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Characterizations of regularities on ordered

semirings by idempotency of ordered ideals

Kongpop Siribute, Pakorn Palakawong na Ayutthaya
and Jatuporn Eanborisoot

Abstract. We characterize regular, intra-regular, left weakly regular, right weakly regular and
fully idempotent ordered semirings using idempotency of several kinds of ordered ideals including
left ordered ideals, right ordered ideals, ordered ideals, ordered quasi-ideals, ordered bi-ideals and
ordered interior ideals. Moreover, we characterize (m,n)-regular ordered semirings in terms of

their ordered (m,n)-ideals.

1. Introduction

The notion of a regular semiring was defined as a similar way of a regular ring
defined by von Neumann [6], i.e., for each element a of a semiring S, a = aza
for some = € S (equivalently, a € aSa for all @ € S). Later, in sense of Ahsan,
Mordeson and Shabir [2], a semiring S is called intra-regular if for each a € S,
a= Eie 7 x;a’y; for some x;,y; € S and finite index set 1. This notion is equivalent
to a € ¥£.Sa?S for all a € S where ¥£.Sa?S is the set of all finite sums of elements
in Sa2S. In 1993, Ahsan [1] called a semiring S to be fully idempotent if every
ideal of S is idempotent. We are able to study the fully idempotency of a semiring
as a kind of regularities due to the fact that a semiring S is fully idempotent if
and only if a € ¥SaSaS for all a € S. Later, Shabir and Anjum [12] studied the
concept of a right k-weakly regular hemiring in terms of its fuzzy ideals. They
defined a hemiring to be right k-weakly regular if a € YaSaS for all a € S.

An ordered semiring is a notable generalization of a semiring, in other words,
a semiring S is an ordered semiring together with the relation {(z,z) | z € S}. In
sense of Gan and Jiang [4], an ordered semiring is a semiring S together with a
partial order on S satisfying the compatibility property. In [4], the notion of an
ordered ideal of an ordered semiring was defined. In 2012, Mandal [5] introduced
the notion of a regular ordered semiring by for each a € S, a < axa for some
x €S, 1e.,a€ (aSa] forallacsS.

In this work, as generalizations of intra-regular semirings [2] and fully idem-
potent semirings [1], we give the notions of intra-regular ordered semirings and
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fully idempotent ordered semirings. In addition, as a similar way of [12], we study
the notion of left weakly regular and right weakly regular ordered semirings in
the form a € (X£SaSa] and a € (ZaSaS] for all a € S, respectively. Then, we
use idempotency of left ordered ideals, right ordered ideals, ordered ideals, or-
dered quasi-ideals, ordered bi-ideals and ordered interior ideals to characterize
mentioned kinds of regularities on ordered semirings. Moreover, we define an or-
dered (m,n)-ideals of an ordered semiring in a similar way of an (m,n)-ideals of
an ordered semigroup defined by Sanborisoot and Changphas [11] and also study
it on an (m,n)-regular ordered semiring as an analogous way on an (m,n)-regular
ordered semigroup [3]. In conclusion, we have that the idempotency of each kind
of ordered ideals of an ordered semiring is able to lead the ordered semiring to be
different kinds of regularities.

2. Preliminaries

An ordered semiring [4] is a system (S, +,-, <) such that (S,+,-) is a semiring
and (5, <) is a poset satisfying the compatibility property, i.e., if a < b, then
a+c<b+c,c+a<c+b, ac<bcand ca < cbfor all a,b,c € S. An element 0
of an ordered semiring (S, +, -, <) is called an absorbing zeroif t + 0=z =0+=
and 20 =0 =0z for all z € S.

Throughout this work, we simply write S instead of an ordered semiring
(S,4+, -, <) and always assume that S is additively commutative (i.e., a+b=0b+a
for all a,b € S) together with an absorbing zero 0.

For ) # A,B C S, we denote that A+ B = {a+b | a € Ab € B},
AB = {ab | a € A)b € B} and (4] = {z € S| © < a for some a € S}.
The set of all finite sums of elements in ) # A C S is denoted by YA =
{>icraila; € Aand I is a finitie set}. If I = (), then we set Y_,.;a; = 0 for
all a; € S.

