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Families of semi-automata in finite quasigroups

and iterated hash functions

Volodymyr G. Skobelev and Volodymyr V. Skobelev

Abstract. Families of semi-automata defined by a recurrence relation in a finite quasigroup are
investigated. Initially, these families are defined in an abstract finite quasigroup, and their struc-
ture is studied. It is shown that from a probabilistic point of view these semi-automata are the
best mathematical models for computationally secure families of iterated hash functions. Then
families of semi-automata in T -quasigroups determined by a finite Abelian group are defined, and
their structure is studied. Representation of these semi-automata by the parallel composition of
the ones defined in T -quasigroups determined by cyclic groups of prime power order is consid-
ered. This decomposition results in speed up the functioning and reducing space complexity of a
semi-automaton. In addition, families of semi-automata in the Abelian group of an elliptic curve
over a finite field are investigated.

1. Introduction
Over the past two decades, intensive research of quasigroups has been largely
caused by their successful applications in various fields, including cryptography.
The significance of the latter is as follows.

Currently, the main approach to solving cryptography problems relies on al-
gebraic models. Most of them are built in finite associative algebraic systems.
However, for algebraic systems without the requirements "to be associative", "to
be commutative", and "to be with unit", high complexity of solving identifica-
tion problems is typical. Such algebraic systems include quasigroups [2, 18], i.e.
magma with both left and right division. It seems promising to apply quasigroups
to solving cryptography problems due to the following two circumstances, at least.
Firstly, they have been applied successfully in the design of basic cryptography
primitives including block and stream ciphers, public key crypto-schemes, signa-
ture schemes, codes, and hash functions [7, 10, 13, 14]. Secondly, a hardware
implementation of encryption based on a finite quasigroup has been designed [15].
Some applications of quasigroups to solving cryptography problems have also been
considered in [3, 4, 17].

Among the above pointed cryptography primitives, hash functions should be
noted, since they are widely used for information protection. We remind, that any
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hash function is a mapping that transforms any binary string (a message) into a
binary string of some fixed length (this string is the hash value or, simply, the
hash). Informally, a cryptographic hash function (see [16], for example) satisfies
the following four conditions:

1. The hash of any message can be computed sufficiently easy.
2. It is infeasible to reconstruct the original message via its hash.
3. It is infeasible to find two different messages with the same hash.
4. Small changes in a message lead to uncorrelated changes in its hash.
Numerous attempts for the design and implementation of cryptographic hash

functions have led to the notion of an iterated hash function [16]. It can be
characterized as follows. The original message is divided into the blocks of the
equal length. If necessary, the last block is extended to the required length by
its concatenation with some fixed string. Some fixed block is added as the initial
fragment. Firstly, this block is hashed in accordance with a certain rule. Then the
iterative process starts: the next hash is computed from the current hash and the
current block of the message. The final hash is the hash of the original message.

It is evident that a mathematical model for iterated hash function is a semi-
automaton, i.e. an automaton without output mapping. Hence, investigation of
families of semi-automata defined by recurrence relations in a finite quasigroup due
to their possible applications as mathematical models of iterated hash function is
actual from both theoretic and applied point of view. Some attempts to solve
this problem have been done in [19-21]. The main aim of the given paper is to
generalize and to unify these results. By time and space complexity we mean
asymptotic the worst-case complexity under logarithmic weight [1].

The rest of the paper is organized as follows. Section 2 contains mathematical
notions and structures sufficient to present the results. In Section 3 basic families of
semi-automata defined by a recurrence relation in a finite abstract quasigroup are
investigated. In Section 4 these families of semi-automata are detailed for finite
T -quasigroups. Section 5 is devoted to semi-automata defined by a recurrence
relation in the Abelian group of an elliptic curve over a finite field. Section 6 is
some discussion of obtained results. Section 7 contains concluding remarks.

2. Mathematical backgrounds

2.1. Abstract quaigroups and iterated hash functions

A semi-automaton (SA) is a triple M = (Q,X, δ), where Q (|Q| > 2) is a finite
set of states, X is a finite input alphabet, and δ : Q × X → Q is the transition
mapping. This mapping can be extended onto the set Q × X+ by the equality
δ(q, wx) = δ(δ(q, w), x) (w ∈ X+, x ∈ X).

An initial SA is a pair (M, q) (q ∈ Q), where q is the initial state. Any initial
SA (M, q) implements the mapping H(M,q) : X+ → Q defined by the equality
H(M,q)(w) = δ(q, w) (w ∈ X+). This mapping can be interpreted as an iterated
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hash function. Hence, any SA M = (Q,X, δ) implements the family of iterated
hash functions HM = {H(M,q)}q∈Q.

Let QQ be the set of all quasigroups with the finite carrier Q (|Q| > 2).
Based on the Cayley table, we get for any quasigroup Q = (Q, ◦) ∈ QQ that

the upper bounds of time and space complexity for computation the element a ◦ b
(a, b ∈ Q) are equal, correspondingly, to:

T◦ = O(|Q| log |Q|) (|Q| → ∞), (1)

V◦ = O(|Q|2 log |Q|) (|Q| → ∞). (2)

Besides, for any mapping χ : Q → Q the upper bounds of time and space com-
plexity for computation the value χ(a) (a ∈ Q) are equal, correspondingly, to:

Tχ = O(|Q| log |Q|) (|Q| → ∞), (3)

Vχ = O(|Q| log |Q|) (|Q| → ∞). (4)

Any quasigroup Q = (Q, ◦) ∈ QQ can be presented by the labeled directed
graph ΓQ with the set of vertices Q such that for any q1, q2, q ∈ Q there is an arc
started in the vertex q1, terminated in the vertex q2, and labeled by the element
q if and only if q1 ◦ q = q2. It is evident that ΓQ is completed labeled directed
graph with a single loop in each vertex. Besides, for any vertex q ∈ Q, all |Q|
arcs started in q terminate in pair-wise different vertices, and exactly |Q| arcs are
terminated in q and labels of these arcs are pair-wise different. We can interpret
ΓQ as the SA ΓQ = (Q,Q, ◦), where Q is both the set of the states and the input
alphabet, and ◦ is the transition mapping. This SA implements the family of
iterated hash functions HΓQ = {H(ΓQ,q)}q∈Q. Since elements of the family HΓQ

are pair-wise different hash functions, this family can be identified with the set
HΓQ = {H(ΓQ,q)|q ∈ Q}.

Remark 1. It is known, that the set of string transformations [8, 9, 11, 12] of
any quasigroup Q = (Q, ◦) ∈ QQ contains the set of bijections eq,◦ : Q+ → Q+

(q ∈ Q), where eq,◦(q1q2 . . . qm) = q′1q
′
2 . . . q

′
m (q1q2 . . . qm ∈ Q+; m = 1, 2, . . . ) if

and only if q′1 = q ◦ q1 and q′i = q′i−1 ◦ qi (i = 2, . . .m). Relationship between the
sets of mappings {eq,◦|q ∈ Q} and HΓQ = {H(ΓQ,q)|q ∈ Q} is that the equality
eq,◦(q1q2 . . . qm) = q′1q

′
2 . . . q

′
m implies the equality H(ΓQ,q)(q1q2 . . . qm) = q′m.

