, o)
is medial,

(rox)oe=zox=(xoy)o(rxxy)=(roy)o(xoz)=(xoxz)o(yoz).

Thus, y o 2 = e = y oy, where e is the right neutral element of (@, o). Therefore
y = z and consequently, z xy = x o y. O

Proposition 2.12. A biquasigroup (Q,o,*) linear over a group (Q,+) satisfies
(5) if and only if a group (Q,+) is a commutative group, x oy = x + Yy — b and
rxy=x—y-+b>b.

Proof. If a biquasigroup (@, o,#) linear over a group (Q,+) satisfies (5), then
pa+a+¥b=aand ¢ =e. Thus a + ¢¥b = 0. This together with (5) for y = 0
gives 1z + ¢¥Bz = 0. So, fz = —z for all z € Q. Thus (Q,+) is a commutative
group. Consequently, & = . Therefore, zoy =x + ¢y — b, xxy=x—y+b.
The proof of the converse follows from a direct calculation and is omitted. [
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A biquasigroup (Q, o, *) linear over a group and satisfying (5) is medial and
both its quasigroups (@, o) and (Q,*) have the same right neutral element. If
1? = ¢ then this biquasigroup is also paramedial.

6. Will now consider a biquasigroup (@, o, ) satisfying the identity (6), i.e.
(xoz)x(yoz)=wzoy.

Theorem 2.13. A biquasigroup (Q,o,*) satisfies the identity (6) if and only if

there is a group (G,-) and a bijection o on Q such that v oy = (ax)~1 - (ay) and
_ -1

xxy=x-y L.

Proof. =: Let z,y,z € Q. Then for fixed q € Q there are z’,y’, 2’ € Q such that

andz =a2'oq,y=y oqgand z=2"0q. Then, z*x2z=(2'0q)* (2 oq) =2' 02

and y+ 2 = (3 0 g) * (' 0 q) = ' 0 2'. So,

(xx2)*x(yx2)= (202 )x(y o) =a"0oy =" 0q)*(y oq) =x*y.

Therefore, (@, *) is a Ward quasigroup and there exists a group (@, ) such that
vy =2y and x-y = x*(exy), where e = w*w for any w € Q and 7! = ex*x.
Let z € Q. Then, e = (zoz)*(xoz) = zox. So, ex(roy) = (yoy)*(xoy) = you,
for any y € Q. Let ax = eox. Then, (ax)™! = ex (eox) = xoe. Thus,
(ax) - (ay) = (roe)-(eoy) =(xoe)*(ex(eoy)) = (roe)x(yoe)=mzoy.
«: Let 2,y,2 € Q. Then, (z02)* (yoz) = [(az)™! - (a2)] * [(ay) ! (a2)] =
(a) - (a2) - (02) - () = (02) - () = w0 . O

Corollary 2.14. If a biquasigroup (Q,o,*) satisfies the identity (6), then it is
unipotent.

Corollary 2.15. If in a biquasigroup (Q,o,x) satisfying the identity (6) one of
quasigroups (Q, o) and (Q, *) is commutative, then also the second is commutative.
In this case both quasigroups are induced by the same Boolean group.

Proposition 2.16. A biquasigroup (Q,o,*) linear over a group (Q,+) satisfies
the identity (6) if and only if a group (Q,+) is commutative, T oy = pr — Yy +a
and xxy=x —y+a.

Proof. If a biquasigroup (Q, o, *) linear over a group (@, +) satisfies the identity
(6) then aa + b+ fa = a and @« = €. So, b+ fa = 0. Thus (6) for x =y =0
gives ¥z + Bz = 0 which means that Sv = —v for each v € Q. Hence (Q,+) is
commutative and a = b. Therefore x *x y = x — y + a. Substituting this operation
to (6) we obtain z oy = px — vy + a.

The converse statement is obvious. O

Corollary 2.17. A linear biquasigroup satisfying the identity (6) is unipotent.
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7. Will now consider a biquasigroup (Q, o, *) satisfying the identity (7), i.e.
(xoz)o(yxz)=xx*y.