For basic properties of the finite sums ¥ and the operator ( ], we refer to [8-10]
However, we give the following useful remark which will be used in the main results.

i€l

Remark 2.1. Let A and B be nonempty subsets of an ordered semiring S. Then
(E(4](B]] € (2AB].

Definition 2.2. Let A be a nonempty subset of an ordered semiring S such that
A+ AC Aand A= (A]. Then A is called:

(i) a left (right) ordered ideal [4] of S if SAC A (AS C A);
(ii) an ordered ideal [4] of S if A is both a left and a right ordered ideal of S;
(iii) an ordered quasi-ideal [7] of S if (ZAS]N (£SA] C A;
iv) an ordered bi-ideal of S if A2 C A and ASA C A;
)

(iv
(v) an ordered interior ideal of S if A2 C A and SAS C A.
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Let A be a nonempty subset of an ordered semiring S. We denote the notation
L(A), R(A), J(A), Q(A) and I(A) to be the smallest left ordered ideals, right
ordered ideals, ordered ideals, ordered quasi-ideals and ordered interior ideals of S
containing A, respectively. We recall constructions of L(A), R(A) J(A) and Q(A)
which occur in [7] as follows.

Lemma 2.3. Let A be a nonempty subset of an ordered semiring S. The following
statements hold:

(1) L(A)=(ZA+X5A];

i) R(A) = (SA + DAS];

(i) J(A) = (SA+ 54 + R4S + BSAS);
iv) Q(A) = (A + ((ZAS] N (25 A]).

Lemma 2.4. Let A be a nonempty subset of an ordered semiring S. Then I(A) =
(XA + $A? + £SAS].

Proof. Let ) # AC S. and I = (BA+ L A% + XSAS]. Clearly, I + 1 C I, I = (I]
and A C I. We have

= (XA +XA% + £SAS|(TA 4+ X A% + £SAS]
(ZA+XA? + ©SAS)(TA + A% + £SAS))]
(XA? + £SAS]C T and
SIS = S(SA+ XA? + £SAS]S

C (S(TA+ DA%+ 2545)8]

C (LSAS 4+ XSA2%S + £.SSASS]

C (BSAS 4 XSAS +¥SAS] = (RSAS| C I

N 1N

So, I is an ordered interior-ideal of S containing A. If J is an ordered interior-
ideal of S containing A, then [ = (XA + A2 4+ XSAS] C (XJ +LJ2+£SJS] C
EJ+2J+2])=(EJ]=J. O

In a particular case of A = {a} for some a € S, we write L(a), R(a), J(a),

Q(a) and I(a) instead of L({a}), R({a}), J({a}), Q({a}) and I({a}), respectively.
The following corollary is directly obtained by Lemma 2.3 and 2.4.

Corollary 2.5. Let a be an element of an ordered semiring S. The following
statements hold:

(1) L(a) = (Xa + Sal;

R(a) = (¥a + aS);

J(a) = (Za + Sa + aS + XSaS|;
Q(a) = (Xa + ((aS] N (Sa])l;
I(A) = (Sa + Xa?* + £5a9].

(#i

(iv

i)
)
)
(v)
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To define the notion of an ordered (m.n)-ideal of an ordered semiring S, for
any ) # A,B C S, we set AMBA? = AmB, A°BA" = BA™ and A’BA° = B for
all non-negative integers m,n.

Definition 2.6. Let m and n be non-negative integers. A subsemiring A of an
ordered semiring S such that A = (A] is called an ordered (m,n)-ideal of S if
AMSA™ C A.

Clearly, 0 # A C S is an ordered (0,0)-ideal of S if and only if A = S. It is
easy to see that a left ordered ideal, a right ordered ideal and an ordered bi-ideal
of an ordered semiring is an ordered (0,1)-ideal, an ordered (1,0)-ideal and an
ordered (1, 1)-ideal, respectively.