Proposition 1. Let Q = (Q, ◦) ∈ QQ be any quasigroup. Then:
1. For any elements q, q′ ∈ Q holds the equality

|{x ∈ Qm|H(ΓQ,q)(x) = q′}| = |Q|m−1 (m = 1, 2, . . . ). (5)

2. For any elements q, q′, q′′ ∈ Q (q 6= q′) holds the equality

{x ∈ Q+|H(ΓQ,q)(x) = q′′} ∩ {x ∈ Q+|H(ΓQ,q′)(x) = q′′} = ∅. (6)

Proof. By induction on the length of an input string.
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Since H−1
(ΓQ,q)

(q′) = {x ∈ Q+|H(ΓQ,q)(x) = q′} (q, q′ ∈ Q), we can present (5)
and (6) as follows:

|H−1
(ΓQ,q)

(q′) ∩Qm| = |Q|m−1 (q, q′ ∈ Q; m = 1, 2, . . . ), (7)

H−1
(ΓQ,q)

(q′′) ∩H−1
(ΓQ,q′)

(q′′) = ∅ (q, q′, q′′ ∈ Q; q 6= q′). (8)

Let P(1)
ΓQ,q,m

(q′) (q, q′ ∈ Q; m = 1, 2, . . . ) be the probability that uniformly
randomly chosen input string x ∈ Qm is a solution of equationH(ΓQ,q)(x) = q′, and
P(2)

ΓQ,q,m
(q ∈ Q; m = 1, 2, . . . ) be the probability that for two uniformly randomly

chosen input strings x, x′ ∈ Qm (x 6= x′) the equality H(ΓQ,q)(x) = H(ΓQ,q)(x
′)

holds. Applying (7) and (8), it is not difficult to prove the following theorem.

Theorem 1. Let Q = (Q, ◦) ∈ QQ be any quasigroup. Then:

P(1)
ΓQ,q,m

(q′) = |Q|−1 (q, q′ ∈ Q; m = 1, 2, . . . ), (9)

P(2)
ΓQ,q,m

= |Q|−1(1− (|Q| − 1)(|Q|m − 1)−1) (q ∈ Q; m = 1, 2, . . . ). (10)

It follows directly from (9) and (10) that lim
|Q|→∞

P(1)
ΓQ,q,m

(q′) = 0 (q, q′ ∈ Q) and

lim
m→∞

P(2)
ΓQ,q,m

= |Q|−1. This is a significant argument to use finite quasigroups in
mathematical models of cryptographic iterated hash functions.

2.2. T -quaigroups
A quasigroup Q = (Q, ◦) ∈ QQ is a T -quasigroup [6] if there exist an Abelian
group G = (Q,+), some ordered pair (ξ, ζ) ∈ Aut(G) × Aut(G), and an element
c ∈ Q such that holds the equality

a ◦ b = ξ(a) + ζ(b) + c (a, b ∈ Q). (11)

It follows from this definition that any finite Abelian group G = (Q,+) (|Q| > 2)
determines the family of T -quasigroups FG = {(Q,+, ξ, ζ, c)}ξ,ζ∈Aut(G);c∈Q, where
(Q,+, ξ, ζ, c) is the T -quasigroup Q = (Q, ◦) ∈ QQ such that the operation ◦ is
defined by the equality (11). Since elements of the family FG are pair-wise different
T -quasigroups (see Theorem 1 in [20]), this family can be identified with the set
FG = {(Q,+, ξ, ζ, c)|ξ, ζ ∈ Aut(G); c ∈ Q}.

Let εQ : Q → Q be the identity mapping. It is not difficult to prove that for
any finite Abelian group G = (Q,+) (|Q| > 2):

1. There exists the left unit el in a T -quasigroup (Q,+, ξ, ζ, c) ∈ FG if and only
if ζ = εQ. In this case, el = −ξ−1(c).

2. There exists the right unit er in a T -quasigroup (Q,+, ξ, ζ, c) ∈ FG if and
only if ξ = εQ. In this case, el = −ζ−1(c).

3. (Q,+, ξ, ζ, c) ∈ FG is a loop if and only if ξ = ζ = εQ. In this case, e = −c.
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4. (Q,+, ξ, ζ, c) ∈ FG is a commutative T -quasigroup if and only if ξ = ζ (see
Theorem 2 in [20]).

5. (Q,+, ξ, ζ, c) ∈ FG is an associative T -quasigroup if and only if ξ = ζ = εQ
(see Theorem 3 in [20]).

Remark 2. Therefore, for T -quasigroups the statements "a loop", "to be asso-
ciative", and "to be associative-commutative" are the same.

Due to Fundamental Theorem, any Abelian group can be presented uniquely
as a direct product of cyclic groups of prime-power order. More precisely, let
G = (Q,+) (|Q| > 2) be any Abelian group, such that |Q| = pr11 . . . prmm (m > 1),
where ri > 1 (i = 1, . . . ,m) and pi (i = 1, . . . ,m) are pair-wise different prime
integers. Then

G ∼=
m⊗
i=1

ki⊗
j=1

(Z
p
dij
j

,+ij), (12)

where ∼= is the isomorphism relation, dij (i = 1, . . . ,m; j = 1, . . . , ki) are fixed

positive integers such that 1 6 di1 6 · · · 6 diki (i = 1, . . . ,m), ri =
ki∑
j=1

dij

(i = 1, . . . ,m), Z
p
dij
j

= {0, 1, . . . , pdijj − 1} (i = 1, . . . ,m; j = 1, . . . , ki), and +ij

(i = 1, . . . ,m; j = 1, . . . , ki) is the module pdijj addition. Due to (12), any element
z ∈ Q can be identified with a vector z = (z11, . . . , z1k1 , . . . , zm1, . . . , zmkm), where
zij ∈ Z

p
dij
j

(i = 1, . . . ,m; j = 1, . . . , ki). Hence, computation the sum x + y

(x, y ∈ Q) can be reduced to independent additions of corresponding components
of vectors x and y. From here it follows that for any Abelian group G = (Q,+)
(|Q| > 2) that satisfies to (12), time and space complexity for computation the
element x+ y (x, y ∈ Q) are equal, correspondingly, to:

T+ = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞), (13)

V+ = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞). (14)

Remark 3. If additions of the corresponding components of vectors x and y can
be implemented in parallel then time complexity for computation the element x+y
can be reduced to

T+ = O( max
i=1,...m

max
j=1,...ki

dij log pi) (|Q| → ∞). (15)

If an Abelian group G = (Q,+) (|Q| > 2) satisfies to (12) then

Aut(G) ∼=
m⊗
i=1

Aut(
ki⊗
j=1

(Z
p
dij
j

,+ij)). (16)
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Besides, for any i = 1, . . . ,m (see Theorem 4.1 in [5]) holds the equality

|Aut(
ki⊗
j=1

(Z
p
dij
j

,+ij))| =
ki∏
j=1

(p
αij
i − pj−1

i )

ki∏
j=1

(p
dij
i )ki−αij

ki∏
j=1

(p
dij
i )ki−βij+1, (17)

where αij = max{h|dih = dij} and βij = min{h|dih = dij} for all i = 1, . . . ,m and
j = 1, . . . ki. Due to (16) and (17), for any Abelian group G = (Q,+) (|Q| > 2)
that satisfies to (12) holds the equality

|Aut(G)| =
m∏
i=1

ki∏
j=1

(p
αij
i − pj−1

i )

ki∏
j=1

(p
dij
i )ki−αij

ki∏
j=1

(p
dij
i )ki−βij+1. (18)

Since
ki⊗
j=1

Aut((Z
p
dij
j

,+ij)) is a subgroup of the group Aut(
ki⊗
j=1

(Z
p
dij
j

,+ij)),

then
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij)) is a subgroup of the group
m⊗
i=1

Aut(
ki⊗
j=1

(Z
p
dij
j

,+ij)).