A simple example of a biquasigroup (Q,o,*) satisfying the identity (7) is a
commutative group (@, +) with the operations x oy =y —z and z xy = z + y.
This biquasigroup is medial, both quasigroups (@, o) and (Q, %) have left neutral
element but only the first is unipotent.

Suppose now that in a biquasigroup (Q, o, x) satisfying the identity (7) the first
quasigroup is medial and the second is idempotent. Then, by Toyoda Theorem (cf.
[9]), there exists a commutative group (Q,+) and its commuting automorphisms
©, ¥ such that zoy = pz+1y—+a for some fixed a € Q. Then xxy = (zoy)o(yxy) =
(zoy)oy = p*x+@yy+1py+pata. This, by (7), implies > —¢ = &, p+p+1p = 0
and ga = —a. Thus a = 0 and x*y = @22+ Yy +1y. Since (Q, x) is idempotent,
0%+ 1+ =¢e. Hence x *y = p?x +y — 0%y = p?x — py. Consequently (Q, )
is medial. Therefore (Q, o, x) is medial too.

In this way we have proved

Proposition 2.18. If in a biquasigroup (Q,o,x) satisfying the identity (7) the
first quasigroup is medial and the second is idempotent, then the second is medial
too and there exists a commutative group (Q,+) and its commuting automorphisms
0,1 such that o+ o+ =0, * = p+e, oy = pr+Yy and v *y = 2z — Py.

Conversely we have:

Proposition 2.19. Let (Q,+) be a commutative group and o, be its commuting
automorphisms such that ¢ + o +1 = 0 and ¢* = ¢ +¢. Then (Q, o, *), where
roy = @xr+y and x xy = 2x — @y, is a medial biquasigroup satisfying the
identity (7).

Proof. This is a straightforward calculation. O
As a consequence of the above results we obtain

Corollary 2.20. An idempotent medial biquasigroup (Q, o, ) satisfies the identity
(7) if and only if there exist a commutative group (Q,+) and its automorphism ¢
such that oy = ox +y — @y, T*y = @?x — py and p?> = ¢ + €.

In the case of quasigroups induced by the group Z, we have stronger result.
For simplicity the value of the integer ¢ > 0 modulo n will be denoted by [¢],,.

Corollary 2.21. An idempotent medial biquasigroup induced by the group Z,
satisfies the identity (7) if and only if has the form (Zp,o,%), where T oy =
[az + (1 — a)y]n, zxy = [a*x + (1 — a®)y, and [a® — a], = 1.

Corollary 2.22. For every a > 3 there is an idempotent medial biquasigroup of
order n = a? — a — 1 satisfying (7). It has the form (Z,,o0,*), where x oy =
[ax + (1 — a)y]ly, and x xy = [(a + 1)z — ayl,, or zoy = [(1 — a)x + ay|, and
zxy=1[2-a)z+ (a— 1)y
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Proposition 2.23. A medial biquasigroup (Q, o, *) satisfies the identity (7) if and
only if there exist a commutative group (Q,+) and its commuting autormorphisms
0,1 such that toy = px + vy +c, vxy = p*xr — oy +d, pp + = 0 and
pc+pd + c=d for some fized c,d € Q.

Proposition 2.24. A medial biquasigroup (Z,o,*) satisfies the identity (7) if
and only if there exists a,b,c,d € Z,, such that [ab+ 1], = 0, [ac+ bd + cl,, = d,
roy=lax+by+cl, and v *xy = [a’x — ay + d)),.

For linear biquasigroup we have the following result.

Theorem 2.25. A biquasigroup (Q, o, *) linear over a group (Q,+) satisfies the
identity (7) if and only if (Q,+) is a commutative group, x oy = px + Yy + a,
THy = 2z + Py + b, o+ 1%2p? =0 and pa + a + b = b.