For a nonempty subset A of an ordered semiring S, we denote the notation
[A](m,n) to be the smallest ordered (m,n)-ideal of S containing A.

Theorem 2.7. Let A be a nonempty subset of an ordered semiring S. Then
[Al(mn) = (EA+ TA% + .. 4+ TA™T" + TA™SA"]

for all non-negative integers m and n.

Proof. Let 0 # A C S and X = (SA + XA ...+ DA™ 4 $A™SA. Tt is
clear that AC X # 0, X = (X] and X + X C X. We obtain that

X2=(ZA+ZA% 4. 4 XA™ L TAMSA (ZA+ZA% 4. A DA™ LT AT S AT
C(TA+TA? . A TA™ L TATSA™) (ZA+TA . 4+ DA™ LT AT S A™)]
C(TAZH DA 4. A DA™ LR AT L LS A2 LA™ S AT
c

(
(DAL DA 4 TA™ LS AMSAT . A DATS AT AT S A
(BAZ40A3 4. 4 TA™M LN A™SAM C X and

XTSX" = ((SA+TA .. 4 BA™" L DA™ GAT) S
((SA+SA 4. 4+ ZA™" LB A™SA)"
C((BA+ZA 4. +ZA™ L DA™SA™M™ S
(BA+TA% . +XA™" L $A™ S A"
DA™ +RATS]S(ZA"+ES A"
TA™S+ A S| (A" + XS A"

c(
C(
(DA™ S)(SA" +5SA"] C ((SA™S)(SA"+2SA™)]
(
(

N

SAMSAT LN AMSS A" C (BA™SA"+ X A™S A
SAMSAT LN AMSA"] = (SA™SA"] C X.

Now, X is an ordered (m,n)-ideal of S containing A. Let Y be an ordered (m,n)-
ideal of S containing A. Then X = (SA+XA%2+.. XA BAMSA?] C (LY +
SY2 4. DY L RNY MY C (DY + XY 4. 4 XY +XY] = (SY] =Y. O



Characterizations of regularities on ordered semirings 137

In a particular case of A = {a} for some a € S, we write [a](;, ) instead of
[{a}]¢m,n)- The following corollary is directly obtained by Theorem 2.7.

Corollary 2.8. Let a be an element of an ordered semiring S. Then
[a](mn) = (Za+ Za® + ...+ Za™t" + a™Sa"]
for all non-negative integers m and n.

We immediately get that [a](; 1) is the smallest ordered bi-ideal of S containing
a for any elements a of an ordered semiring S; accordingly, we use the notation
B(a) instead of [a](,1).

Corollary 2.9. Let a be an element of an ordered semiring S. Then B(a) =
(Xa + Xa? + aSa.

3. Main Results

Definition 3.1. We call an ordered semiring S to be:

(7) regular [5] if a € (aSa] for all a € S;

(ii) intra-reqular if a € (£Sa?S] for all a € S;

(7it) left weakly regular if a € (3SaSa] for all a € S;
)

(iv) right weakly regular if a € (3aSaS] for all a € S.

Lemma 3.2. An ordered semiring S is both regular and intra-regular if and only
if a € (aSa*Sa] for alla € S.

Proof. Assume that S is both regular and intra-regular. Let a € S. It follows
that a € (aSa] C (aS(aSa]] C (aSaSa] C (aS(XSa%5])Sa] C (a(XSa?S]a] C
((XaSa®Sa)] = (aSa®Sa]. Conversely, if a € (aSa?Sa] for all a € S, then a €
(aSa*Sa] C (aSa] and a € (aSa®Sa] C (Sa?S] C (£Sa®S]. Hence, S is regular

and intra-regular. O

Definition 3.3. A nonempty subset 7" of an ordered semiring S is called idempo-
tent if T = (XT72].

Definition 3.4. An ordered semiring S is called fully idempotent if every ordered
ideal of S is idempotent.

Example 3.5. (i) (N,+,-,=) is an ordered semiring where N is the set of all
natural numbers, + is the usual addition, - is the usual multiplication and = is the
equal relation. We have that the ordered ideal 2N is idempotent in (N, +, -, =).
(ii) (N, 4+, -, <) is an ordered semiring where < is the natural ordered relation.
Since (N, +, -, <) has no proper ordered ideal and N = (£N?], it is fully idempotent.