Besides, |Aut((Z
p
dij
j

,+ij))| = p
dij
i (1− p−1

i ) (i = 1, . . . ,m; j = 1, . . . , ki). Hence

|
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij))| = |Q|
m∏
i=1

(1− p−1
i ). (19)

By comparing (18) and (19), we conclude that
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij)) is a non-

trivial subset of the set Aut(G).

For any χ = (χ11, . . . , χ1k1 , . . . , χm1, . . . , χmkm) ∈
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij)) and

z = (z11, . . . , z1k1 , . . . , zm1, . . . , zmkm) ∈
m⊗
i=1

ki⊗
j=1

(Z
p
dij
j

,+ij) we get

χ(z) = (χ11(z11), . . . , χ1k1(z1k1), . . . , χm1(zm1), . . . , χmkm(zmkm)),

i.e. computation the vector χ(z) can be reduced to independent computations of its
components. From here it follows that for any Abelian group G = (Q,+) (|Q| > 2)
that satisfies to (12), time and space complexity for computation the element χ(z)

(z ∈
m⊗
i=1

ki⊗
j=1

(Z
p
dij
j

,+ij), χ ∈
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij))) are equal, correspondingly,

to

Tχ = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞), (20)

Vχ = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞). (21)
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Remark 4. If computations of components can be implemented in parallel then
time complexity for computation the element χ(z) can be reduced to

Tχ = O( max
i=1,...m

max
j=1,...ki

dij log pi) (|Q| → ∞). (22)

Comparing (13), (14) with (1), (2), and (20), (21) with (3), (4), we conclude
that for any Abelian group G = (Q,+) (|Q| > 2) that satisfies to (12) it is reason-
able to consider the set of T -quasigroups

F̃G = {(Q,+, ξ, ζ, c)|ξ, ζ ∈
m⊗
i=1

ki⊗
j=1

Aut((Z
p
dij
j

,+ij)); c ∈ Q}.

Due to (18) and (19), F̃G is a non-trivial subset of the set FG for any Abelian
group G = (Q,+) (|Q| > 2) that satisfies to (12).

2.3. Elliptic curves over finite fields
At present, Abelian groups associated with elliptic curves over finite fields are
widely used for solving information protection problems. This is due to the high
complexity of identification the elements of these groups. So, it is it is reasonable
to consider the sets of T -quasigroups defined by Abelian groups associated with
elliptic curves over finite fields.

We remind, that an elliptic curve γ over any field F = (F,+, ·) can be defined
as the set of all solutions of an equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 (a1, a2, a3, a4, a6 ∈ F ),

such that ∆ = d2
2−8d3

4−27d2
6 +9d2d4d6 6= 0, where d2 = a2

1 +4a2, d4 = 2a4 +a1a3,
d6 = a2

3 + 4a6, and d8 = a2
1a6 + 4a2a6 − a1a3a4 + a2a

2
3 − a2

4. With this elliptic
curve can be associated the Abelian group Gγ = (γ∪{0},+Gγ ), where 0+Gγ 0 = 0,
0+Gγ P = P+Gγ 0 = P (P ∈ γ), and P = (x, y) ∈ γ ⇒ −GγP = (x,−y−a1x−a3).
For any two points Pi = (xi, yi) ∈ γ (i = 1, 2), such that P1 6= −GγP2, the point
P3 = P1 +Gγ P2 can be computed as follows{

x3 = −x1 − x2 + α2 + αa1 − a2

y3 = −y1 + α(x1 − x3) + a1x3 − a3

,

where

α =

{
(3x2

1 + 2a2x1 + a4 − a1y1)(2y1 + a1x1 + a3)−1, if x1 = x2

(y1 − y2)(x1 − x2)−1, if x1 6= x2

.

For any non-negative integer m and any element P ∈ γ ∪ {0} we set

mP =


0, if m = 0

P +Gγ · · ·+Gγ P︸ ︷︷ ︸
m times

, if m = 1, 2, . . . .
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Let γ be an elliptic curve over any finite field F = (F,+, ·).
We define the mappings χm : γ ∪ {0} → γ ∪ {0} (m = 0, 1, . . . , |γ|) by the

equality χm(P ) = mP (P ∈ γ ∪ {0}).
It is evident that χm ∈ Aut(Gγ) (m = 1, . . . , |γ|) if and only if the integer m

is not a multiple of the order of any element P ∈ γ. Hence, we can define the set
of T -quasigroups FGγ = {(γ ∪ {0},+Gγ , ξ, ζ, P )|ξ, ζ ∈ Aut(Gγ), P ∈ γ ∪ {0}}, and
apply to it all results obtained in Subsection 2.2.

3. Families of SA in finite abstract quasigroups
For any abstract finite quasigroup Q = (Q, ◦) ∈ QQ the following families of SA
A

(i)
Q (i = 1, . . . , 22) can be defined, at least:

A
(1)
Q = {M (1)

a,b = (Q,Q, δ
(1)
a,b)|δ

(1)
a,b(q, x) = (a ◦ q) ◦ (b ◦ x) (q, x ∈ Q)}a,b∈Q,

A
(2)
Q = {M (2)

a,b = (Q,Q, δ
(2)
a,b)|δ

(2)
a,b(q, x) = (b ◦ x) ◦ (a ◦ q) (q, x ∈ Q)}a,b∈Q,

A
(3)
Q = {M (3)

a,b = (Q,Q, δ
(3)
a,b)|δ

(3)
a,b(q, x) = (q ◦ a) ◦ (b ◦ x) (q, x ∈ Q)}a,b∈Q,

A
(4)
Q = {M (4)

a,b = (Q,Q, δ
(4)
a,b)|δ

(4)
a,b(q, x) = (b ◦ x) ◦ (q ◦ a) (q, x ∈ Q)}a,b∈Q,

A
(5)
Q = {M (5)

a,b = (Q,Q, δ
(5)
a,b)|δ

(5)
a,b(q, x) = (a ◦ q) ◦ (x ◦ b) (q, x ∈ Q)}a,b∈Q,

A
(6)
Q = {M (6)