Proof. Tf a biquasigroup (@, o,#) linear over a group (Q,+) satisfies (7), then
wa + a+ b =b and p? = a. Thus (7) can be reduced to

pa+ oYz +a+ Yoy + b+ Bz = b+ Py,

which for z = 0 gives pa + a + Yay + b = b+ By = (pa + a + ¥b) + By. Hence
Yay+b = Pb+Ly. So Yay = Yb+Ly—1pb. Therefore the previous identity implies
pYz4+a+1vb+Ly+1v Bz = a+1Pb+ PBy. Since every element v € () can be presented
in the form v = a + b + By, the last identity means that vz + v + Yfz = v
for all v,z € Q. This implies 1) = —B. Hence pipz + v =v — Yz = v + 2.
So, (@, +) is commutative. Applying these facts to (7) we can see that 8 = ya.
Hence z oy = px + vy +a and x *xy = 2z + Y2y + b.

The proof of the converse follows from a direct calculation and is omitted. [

8. Will now consider a biquasigroup (Q, o, ) satisfying the identity (8), i.e.
(oz)*(yxz)=wzoy.

Proposition 2.26. If a biquasigroup (Q,o,%) satisfies (8), then (Q,*) has no
more than one idempotent. If such idempotent exists then it is a right neutral
element of a quasigroup (Q,*). Moreover, if x o x = u for some u € Q and all
xE€Q, thenzoy=xx(yxx), rxx=w and wou=w for all x,y € Q.

Proof. Let e xe = e. Since (Q, o) is a quasigroup, each z € ) can be expressed in
the form z =z oe. Thus z =zoe= (zoe)*(e*xe) =z xe, so e is a right neutral
element of (Q, ). If € is the second idempotent of (Q, ), then exe =€ = € x &.
Therefore € = e, so (Q,*) has no more than one idempotent. If x o z = u for
all z € Q, then, by (8), u* (z*z) = (rox)* (z*x) = xox = u. Analogously
ux* (y*xy) =wu. Thus, zxx =y *y = w for some w € Q, i.e. (Q,x*) is unipotent
and w is its right neutral element. Then, zoy = (zox) * (y*x) = u* (y *xx) and
wou= (wow)* (uxw)=u*u=uw. O
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Let (Q, o, *) be linear over a group (@, +). If it satisfies (8), then ca+b+8b = a,
a =€ and Bb = —b. Thus (8) can be reduced to

Yz + b+ By + Bb+ %z = y. (10)

This for y = 0 gives ¥z + 822 = 0. So, ¥ = —$2 and b = —b = Sb.

Now putting y = b in (10) we obtain ¢z + b + Bb + b + 3%z = b, i.e.
—B2z+ Bb+ B%z = 1Pb = pb. So, Bb+ 3%z = 322+ Bb. This means that b is in the
center of (Q,+). Thus putting z = 0 in (10) and using the above facts, we obtain
B =1 = —p2 Hence B = —¢. So (Q,+) is commutative, x oy = px — y + a and
rxy=x—y+b

In this way, we have proved the “only if” part of Theorem 2.27 below. The
proof of the converse part of Theorem 2.27 follows from a direct calculation and
is omitted.

Theorem 2.27. A biquasigroup (Q, o, *) linear over a group (Q,+) satisfies (8)
if and only if (Q,+) is commutative, xoy=9r—y+a andxxy=x—y+b.

Corollary 2.28. A linear biquasigroup satisfying (8) is medial.

Corollary 2.29. A medial biquasigroup induced by the group Z, satisfies (8) if
and only if xoy = [ax —y+ ], and xxy = [ —y+d], for some a,c,d € Z,, such
that (a,n) = 1.

9. Finally, let us consider a biquasigroup (@, o, %) satisfying the identity (9), i.e.
(wo2) (y*z) = oy

Theorem 2.30. In a biquasigroup (Q,o,*) satisfying the identity (9) the quasi-
groups (Q,0) and (Q,*) have no more than one idempotent. If such idempotent
exists then it is a common right neutral element of these quasigroups.