We characterize fully idempotent ordered semirings by idempotency of ordered
ideals.
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Theorem 3.6. The following statements are equivalent:

(1) S is fully idempotent;

(1) J1 N Jy = (BJ1Jo] for all ordered ideals J; and Jo of S;
(153) J(a) N J(b) = (EJ(a)J(D)] for all a,b e S;
(iv) J(a) = (5(J(a))?] for all a € S;

(v) a € (XSaSaS| for alla e S.

Proof. (i) = (ii). Let J; and J; be ordered ideals of S. Then (XJ1J3] C (1] = J1

and (XJ1J3] C (XJ3] = Jo. It follows that (XJ1J2] C J; N Ja. It is easy to show
that J; N J is an ordered ideal of S. By (i), we get J; N Jo = (B(J1 N J2)?] =
(S(J1 O Jo) (1 N J2)] € (S0 ).
(#4) = (i4t). and (7i7) = (iv) are obvious.
(tv) = (v). Let a € S. By (iv), we obtain that
ac J(a) = (2(J(a)?] = (2(Za + Sa + aS + £SaS](Xa + Sa + aS + £SaS|]
C (Z(Za+ Sa+aS+XSaS)(Za+ Sa+ aS + XSaS)]
C (B(Xa® + aSa + a*S + YaSaS + Sa* + XSaSa + ¥Sa*S + L.SaSas)]
<

Ya? + aSa + a*>S + YaSaS + Sa* + ¥SaSa + XSa?S + XSaSas). (1)

Using equation (1), we get that
€ (aS + XSaS + £SaSas] (2)
a € (Sa+ XSaS + XSaSas)]. (3)

and (3), we get that

(aS + XSaS + £SaSaS|(Sa + XSaS + £SaSaS]

((aS + XSaS + X£SaSaS)(Sa + £SaS + XSaSas))

(aSa + XaSaS + X£SaSa + ¥SaSas). (4)

Using equations (2)

a’ =aa €
C
C

Using equations (2) and (3) again, we get that

aSa C (Sa+ XSaS + ¥5aSaS|S(aS + £SaS + XSaSas]
((Sa+ XSaS + £SaSaS)S|(aS + XSaS + £SaSaS]
(2SaS + XSaSaS](aS + XSaS + £SaSasS)|
((2SaS + XSaSaS)(aS + XSaS + £SaSaS)]
(25

NN 1IN 1NN

Using equation (2), we get that
SaSa C SaS(aS + X£SaS + XSaSaS] C (XSaSas). (6)

Using equation (3), we get that
aSaS C (Sa + XSaS + £SaSaS]|SaS C (£SaSas). (7)
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Using equations (4), (5), (6) and (7) we get that

(aSa + YaSaS + XSaSa + £SaSas]

((2SaSaS] + L(ESaSaS] + X(XSaSaS] + £SaSas]

((XSaSaS] + (£SaSaS] + (XSaSaS] + (XSaSas])

((2SaSaS 4+ ¥SaSaS 4+ ¥SaSaS + $SaSaS]]

= (XSaSas). (8)

—~

Using equation (8), we get that

a’S C (£SaSasS]S C (£SaSas) (9)
Sa* C S(XSaSaS] C (XSaSas] (10)
Sa?S C S(XSaSaS]S C (£SaSas). (11)

Using equations (1) and (5)—(11), we obtain that

a € (Sa+ aSa+ a*S + YaSaS + Sa* + ¥SaSa + XSa?S + XSaSaS)]
C (E(2SaSaS] + (£SaSaS] + (£SaSaS] + £(ESaSas]
+ (ZSaSaS] + X(XSaSaS] + B(XSaSaS]| + £SaSas]
C ((25aSaS] + (£SaSaS] + (XSaSaS] + (£SaSas]
+ (XSaSaS] + (£SaSaS]) + (XSaSaS] + (XSaSas])
C ((2SaSaS + X£SaSaS + £SaSaS + £SaSaS
+ XSaSaS + XSaSaS + £SaSaS + XSaSas]]
= (XSaSas].