a,b = (Q,Q, δ
(6)
a,b)|δ

(6)
a,b(q, x) = (x ◦ b) ◦ (a ◦ q) (q, x ∈ Q)}a,b∈Q,

A
(7)
Q = {M (7)

a,b = (Q,Q, δ
(7)
a,b)|δ

(7)
a,b(q, x) = (q ◦ a) ◦ (x ◦ b) (q, x ∈ Q)}a,b∈Q,

A
(8)
Q = {M (8)

a,b = (Q,Q, δ
(8)
a,b)|δ

(8)
a,b(q, x) = (x ◦ b) ◦ (q ◦ a) (q, x ∈ Q)}a,b∈Q,

A
(9)
Q = {M (9)

a = (Q,Q, δ(9)
a )|δ(9)

a (q, x) = (a ◦ q) ◦ x (q, x ∈ Q)}a∈Q,

A
(10)
Q = {M (10)

a = (Q,Q, δ(10)
a )|δ(10)

a (q, x) = x ◦ (a ◦ q) (q, x ∈ Q)}a∈Q,

A
(11)
Q = {M (11)

a = (Q,Q, δ(11)
a )|δ(11)

a (q, x) = (q ◦ a) ◦ x (q, x ∈ Q)}a∈Q,

A
(12)
Q = {M (12)

a = (Q,Q, δ(12)
a )|δ(12)

a (q, x) = x ◦ (q ◦ a) (q, x ∈ Q)}a∈Q,

A
(13)
Q = {M (13)

a = (Q,Q, δ(13)
a )|δ(13)

a (q, x) = q ◦ (a ◦ x) (q, x ∈ Q)}a∈Q,

A
(14)
Q = {M (14)

a,b = (Q,Q, δ
(14)
a,b )|δ(14)

a (q, x) = (a ◦ x) ◦ q (q, x ∈ Q)}a∈Q,

A
(15)
Q = {M (15)

a = (Q,Q, δ(15)
a )|δ(15)

a (q, x) = q ◦ (x ◦ a) (q, x ∈ Q)}a∈Q,

A
(16)
Q = {M (16)

a = (Q,Q, δ(16)
a )|δ(15)

a (q, x) = (x ◦ a) ◦ q (q, x ∈ Q)}a∈Q,

A
(17)
Q = {M (17)

a = (Q,Q, δ(17)
a )|δ(17)

a (q, x) = a ◦ (q ◦ x) (q, x ∈ Q)}a∈Q,
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A
(18)
Q = {M (18)

a = (Q,Q, δ(17)
a )|δ(18)

a (q, x) = (q ◦ x) ◦ a (q, x ∈ Q)}a∈Q,

A
(19)
Q = {M (19)

a = (Q,Q, δ(19)
a )|δ(19)

a (q, x) = a ◦ (x ◦ q) (q, x ∈ Q)}a∈Q,

A
(20)
Q = {M (20)

a = (Q,Q, δ(20)
a )|δ(20)

a (q, x) = (x ◦ q) ◦ a (q, x ∈ Q)}a∈Q,

A
(21)
Q = {M (21)

a = (Q,Q, δ(21)
a )|δ(21)

a (q, x) = q ◦ x (q, x ∈ Q)},

A
(22)
Q = {M (22)

a = (Q,Q, δ(22)
a )|δ(22)

a (q, x) = x ◦ q (q, x ∈ Q)}.

It is evident that any family A
(i)
Q (i = 1, . . . , 8) consists of |Q|2 elements, any

family A
(i)
Q (i = 9, . . . , 20) consists of |Q| elements, and any family A

(i)
Q (i = 21, 22)

consists of a single element.
Let Set(A(i)

Q ) (i = 1, . . . , 22) be the set of all SA that are elements of the family
A

(i)
Q . Then |Set(A(i)

Q )| = 1 (i = 21, 22). Besides, since Q ∈ QQ is a cancellative
magma, it is not difficult to prove that |Set(A(i)

Q )| > |Q| (i = 1, . . . , 8), and
|Set(A(i)

Q )| = |Q| (i = 9, . . . , 20), i.e. elements of the family A
(i)
Q (i = 9, . . . , 20) are

pair-wise different SA.
It follows from definition of the families A(i)

Q (i = 1, . . . , 22) that the following
proposition is true.

Proposition 2. Let Q ∈ QQ be any abstract finite quasigroup. Then any SA
M ∈ A

(i)
Q (i = 1, . . . , 8) is functioning by 1.5 times more slowly than any SA

M ′ ∈ A
(i)
Q (i = 9, . . . , 20), and three times more slowly than the SA M ′′ ∈ A

(i)
Q

(i = 21, 22). Besides, any SA M ′ ∈ A
(i)
Q (i = 9, . . . , 20) is functioning twice more

slowly than the SA M ′′ ∈ A
(i)
Q (i = 21, 22).

Applying (1) and (2) it is not difficult to prove the following theorem.

Theorem 2. Let Q ∈ QQ be any abstract finite quasigroup. Then for any SA
M ∈ A

(i)
Q (i = 1, . . . , 22) time and space complexity for computing the value of the

transition mapping are equal, correspondingly, to

TM = O(|Q| log |Q|) (|Q| → ∞), (23)

VM = O(|Q|2 log |Q|) (|Q| → ∞). (24)

Any abstract finite quasigroup Q ∈ QQ is a cancellative magma. Hence, the
diagram of any SA M ∈ A

(i)
Q (i = 1, . . . , 22) is completed labeled directed graph

with a single loop in each vertex, such that for any vertex q ∈ Q, all |Q| arcs started
in q terminate in pair-wise different vertices, and exactly |Q| arcs are terminated in
q and labels of these arcs are pair-wise different. From here we get that Theorem 1
is true for any SA M ∈ A

(i)
Q (i = 1, . . . , 22), and it can be reformulated as follows.
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Theorem 3. Let Q ∈ QQ be any be any abstract finite quasigroup. Then for any
SA M ∈ A

(i)
Q (i = 1, . . . , 22) hold equalities:

P(1)
M,q,m(q′) = |Q|−1 (q, q′ ∈ Q; m = 1, 2, . . . ), (25)

P(2)
M,q,m = |Q|−1(1− (|Q| − 1)(|Q|m − 1)−1) (q ∈ Q; m = 1, 2, . . . ). (26)

Due to Theorems 2 and 3, we can consider A(i)
Q (i = 1, . . . , 22) as basic families

of SA defined by a recurrence relation in an abstract finite quasigroup Q ∈ QQ.
Let us characterize the structure of the families A(i)

Q (i = 1, . . . , 22) with addi-
tional restrictions on the operation in an abstract finite quasigroup Q ∈ QQ.

Based on the definition of the left unit, the right unit and the unit in a quasi-
group, it is not difficult to prove the following three propositions.