Proof. Assume (Q, o) has an idempotent a. Then axa = (aca)*(axa) = ax(axa)
and so axa = a. Analogously, for axa = a we have axa = (aoa)*(axa) = (aca)x*a,
which implies a o a = a. So, (Q,0) and (@, x) have the same idempotent. Then
for each x € Q x xa = (xoa) * (a*a) = (x oa)* a, which implies x = z o a.
Thus a is a right neutral element of (Q,0). On the other hand, x o a = x gives
xxx = (zoa)*(xxa) =x*(xr+a), and consequently x = x xa. Thus, a is a right
neutral element of (@, o) and (Q, *). O

Corollary 2.31. If in a biquasigroup (Q, o, *) satisfying (9) the quasigroup (Q, )
is unipotent, then (Q,0) = (Q,*) and (Q,0) is a Ward quasigroup.

Proof. Let xxx =a for all x € Q and some a € Q. Then axa =z *xx = (rox)*
(z * ) = (x o z) * a. Therefore, x o x = a, i.e. (Q,0) is unipotent. Consequently,
ax(xxy) = (yoy)*(xxy) = y*x, which implies zoy = (zoy)xa = (xoy)*(y*xy) = w*y.
Hence (Q, 0) = (Q, ) and (9) coincides with (1). This means that (@, o) is a Ward
quasigroup. O



Biquasigroups linear over a group 27

Theorem 2.32. A biquasigroup (Q, o, x) linear over a group (Q,+) satisfying the
identity (9) is medial and can be presented in the form x oy = x — 3%y — Bb and
xxy = x+ Ly+b, where (Q,+) is a commutative group, B € Aut(Q,+) and b € Q.
This biquasigroup has a right neutral element e = —@~1b.

Conversely, if (Q,+) is a commutative group, € Aut(Q,+), b€ Q, zoy =
x— B2y — Bb and x xy = = + By + b, then the biquasigroup (Q,o,*) satisfies (9).

Proof. If a biquasigroup (@, o, *) linear over a group (Q,+) satisfies the identity
(9), then aa + b+ b= b and ¢ = €. So, (9) can be reduced to

aa+ az + b+ Bay + Bb+ B2z = b+ By, (11)

which for z = 0 gives aa + b+ Bay + b = b+ By = aa + b+ Pb + Py. Since
aa = b = b— pb, the last implies Say = b+ Sy — Bb. This together with (11)
(for y = v) gives

aa+ oz + b+ Bb+ fv+ 22 = b+ fo. (12)
Now adding Sv on the right side to (11) and putting y = 0 we get
aa+ oz + b+ Bb+ %z + v = b+ fo.

Comparing this identity with (12) we obtain Sv + 32z = 3%z + v for all v, z € Q.
This shows that (Q,+) is a commutative group. Consequently, Say = Sy, so
a = e. This by aa + b+ b = b gives a = —b. Again putting y = 0 in (11) and
using the above facts we obtain ¢ = —32. Therefore, z oy = = — 8%y — 8b and
rxy=x+ Py+b.

The proof of the converse part of the Theorem follows from a direct calculation
and is omitted. O

Proposition 2.33. A medial biquasigroup (Z,o,*) satisfies the identity (9) if
and only if xoy = [x — a®y — abl,, vy = [x + ay + b],., where a,b € Z,, are fized
and (a,n) = 1.

Example 2.34. Let n = a® + 1 > 4. Then (Z,,0, %), where 2z oy = [z + y],, and
x xy = [z + ayl, is an example of a biquasigroup satisfying (9).