(v) = (i). Let J be an ordered ideal of S. Clearly, (XJ?] C (XJ] = J. If
x € J, then by (v), we get = € (252SzS] C (XSJSJS] C (XJJ] = (£J?] and so
J C (£J?%). Hence, J = (XJ?] and thus S is fully idempotent. O

In general, every ordered ideal of an ordered semiring is an ordered interior
ideal but not conversely [7]. However, they are same in fully idempotent ordered
semirings.

Proposition 3.7. Ordered ideals and ordered interior ideals coincide in fully idem-
potent ordered semirings.

Proof. Let I be an ordered interior ideal of an ordered semiring S. Assume that S
is fully idempotent. If z € IS, then by Theorem 3.6, z € (XSzSxS] C (X5z5] C
(X5(15)S] C (XSIS] C (XI] = 1. Similarly, we have that ST C I. Hence, I is an
ordered ideal of S. O

Using Theorem 3.6 and Proposition 3.7, we directly obtain the following corol-
lary as characterizations of fully idempotent ordered semirings by idempotency of
ordered interior ideals.
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Corollary 3.8. The following statements are equivalent:
(1) S is fully idempotent;
(16) I NIy = (X1 15] for all ordered interior ideals Iy and Iz of S;
(ii7) I(a)NI(b) = (XI(a)I(b)] for all a,b € S;
(iv) I(a) = (2(I(a))?] for alla € S.
Now, we use idempotency of ordered quasi-ideals to characterize an ordered
semiring which is both regular and intra-regular.
Theorem 3.9. The following statements are equivalent:
(1) S is both regular and intra-reqular;
(i) every ordered quasi-ideal of S is idempotent, i.e., Q = (XQ?] for all ordered
quasi-ideals Q of S;
(iii) Q(a) = (2(Q(a))?] for alla € S.
Proof. (i) = (i1). Assume that S is both regular and intra-regular. Let Q be an
ordered quasi-ideal of S. Obviously, (XQ?%] C (£Q] = @ (every ordered quasi-
ideal is always a subsemiring [7]). If x € @Q, then using Remark 3.2, we get
x € (252%87] = (xSzxSx] C (QSQQSQ] C (QQ] = (Q?] C (XQ?] (every ordered
quasi-ideal is an ordered bi-ideal [7] and so QSQ C Q for every ordered quasi-ideal
Q of an ordered semiring S). Hence, Q = (£Q?] and so Q is idempotent.
(#4) = (#4t). It is obvious.
(#91) = (i). Assume that (ii7) holds and let @ € S. Since every left (right)
ordered ideal is an ordered quasi-ideal [7], we obtain that

a € Q(a) = (2Q(a)Q(a)] € (XR(a)L(a)] (12)
a € Qa) = (£Q(a)Q(a)] C (XL(a)R(a)]. (13)
We consider equation (12). Using Corollary 2.5, it turns out that
a € (XR(a)L(a)] = (2(Za + aS](Za + Sa]]
C (2(Xa + aS)(Sa + Sa)] C (£(Sa? + aSa)]
C (Xa® + aSal. (14)
Using equation (14), we get that
a® = aa € a(Xa® + aSa) C (Xa® + aSa] € (XaSa + aSa) = (aSa + aSa] = (aSal.
Using equation (14) again, we obtain that
a € (Xa® 4 aSa) C (X(aSa] + aSa] C ((XaSa] + aSa)
= ((aSa] 4+ aSa] C ((aSa + aSa]] = (aSa).
Now, S is regular. We consider equation (13). Using Corollary 2.5. We get
a € (XL(a)R(a)] = (Z(Za + Sa](Za + aS]]
C (2(Xa + Sa)(La + aS)] C (B(Ba? + Xa’S + £Sa? + ¥Sa>9)]
C (Ya® + ¥a’S + £Sa® + £5a*S] = (Sa® + a®S + Sa* + £Sa*S].  (15)
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Using equation (15), we get that
a® = aa € (Sa® + a?S + Sa® + £S8a*S](La? + S + Sa® + X£Sa>S]
C ((Za® + a?S + Sa* + £Sa*S)(Za? + a®S + Sa* + £.5a*S9))
C (Za' +£8a28) C (£Sa?S + £Sa’S] = (£S5a>S). (16)