Proposition 3. Let Q ∈ QQ be any abstract finite quasigroup with the left unit.
Then the following inclusions hold:

Set(A
(i)
Q ) ⊆ Set(A(1)

Q ) (i = 9, 13, 21), Set(A
(i)
Q ) ⊆ Set(A(2)

Q ) (i = 10, 14, 22),

Set(A
(11)
Q ) ⊆ Set(A(3)

Q ), Set(A
(12)
Q ) ⊆ Set(A(4)

Q ), Set(A
(15)
Q ) ⊆ Set(A(5)

Q ),

Set(A
(16)
Q ) ⊆ Set(A(6)

Q ), Set(A
(21)
Q ) ⊆ Set(A(i)

Q ) (i = 9, 13, 17),

Set(A
(22)
Q ) ⊆ Set(A(i)

Q ) (i = 10, 14, 19).

Proposition 4. Let Q ∈ QQ be any abstract finite quasigroup with the right unit.
Then the following inclusions hold:

Set(A
(i)
Q ) ⊆ Set(A(7)

Q ) (i = 11, 15, 21), Set(A
(i)
Q ) ⊆ Set(A(8)

Q ) (i = 12, 16, 22),

Set(A
(13)
Q ) ⊆ Set(A(3)

Q ), Set(A
(14)
Q ) ⊆ Set(A(4)

Q ), Set(A
(9
Q) ⊆ Set(A(5)

Q ),

Set(A
(10)
Q ) ⊆ Set(A(6)

Q ), Set(A
(21)
Q ) ⊆ Set(A(i)

Q ) (i = 11, 15, 18),

Set(A
(22)
Q ) ⊆ Set(A(i)

Q ) (i = 12, 16, 20).

Proposition 5. Let Q ∈ QQ be any abstract finite loop. Then the following
inclusions hold:

Set(A
(i)
Q ) ⊆ Set(A(1)

Q ) (i = 9, 13, 21), Set(A
(i)
Q ) ⊆ Set(A(2)

Q ) (i = 10, 14, 22),

Set(A
(i)
Q ) ⊆ Set(A(3)

Q ) (i = 11, 13, 21), Set(A
(i)
Q ) ⊆ Set(A(4)

Q ) (i = 12, 14, 22),

Set(A
(i)
Q ) ⊆ Set(A(5)

Q ) (i = 9, 15, 21), Set(A
(i)
Q ) ⊆ Set(A(6)

Q ) (i = 12, 14, 22),

Set(A
(i)
Q ) ⊆ Set(A(7)

Q ) (i = 11, 15, 21), Set(A
(i)
Q ) ⊆ Set(A(8)

Q ) (i = 12, 16, 22),

Set(A
(21)
Q ) ⊆ Set(A(i)

Q ) (i = 9, 11, 13, 15, 17, 18),

Set(A
(22)
Q ) ⊆ Set(A(i)

Q ) (i = 10, 12, 14, 16, 19, 20).
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Proceeding from definitions of associative and/or commutative magma, it is
not difficult to prove the following three propositions.

Proposition 6. Let Q ∈ QQ be any finite associative quasigroup. Then the
following equalities hold:

Set(A
(9)
Q ) = Set(A

(17)
Q ), Set(A

(10)
Q ) = Set(A

(16)
Q ), Set(A

(11)
Q ) = Set(A

(13)
Q ),

Set(A
(12)
Q ) = Set(A

(20)
Q ), Set(A

(14)
Q ) = Set(A

(19)
Q ), Set(A

(15)
Q ) = Set(A

(18)
Q ).

Proposition 7. Let Q ∈ QQ be any finite commutative quasigroup. Then the
following equalities hold:

Set(A
(i)
Q ) = Set(A

(j)
Q ) (i, j = 1, . . . , 8), Set(A

(i)
Q ) = Set(A

(j)
Q ) (i, j = 9, . . . , 12),

Set(A
(i)
Q ) = Set(A

(j)
Q ) (i, j = 13, . . . , 16), Set(A

(i)
Q ) = Set(A

(j)
Q ) (i, j = 17, . . . , 20),

Set(A
(i)
Q ) = Set(A

(j)
Q ) (i, j = 21, 22).

Proposition 8. Let Q ∈ QQ be any finite associative-commutative quasigroup.
Then the following equalities hold:

Set(A
(i)
Q ) = Set(A

(17)
Q ) (i = 1, . . . , 16, 18, 19, 20).

It should be noted, that if Q ∈ QQ is a finite associative-commutative quasi-
group, then for all elements a, b ∈ Q any SA M

(i)
a,b ∈ Set(A

(i)
Q ) (i = 1, . . . , 8)

appears as an element of the family Set(A(i)
Q ) (i = 9, . . . , 20) exactly |Q| times.

4. Families of SA in finite T -quasigroups
Let G = (Q,+) (|Q| > 2) be given Abelian group.

For any T -quasigroup Q = (Q, ◦) = (Q,+, ξ, ζ, c) ∈ FG , applying (11), we can
redefine the families of SA A

(i)
Q (i = 1, . . . , 22) as follows:

A
(1)
(Q,+,ξ,ζ,c) = {M (1)

a,b,c,ξ,ζ = (Q,Q, δ
(1)
a,b,c,ξ,ζ)|δ

(1)
a,b,c,ξ,ζ(q, x) =

= ξζ(q) + ζ2(x) + ξ2(a) + ζξ(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(2)
(Q,+,ξ,ζ,c) = {M (2)

a,b,c,ξ,ζ = (Q,Q, δ
(2)
a,b,c,ξ,ζ)|δ

(2)
a,b,c,ξ,ζ(q, x) =

= ζ2(q) + ξζ(x) + ζξ(a) + ξ2(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(3)
(Q,+,ξ,ζ,c) = {M (3)

a,b,c,ξ,ζ = (Q,Q, δ
(3)
a,b,c,ξ,ζ)|δ

(3)
a,b,c,ξ,ζ(q, x) =

= ξ2(q) + ζ2(x) + ξζ(a) + ζξ(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,
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A
(4)
(Q,+,ξ,ζ,c) = {M (4)

a,b,c,ξ,ζ = (Q,Q, δ
(4)
a,b,c,ξ,ζ)|δ

(4)
a,b,c,ξ,ζ(q, x) =

= ζξ(q) + ξζ(x) + ζ2(a) + ξ2(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(5)
(Q,+,ξ,ζ,c) = {M (5)

a,b,c,ξ,ζ = (Q,Q, δ
(5)
a,b,c,ξ,ζ)|δ

(5)
a,b,c,ξ,ζ(q, x) =

= ξζ(q) + ζξ(x) + ξ2(a) + ζ2(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(6)
(Q,+,ξ,ζ,c) = {M (6)

a,b,c,ξ,ζ = (Q,Q, δ
(6)
a,b,c,ξ,ζ)|δ

(6)
a,b,c,ξ,ζ(q, x) =

= ζ2(q) + ξ2(x) + ζξ(a) + ξζ(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(7)
(Q,+,ξ,ζ,c) = {M (7)

a,b,c,ξ,ζ = (Q,Q, δ
(7)
a,b,c,ξ,ζ)|δ

(7)
a,b,c,ξ,ζ(q, x) =

= ξ2(q) + ζξ(x) + ξζ(a) + ζ2(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(8)
(Q,+,ξ,ζ,c) = {M (8)