10. Many authors study linear quasigroups of the second type, namely quasigroups
(Q, ) where, in the definition of the operation, the constant element is not placed
in the middle of the formula but at its end, i.e. x -y = oz + Yy + a.
Biquasigroups of this type satisfying the identities (2) — (9) coincide with the
quasigroups of the previous type. Namely, if a biquasigroup @ = (Q, 0, ) with
the operations oy = px + Yy +a and =z *xy = ax + By + b, where «, 3, p, ¢
are automorphisms of a group (Q, +), satisfies (2) then ca + fa = 0 and ¢ = ¢.
Thus atpz + aa + By + Bz + Pa = Py. This for y = 0 and 1z = v gives
av = —fa — fv — aa. Since a and B are automorphisms of (Q,+) the last
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expression for v = u + w implies f(u + w) = fw + Bu. Thus fu + fw = fu + fw
for all u,w € Q. Hence (Q,+) is a commutative group. Such biquasigroups are
described in subsection 2.

If a biquasigroup (Q, o, o) with zoy = px+1y+a satisfies (3), then pa+a = 0,
¢ = ¢ and ¥z + a + Py + %z + ha = by, which for y = a gives ) = —e. This
shows that (Q,+) is a commutative group and z oy = x — y + a. Also in the
case when (Q, o) with z oy = px + a + ¢y satisfies (1), the group (@, +) must be
commutative and x oy = x — y + a. This means that these two cases coincide.

If a biquasigroup Q satisfies (4), then pa + 1a +a = b and a = ¢?. Because
by Theorem 2.3 we have ¢ = 0 + ¥0 4+ a = a0 + S0 + b, must be ¢ = a = b.
Consequently, a = @z + ¥x + a. This implies ¢ = —1), which together with
(x00) o (z00)=a implies ¢z + pa — p?z — pa = 0. Hence gz + a = a + px for
all z € Q. So, a is in the center of (@, +). Therefore this case is reduced to the
case described in subsection 4.

If a biquasigroup @ satisfies (5), then by Theorem 2.7 the quasigroup (Q, *)
has a right neutral element e. Thus ¢ = x*xe = axr + fe+ b for all z € Q. In
particular 0 = Oxe = Se+b. Consequently, z = xxe = ar and zxy =z + Sy +b.
Applying this formula to (5) we can see that ¢ = ¢ and pb = —a. Therefore the
identity (5) can be written in the form

Yz +a+yy+ibz =y +a

This for z = 0 implies a + ¥y = 1y + a. Hence a is in the center of (Q,+). Also
b is in the center of (Q,+) because pb = —a. Thus this case reduces to the case
from subsection 5. R

By Corollary 2.14 any quasigroup satisfying (6) is unipotent. Thus if Q satisfies
(6), then a0 + 80+ b = b implies b = z xx = ax + Sz + b, i.e. fx = —ax for all
x € Q. From (6) it follows & = e. Thus Sz = —z. Since § is an automorphism of
(Q,4+), (Q,+) is commutative. Hence this case reduces to subsection 6.

If a biquasigroup @ satisfies (7), then pa 4 b+ a = b which together with (7)
fort z = y = 0 implies

oz 4+ pa+YBz+Yb+a=b=pa+Yb+ a.

Thus ¢z = pa — PBz — pa. Since py and 15 are automorphisms of (Q,+) the
last for z = u + v gives

p(u+v) = pa—YB(u+v) - pa.
On the other side,

eYu+ v = pa — PpBu — pa + pa — Yfv — pa = pa — PB(v + u) — pa.

Comparing these two expression we obtain ¥S8(u 4+ v) = ¥8(v + u). Hence (Q,+)
is a commutative group and this case reduces to 7.

If a biquasigroup @ satisfies (8), then aa+ Sb+b = a and a = . This together
with (8) for # = y = 0 implies ¥z + a + %2 = a. Hence %z = —a — ¢z + a.
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From this for z = w + v, in a similar way as in the previous case, we obtain
Y(u+v) = Y+ u). Therefore (Q,+) is a commutative group and this case
reduces to 8. R

The case when @ satisfies (9) reduces to 9. Indeed, in this case aa + b = 0,
which together (9) for = y = 0 shows that 3%z = —aa — apz — 8b. From this
we compute atp(u + v) = ap(v + u). Hence (@, +) is commutative.
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