Using equation (16), we get that
a’S C (£8a*S]S C (£Sa?S] and Sa? C S(XSa*S] C (£Sa?S]. (17)

Using equations (15), (16) and (17), we have that
a € (Za® + a*S + Sa® + %.Sa*S]
C (2(2Sa*S] + (£Sa*S] + (£Sa*S] + £Sa?9]
C ((2Sa*S] + (£Sa?S] + (£Sa?S] + (£Sa9]]
C (84S + £Sa?S + £Sa?S + £Sa?S] = (£5a>9).

Now, S is intra-regular. Therefore, S is both regular and intra-regular. O

In general, every ordered quasi-ideal of an ordered semiring is an ordered bi-
ideal but not conversely [7]. However, they coincide in regular ordered semirings.
Using this fact and Theorem 3.9, we obtain the following corollary as characteri-
zations of an ordered semiring which is both regular and intra-regular by idempo-
tency of ordered bi-ideals.

Corollary 3.10. The following statements are equivalent:
(i) S is both regular and intra-regular;

(i) every ordered bi-ideal of S is idempotent, i.e., B = (XB?] for all ordered
bi-ideals B of S;

(iii) B(a) = (X(B(a))?] for alla € S.

Now, we use idempotency of left ordered ideals to characterize a left weakly
regular ordered semiring.

Theorem 3.11. The following statements are equivalent:
(1) S is left weakly regular;
(ii) every left ordered ideal of S is idempotent, i.e., L = (XL?] for all left ordered
ideals L of S;
(iii) L(a) = (X(L(a))?] for alla € S.

Proof. (i) = (ii). Let L be a left ordered ideal of S. Clearly, (XL?] C (XL] = L.
If z € L, then by (i), we get that x € (XSaSa] C (XSLSL] C (XLL] = (XL?].
Hence, L = (XL2?].

(#i) = (i3t). It is obvious.
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(#i) = (7). Let a € S. Using Corollary 2.5, we obtain that

a € L(a) = (BL(a)L(a)] = (X(Xa + Sa](Xa + Sa]]
C (B(Za + Sa)(Sa + Sa)] C (2(La® + aSa + Sa* + XSaSa)]
C(

Ya? + aSa + Sa* + ¥.SaSa] (18)

Using equation (18), we get that
€ (Za* + aSa + Sa* 4+ XSaSa] C (Sa + XSaSal. (19)

Using equation (19), we get that
a® = aa € (Sa + $SaSa)(Sa + LSaSa)
C ((Sa+ XSaSa)(Sa + £SaSa)] C (£SaSal. (20)

Using equation (19) again, we get that
aSa C (Sa + XSaSa]S(Sa + £SaSa] C ((Sa+ £SaSa)S](Sa + XSaSal

C (2SaS](Sa + XSaSa] C ((XSaS)(Sa + £SaSa)] C (XSaSal. (21)
Using equation (20), we get that
Sa? C S(¥SaSa) C (S(XSaSa)] C (XSaSa). (22)

Using equations (18) and (20)—(22), it turns out that
a € (a4 aSa + Sa® + ¥SaSal
C (X(XSaSa] + (XSaSa] + (XSaSa] + £SaSa)
C ((XSaSa] + (XSaSa] + (XSaSa] + (£SaSal
C ((¥SaSa+ XSaSa+ YSaSa + XSaSa]] = (XSaSal].

Therefore, S is left weakly regular. O

As a duality of Theorem 3.11, we obtain characterizations of right weakly regu-
lar ordered semirings in terms of idempotency of right ordered ideals analogously.