a,b,c,ξ,ζ = (Q,Q, δ
(8)
a,b,c,ξ,ζ)|δ

(8)
a,b,c,ξ,ζ(q, x) =

= ζξ(q) + ξ2(x) + ζ2(a) + ξζ(b) + ξ(c) + ζ(c) + c (q, x ∈ Q)}a,b∈Q,

A
(9)
(Q,+,ξ,ζ,c) = {M (9)

a,c,ξ,ζ = (Q,Q, δ
(9)
a,c,ξ,ζ)|δ

(9)
a,c,ξ,ζ(q, x) =

= ξζ(q) + ζ(x) + ξ2(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,

A
(10)
(Q,+,ξ,ζ,c) = {M (10)

a,c,ξ,ζ = (Q,Q, δ
(10)
a,c,ξ,ζ)|δ

(10)
a,c,ξ,ζ(q, x) =

= ζ2(q) + ξ(x) + ζξ(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(11)
(Q,+,ξ,ζ,c) = {M (11)

a,c,ξ,ζ = (Q,Q, δ
(11)
a,c,ξ,ζ)|δ

(11)
a,c,ξ,ζ(q, x) =

= ξ2(q) + ζ(x) + ξζ(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,

A
(12)
(Q,+,ξ,ζ,c) = {M (12)

a,c,ξ,ζ = (Q,Q, δ
(12)
a,c,ξ,ζ)|δ

(12)
a,c,ξ,ζ(q, x) =

= ζξ(q) + ξ(x) + ζ2(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(13)
(Q,+,ξ,ζ,c) = {M (13)

a,c,ξ,ζ = (Q,Q, δ
(13)
a,c,ξ,ζ)|δ

(13)
a,c,ξ,ζ(q, x) =

= ξ(q) + ζ2(x) + ζξ(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(14)
(Q,+,ξ,ζ,c) = {M (14)

a,c,ξ,ζ = (Q,Q, δ
(14)
a,c,ξ,ζ)|δ

(14)
a,c,ξ,ζ(q, x) =

= ζ(q) + ξζ(x) + ξ2(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,

A
(15)
(Q,+,ξ,ζ,c) = {M (15)

a,c,ξ,ζ = (Q,Q, δ
(15)
a,c,ξ,ζ)|δ

(15)
a,c,ξ,ζ(q, x) =

= ξ(q) + ζξ(x) + ζ2(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(16)
(Q,+,ξ,ζ,c) = {M (16)

a,c,ξ,ζ = (Q,Q, δ
(16)
a,c,ξ,ζ)|δ

(16)
a,c,ξ,ζ(q, x) =

= ζ(q) + ξ2(x) + ξζ(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,
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A
(17)
(Q,+,ξ,ζ,c) = {M (17)

a,c,ξ,ζ = (Q,Q, δ
(17)
a,c,ξ,ζ)|δ

(17)
a,c,ξ,ζ(q, x) =

= ζξ(q) + ζ2(x) + ξ(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(18)
(Q,+,ξ,ζ,c) = {M (18)

a,c,ξ,ζ = (Q,Q, δ
(18)
a,c,ξ,ζ)|δ

(18)
a,c,ξ,ζ(q, x) =

= ξ2(q) + ξζ(x) + ζ(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,

A
(19)
(Q,+,ξ,ζ,c) = {M (19)

a,c,ξ,ζ = (Q,Q, δ
(19)
a,c,ξ,ζ)|δ

(19)
a,c,ξ,ζ(q, x) =

= ζ2(q) + ζξ(x) + ξ(a) + ζ(c) + c (q, x ∈ Q)}a∈Q,

A
(20)
(Q,+,ξ,ζ,c) = {M (20)

a,c,ξ,ζ = (Q,Q, δ
(20)
a,c,ξ,ζ)|δ

(20)
a,c,ξ,ζ(q, x) =

= ξζ(q) + ξ2(x) + ζ(a) + ξ(c) + c (q, x ∈ Q)}a∈Q,

A
(21)
(Q,+,ξ,ζ,c) = {M (21)

c,ξ,ζ = (Q,Q, δ
(21)
c,ξ,ζ)|δ

(21)
c,ξ,ζ(q, x) = ξ(q) + ζ(x) + c (q, x ∈ Q)},

A
(22)
(Q,+,ξ,ζ,c) = {M (22)

c,ξ,ζ = (Q,Q, δ
(22)
c,ξ,ζ)|δ

(22)
c,ξ,ζ(q, x) = ζ(q) + ξ(x) + c (q, x ∈ Q)}.

It is evident that for any family of SA A
(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) all results

obtained in Section 3 are true. Moreover, due to Remark 2, for T -quasigroups,
Proposition 8 is the strongest one among Propositions 5, 6, and 8. Therefore, for
a T -quasigroup (Q,+, ξ, ζ, c) ∈ FG with additional restrictions on the operation in
it (see subsection 2.2), Propositions 3, 4, 7, and 8 can be reformulated as follows:

In Proposition 3, the phrase "Let Q ∈ QQ be any abstract finite quasigroup
with the left unit" can be replaced by "Let G = (Q,+) (|Q| > 2) be any finite
Abelian group, and (Q,+, ξ, εQ, c) ∈ FG be any T -quasigroup with the left unit".
Besides, in all inclusions the symbol Q can be replaced by (Q,+, ξ, εQ, c).

In Proposition 4, the phrase "Let Q ∈ QQ be any abstract finite quasigroup
with the right unit" can be replaced by "Let G = (Q,+) (|Q| > 2) be any finite
Abelian group, and (Q,+, ξ, εQ, c) ∈ FG be any T -quasigroup with the right unit".
Besides, in all inclusions the symbol Q can be replaced by (Q,+, ξ, εQ, c).

In Proposition 7, the phrase "Let Q ∈ QQ be any abstract finite commutative
quasigroup" can be replaced by "Let G = (Q,+) (|Q| > 2) be any finite Abelian
group, and (Q,+, ξ, εQ, c) ∈ FG be any commutative T -quasigroup". Besides, in
all inclusions the symbol Q can be replaced by (Q,+, ξ, εQ, c).

In Proposition 8, the phrase "Let Q ∈ QQ be any abstract finite loop" can
be replaced by "Let G = (Q,+) (|Q| > 2) be any finite Abelian group, and
(Q,+, ξ, εQ, c) ∈ FG be any loop". Besides, in all inclusions the symbol Q can be
replaced by (Q,+, ξ, εQ, c).

Fundamental theorem for finite Abelian groups (see Subsection 2.2) makes it
possible to represent SA M ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) by the parallel com-

position of SA over T -quasigroups determined by cyclic groups of prime-power
order.
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Remark 5. The parallel composition of SA Mi = (Qi, Xi, δi) (i = 1, . . . , n) is the

SA
n⊗
i=1

Mi = (
n⊗
i=1

Qi,
n⊗
i=1

Xi, δ), where

δ((q1, . . . , qn), (x1, . . . , xn)) = (δ1(q1, x1), . . . , δn(qn, xn))

for all (q1, . . . , qn) ∈
n⊗
i=1

Qi and (x1, . . . , xn) ∈
n⊗
i=1

Xi.

Indeed, let G = (Q,+) (|Q| > 2) be an Abelian group that satisfies to (12),
and (Q,+, ξ, ζ, c) ∈ F̃G . Setting

a = (a11, . . . , a1k1 , . . . , am1, . . . , amkm), b = (b11, . . . , b1k1 , . . . , bm1, . . . , bmkm),

ξ = (ξ11, . . . , ξ1k1 , . . . , ξm1, . . . , ξmkm), ζ = (ζ11, . . . , ζ1k1 , . . . , ζm1, . . . , ζmkm),

c = (c11, . . . , c1k1 , . . . , cm1, . . . , cmkm),

we get the following representations of SA M ∈ A
(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) by the

parallel composition of SA over cyclic groups of prime-power order:
1. If M (i)

a,b,c,ξ,ζ ∈ A
(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 8) then

M
(i)
a,b,c,ξ,ζ

∼=
m⊗
j=1

kj⊗
h=1

M
(i)
ajh,bjh,cjh,ξjh,ζjh

. (27)

2. If M (i)
a,c,ξ,ζ ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 9, . . . , 20) then

M
(i)
a,c,ξ,ζ

∼=
m⊗
j=1

kj⊗
h=1

M
(i)
ajh,cjh,ξjh,ζjh

. (28)

3. If M (i)
c,ξ,ζ ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 21, 22) then

M
(i)
c,ξ,ζ
∼=

m⊗
j=1

kj⊗
h=1

M
(i)
cjh,ξjh,ζjh

. (29)

Applying (13), (14), (20) and (21) to the representations (27)-(29), the follow-
ing theorem can be proved.

Theorem 4. Let G = (Q,+) (|Q| > 2) be an Abelian group that satisfies to (12),
and (Q,+, ξ, ζ, c) ∈ F̃G. Then for any SA M ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) time

and space complexity for computation the value of the transition mapping are equal,
correspondingly, to

TM = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞), (30)
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VM = O(

m∑
i=1

ki∑
j=1

dij log pi) (|Q| → ∞). (31)

Remark 6. If computations of transition mappings for components in the parallel
composition of SAM ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) can be implemented in parallel,

then, due to (15) and (22), for SA M time complexity for computation the value
of the transition mapping can be reduced to

TM = O( max
i=1,...m

max
j=1,...ki

dij log pi) (|Q| → ∞). (32)

By comparing (30), (31) with (23), (24), we conclude that for any T -quasigroup
(Q,+, ξ, ζ, c) ∈ F̃G it is reasonable to use SA M ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) as

mathematical models for the families of fast iterated hash functions.

5. Families of SA in elliptic curves over finite fields
Let γ be any elliptic curve over a finite field, and (γ∪{0},+Gγ , χm1

, χm2
, P ) ∈ FGγ

be any T -quasigroup. To transform the families A
(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) into

the families A(i)
(γ∪{0},+Gγ ,χm1

,χm2
,c) it is sufficient to substitute:

1) γ ∪ {0} instead of Q;
2) P1, P2, P ∈ γ, correspondingly, instead of a, b, c ∈ Q;
3) χm1

, χm2
∈ Aut(Gγ), correspondingly, instead of ξ, ζ ∈ Aut(G);

4) +Gγ instead of +.
It is evident that for the families of SA A

(i)
(γ∪{0},+Gγ ,χm1

,χm2
,c) (i = 1, . . . , 22) all

results obtained in Section 4 are true. Hence, A(i)
(γ∪{0},+Gγ ,χm1

,χm2
,c) (i = 1, . . . , 22)

can be considered as basic families of SA defined by a recurrence relation in a T -
quasigroup (γ ∪ {0},+Gγ , χm1 , χm2 , P ) ∈ FGγ .

The following another approach to definition families of SA in an elliptic curve
γ over a finite field has been proposed in [22].

Let Fγ = {χm|m = 1, . . . , |γ|}. For any fixed integer l ∈ {1, . . . , |γ|} we can
define the family of SA

Aγ,l = {Mχm,P = (γ ∪ {0},Zl+1, δχm,P )}χm∈Fγ ,P∈γ ,

where
δχm,P (q, x) = χm(q) +Gγ χx(P ) (q ∈ γ ∪ {0}, x ∈ Zl+1). (33)

Let Ordr(P ) be the order of the element P in the Abelian group Gγ .

Theorem 5. Let γ be any elliptic curve over a finite field, l ∈ {1, . . . , |γ|} be any
fixed integer, and Mχm,P = (γ ∪{0},Zl+1, δχm,P ) ∈ Aγ,l be any SA. Then for any
state q ∈ γ ∪ {0} and any two different input symbols x1, x2 ∈ Zl+1 the inequality
δχm,P (q, x1) 6= δχm,P (q, x2) holds if and only if Ordr(P ) > l.
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Proof. Suppose that there exists an SA Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l
such that Ordr(P ) > l, and for some state q ∈ γ ∪ {0} and some two different
input symbols x1, x2 ∈ Zl+1 holds the equality δχm,P (q, x1) = δχm,P (q, x2).

Due to (33), we get

(∃q ∈ γ ∪ {0})(∃x1, x2 ∈ Zl+1)(x1 6= x2&δχm,P (q, x1) = δχm,P (q, x2))⇔

⇔ (∃q ∈ γ ∪ {0})(∃x1, x2 ∈ Zl+1)(x1 6= x2&χm(q) +Gγ χx1
(P ) =

= χm(q) +Gγ χx2(P ))⇔ (∃x1, x2 ∈ Zl+1)(x1 6= x2&χx1(P ) = χx2(P ))⇔

⇔ (∃x1, x2 ∈ Zl+1)(x1 6= x2&x1P = x2P )⇔

⇔ (∃x1, x2 ∈ Zl+1)(x1 6= x2&(max{x1, x2} −min{x1, x2})P = 0)⇔

⇔ (∃x ∈ {1, . . . , l})(xP = 0)⇔ Ordr(P ) 6 l.

We get a contradiction, since, by supposition, Ordr(P ) > l.
Therefore, Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l is an SA such that for any

state q ∈ γ ∪{0} and any two different input symbols x1, x2 ∈ Zl+1 the inequality
δχm,P (q, x1) 6= δχm,P (q, x2) holds if and only if Ordr(P ) > l.

From proof of Theorem 5 we get that the following corollary is true.

Corollary 1. Let γ be any elliptic curve over a finite field, l ∈ {1, . . . , |γ|} be
any fixed integer, and Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l be any SA such that
Ordr(P ) 6 l. Then for any state q ∈ γ ∪ {0} and for all two different input
symbols x1, x2 ∈ Zl+1 such that the integer max{x1, x2} − min{x1, x2} is some
multiple of the integer Ordr(P ) holds the equality δχm,P (q, x1) = δχm,P (q, x2).

Theorem 6. Let γ be any elliptic curve over a finite field, l ∈ {1, . . . , |γ|} be any
fixed integer, and Mχm,P = (γ ∪{0},Zl+1, δχm,P ) ∈ Aγ,l be any SA. Then for any
two different states q1, q2 ∈ γ ∪ {0} and any input symbol x ∈ Zl+1 the inequality
δχm,P (q1, x) 6= δχm,P (q2, x) holds if and only if χm ∈ Aut(Gγ).