Theorem 3.12. The following statements are equivalent:
(i) S is right weakly regular;
(ii) every right ordered ideal of S is idempotent, i.e., R = (SR?] for all right
ordered ideals R of S;
(iii) R(a) = (S(R(a))?] for alla € S.
To define the notion of an (m,n)-regular ordered semiring, for any elements a

and for any nonempty subsets B of an ordered semiring S, we set a™Ba" = a™B,
a’Ba™ = Ba" and a°Ba® = B for all non-negative integers m and n.

Definition 3.13. Let m and n be non-negative integers. An ordered semiring S
is called (m,n)-regular if a € (a™Sa™] for all a € S.
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Theorem 3.14. Let S be an ordered semiring and m, n be positive integers. Then
the following statements hold:
(7) S is (m,0)-regular if and only if R = (R™S] for each ordered (m,0)-ideal R
of S;
(i) S is (0,n)-regular if and only if L = (SL"] for each ordered (0,n)-ideal L of
S.

Proof. (i). Assume that S is (m,0)-regular. Let R be an ordered (m,0)-ideal of
S. If a € R, then a € (a™S] C (R™S] implies R C (R™S]. Clearly, (R™S] C R.
Hence, R = (R™S].

Conversely. let a € S. By assumption and Corollary 2.8, we obtain that

0 € (@m0 = ([alomo)™S] = (Sa + Ta® + ..+ Ta™ + a™S])™ 8]
((Ba+Xa* 4 ...+ Xa™ 4+ a™S)™]9]
((Ba+2a® 4 ...+ Xa™ 4+ a™S)™ S|
(Za+%a® +...4+Za™ +a™S)"S]
C((Ba™+Xa™S)S] C (Za™S + Za™S] = (Za™S] = (a™S].

N 1N

Therefore, S is (m, 0)-regular.
(#4). It can be proved in a similar way of (). O

It is not interesting to characterize a (0, 0)-regular ordered semiring S because
a € (a®Sa’] = (S] = S for all @ € S. Consequently, we obtain the following
theorem as a characterization of an (m,n)-regular ordered semiring where m and
n are not being zero at the same time.

Theorem 3.15. Let m and n be non-negative integers where m and n are not
being zero at the same time. An ordered semigroup S is (m,n)-regular if and only
if RNL = (R™L"] for every ordered (m,0)-ideal R and every ordered (0,n)-ideal
L of S.

Proof. The case of m # 0, n = 0 and m = 0, n # 0 is directly follows from
Theorem 3.14(¢) and (ii), respectively. Hence, we assume that m # 0 and n # 0.
Assume that S is (m,n)-regular. Let R and L be an ordered (m,0)-ideal and
an ordered (0,n)-ideal of S, respectively. If x € RN L, then by assumption,
z € (a™Sa™) C (R™SL™) C (R™L"] implies RNL C (R™L™]. Clearly, (R™L"] C
RN L. Hence, RNL = (R™L"].
Conversely, let ¢ € S. Then by assumption and Corollary 2.8, we get

a € [a](m,0) N [al0.n) = ([a]{m.0y[a]o.m)]

Ya+ Xa? 4 ...+ Xa™ +a™ S| (Za + Ya® + ...+ Ya" + Sa"]"]
Ya+Ya® + ...+ Za™ +a™S)™|(Za + Xa® + ...+ Xa" + Sa™)"]]
(Ba +Xa® 4 ...+ Za™ +a™9)™)(Ba + La® + ... + Xa™ + Sa™)")]]
Ya+Ya? + ...+ 8a" +a™S)™)(Za + Xa® + ...+ Xa" + Sa™)")]

NN
~—~ ~ ~~
~ Y~~~
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C ((Za™ +a™S)(Za™ + Sa™)] C (La™t" + a™Sa™]

g (Ea7n+n—1 (anH—n + a?nsan} + amsan} g (Z(amsan _"_ aTYLSa/TI/] _"_ a'"LSa/TL]
C ((a™Sa"] +a™Sa"] C ((a™Sa" + a™Sa™]] = (a™Sa™].
Therefore, S is (m, n)-regular. O
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