Proof. Suppose that there exists an SA Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l
such that χm ∈ Aut(Gγ), and for some two different states q1, q2 ∈ γ ∪ {0} and
some input symbol x ∈ Zl+1 holds the equality δχm,P (q1, x) = δχm,P (q2, x).

Due to (33), we get

(∃q1, q2 ∈ γ ∪ {0})(∃x ∈ Zl+1)(q1 6= q2&δχm,P (q1, x) = δχm,P (q2, x))⇔

⇔ (∃q1, q2 ∈ γ ∪ {0})(∃x ∈ Zl+1)(q1 6= q2&χm(q1) +Gγ χx(P ) =

= χm(q2) +Gγ χx(P ))⇔ (∃q1, q2 ∈ γ ∪ {0})(q1 6= q2&χm(q1) = χm(q2))⇔

⇔ (∃q1, q2 ∈ γ ∪ {0})(q1 6= q2&mq1 = mq2P )⇔

⇔ (∃q1, q2 ∈ γ ∪ {0})(q1 6= q2&m(q1 −Gγ q2) = 0)⇔

⇔ (∃q ∈ γ)(mq = 0)⇔ (∃q ∈ γ)(χm(q) = 0)⇔ χm 6∈ Aut(Gγ).
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We get a contradiction, since, by supposition, χm ∈ Aut(Gγ).
Therefore, Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l is an SA such that for any

two different states q1, q2 ∈ γ ∪ {0} and any input symbol x ∈ Zl+1 the inequality
δχm,P (q1, x) 6= δχm,P (q2, x) holds if and only if χm ∈ Aut(Gγ).

From proof of Theorem 6 we get that the following corollary is true.

Corollary 2. Let γ be any elliptic curve over a finite field, l ∈ {1, . . . , |γ|} be
any fixed integer, and Mχm,P = (γ ∪ {0},Zl+1, δχm,P ) ∈ Aγ,l be any SA such that
χm ∈ Fγ\Aut(Gγ). Then for all two different states q1, q2 ∈ γ ∪ {0} such that
the integer m is some multiple of the integer Order(q1 −Gγ q2) any for any input
symbol x ∈ Zl+1 holds the equality δχm,P (q1, x) = δχm,P (q2, x).

Due to Theorems 5 and 6, and Corollaries 1 and 2, it seems promising to
use SA Mχm,P ∈ Aγ,l (χm ∈ Fγ , P ∈ γ,Ordr(P ) > l) and SA Mχm,P ∈ Aγ,l
(χm ∈ Aut(Gγ), P ∈ γ) as mathematical models for the design and implementation
of computationally secured families of iterated hash functions.

6. Discussion

The main aim of the given paper was to explore the feasibility to use SA de-
fined by a reccurence relation in a finite quasigroup as mathematical models for
computationally secure families of iterated hash functions.

Basic families of SA defined by a recurrence relation in an abstract finite quasi-
group Q ∈ QQ have been introduced and examined in Section 3. The main results
of these studies are presented in Theorem 1. Their significance is that from a
probabilistic point of view SA M ∈ A

(i)
Q (i = 1, . . . , 22) are the best in the class of

SA mathematical models for computationally secure sets HM = {H(M,q)|q ∈ Q}
of iterated hash functions.

It is known that solving equations in a quasigroup Q ∈ QQ is a hard Problem
when |Q| is sufficiently large integer. Let the initial state q ∈ Q of a SA M ∈ A

(i)
Q

(i = 1, . . . , 22) and the length l of the hashed input string w ∈ Ql be some part
of the short-term secret key. Suppose that an intruder have intercepted the hash
q′, and his aim is to find the hashed input string w ∈ Ql. Therefore, he is faced
with the family of equations H(M,q)(w) = q′ in a situation, when the integer l is
unknown to him. In the absence of additional information this Problem cannot
be solved at all. Even if the integer l is known to an intruder, then, due to
Theorem 1, any searching based either on deterministic or probabilistic approach
does not guarantee identification of the hashed input string w in the admissible
time. Due to Theorem 1, the similar situation arises if an intruder tries to change
the hashed message. The values of the parameters of SA M ∈ A

(i)
Q (i = 1, . . . , 20)

can be considered as some part of the medium-term secret key. In this case, when
an intruder tries to find the hashed input string, he must additionally identify the
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SA M ∈ A
(i)
Q . Besides, some algorithm that determines the selection of the family

A
(i)
Q (i = 1, . . . , 22) can be designed as the long-term secret key.
Any abstract quasigroup Q ∈ QQ is specified by the Cayley table, as a rule.

Hence, any SAM ∈ A
(i)
Q (i = 1, . . . , 22) has a sufficiently high time and space com-

plexity (see Theorem 2). It seems promising to define similar families of SA for
some set of quasigroups that can be specified compactly and operations in which
are fast. The set of all T -quasigroups defined by a given finite Abelian group
G = (Q,+) meets these conditions. In Sections 4 the families of SA A

(i)
(Q,+,ξ,ζ,c)

(i = 1, . . . , 22) defined in these T -quasigroups have been investigated. The repre-
sentation of SA M ∈ A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) by the parallel composition of SA

over T -quasigroups determined by cyclic groups of prime-power order reduces its
time and space complexity (see Theorem 4 and Remark 6). Investigation of the
families A(i)

(Q,+,ξ,ζ,c) (i = 1, . . . , 22) for specific Abelian groups G = (Q,+) (|Q| > 2)

can help to find the most suitable families of SA for mathematical models of fast
computationally secure families of iterated hash functions.

It is known, that elliptic curves over finite fields can be successfully used
for solving information protection problems. In Section 5 it has been shown
how the families A

(i)
(Q,+,ξ,ζ,c) (i = 1, . . . , 22) can be transformed into the fam-

ilies A
(i)
(γ∪{0},+Gγ ,χm1

,χm2
,c), where γ is an elliptic curve over a finite field, and

Gγ = (γ ∪ {0},+Gγ ) is the Abelian group associated with it. Besides, the families
of SA Aγ,l = {Mχm,P = (γ ∪ {0},Zl+1, δχm,P )}χm∈Fγ ,P∈γ (l ∈ {1, . . . , |γ|}) have
been analyzed. Obtained results justify that it is reasonable to use families of
SA in elliptic curves over finite fields as mathematical models for computationally
secure families of iterated hash functions.

7. Conclusion

In the given paper, some fragment of the Algebraic Theory of SA in finite quasi-
groups has been developed. The main aim of these studies was to elaborate some
theoretic backgrounds for possible using these SA as mathematical models for
the design and implementation of computationally secure families of iterated hash
functions. To achieve this aim, basic families of SA in abstract finite quasigrops, in
finite T -quasigroups, and in elliptic curves over finite fields have been defined and
investigated. Obtained results form some base for developing similar fragment of
the Algebraic Theory of Automata in finite quasigroups with the aim to use them
as mathematical models for families of stream ciphers. This is the main area of
our future research.
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