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Some properties of i-quasigroups

Natalia N. Didurik and Ivan A. Florja

Abstract. We describe the relationship between some type of quasigroups containing left neutral
element with Bol and Moufang quasigroups (in the sense of Belousov) and characterize certain

pseudo-automorphisms of these quasigroups.

1. Introduction
A quasigroup (@Q, ) is

e an LIP-quasigroup (has the left inverse-property), if there exists a bijection
x — Az (x — Liz) of the set @ such that

Az (z-y) =y (1)

for all z,y € Q;
e a RIP-quasigroup (has the right inverse-property), if there exists a bijection
x — px (x — I,.x) of the set @ such that

(y-x) pr=y (2)

for all z,y € Q;

e an [ P-quasigroup (has the inverse property), if satisfies (1) and (2);

e a left Bol quasigroup, if x(y - xzz) = Rgzl (z-yx) -z for all z,y,z € Q, where
r-egx =z and R, y = yeg;

e a right Bol quasigroup, if (yz - z)x = yL; Yoz - ) for all 2,y, 2 € Q;

e a Belousov-Moufang quasigroup, if x(y - xz) ((x-yfs)x)z for all z,y, 2 € Q,
where f, -x = .

Such quasigroups (under name Moufang quasigroups) were described by V. D.
Belousov in his book [1]. Since these quasigroups are not Moufang quasigroups in
the classical sense we will call them Belousov-Moufang quasigroups (cf. [4]). Note
that a qasigroup with a neutral element is a Belousov-Moufang quasigroup if and
only if it satisfies the identity x(y - xz) = (zy - z)z (cf. [3]). So, the concept of
Belousov-Moufang loops coincides with the concept of Moufang loops.

Other undefined concepts can be found in [1], [8] and [9].
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2. i-quasigroups with non-empty distributant

According to [6], by the distributant of a quasigroup (Q,-) we mean the set D
containing of all elements d € @) such that (z-y)-d=(x-d)-(y-d),d- (z-y) =
(d-z)-(d-y) for all z,y € Q.

A quasigroup (@, -) satisfying the identity:
z(vy-z) =y (zz-x) (3)

is called an i-quasigrup.

Examples. Examples of i-quasigroups.
A. The set C of all complex numbers with the operation zoy =ix —y is an
i-quasigrup.

2 are in the center is an

B. Every group (G, -) in which of elements of the form x
1-quasigrup.

C. A commutative Moufang loop is an i-quasigroup. Also a left Bol quasigroup
is an ¢-quasigroup.

D. There is four i-quasigroups induced by the group Zs:
z-1y = (x+y)(modb5), x -2y = (2z + 4y)(mod 5),

-3y = 3z +4y)(mod5), x4y = (4x + y)(mod5)
and five i-quasigroups with neutral element that are not induced by Zs:

12345 12345 12345 12345 12345
1112345 1112345 1112345 1112345 1112345
2123514 2124153 2124531 2125134 2125413
3135421 3131524 3135214 3131452 3134251
4141253 4145231 4143152 4143521 4141532
5564132 563412 5561423 5564213 5563124

Remark 2.1. The translation Ry, where f is a left neutral element of a quasigroup
(Q,), will be denoted by R. In an i-quasigroup with a left neutral element, R? = ¢
(the identity translation) and R~ = R.

Theorem 2.2. If an i-quasigroup (Q, -) is a RI P-quasigroup, then it is a Belousov-
Moufang quasigroup with a left neutral element f and the distributant D = {f}.

Proof. From (3), for y = x, we have

’z=zx-x (4)

for all z,z € Q. From yz - 27! = y and (4) we have (z2z) 27 - 27! = 2. Then
z7 2 (xzz) =z, (5)

for all z,z € Q.
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From (3), (5), (4) we obtain z (z72) - z = 2 (2%2) = z. Consequently,
v(za™? 2) =z (Liz-2) =z, (6)

where I;z = x- 272, From (6), by replacing z with xz, we deduce I;z-xz = z. So,
(Q,-) is an I P-quasigroup, where [;z - zy = y and yx - I,z = y.

We will now prove the existence of a left neutral element. We have ye, e, L=y,
ye, ' =y, e, ' =e,. Hence, ze, -e,' = zey ey =elz=2,¢el = f, fz =z for any
z € Q. So, f is a left neutral element.

From fy-y~! = f, we obtain yy~! = f, y=! = ~lyf, I, = RI,. Therefore,
LI =R, (L)' =R*'=Rand LI, = L1,

In every IP-quasigroup ~'((zy)~") = ~'(Tly - "la) = (Tla)7t - (Tly) 7,
LI (zy) = L. Lz - I.I1y, so we have the autotopy T = (I.1;, I.I;, 1) = (R, R, R).
Hence R is an automorphism of (@, ). Thus (zy) f = «f -yf and D = {f}.

We must prove that (Q,-) is a Belousov-Moufang quasigroup, i.e. we must
prove that the identity = (y-zz) = ((z-yf)x)z is satisfied. It is sufficient to
prove that in (Q,-) there exists the autotopy 7' = (R, Ly Ry, L;*, L;).

From z (zy - z) = y(za - x) we obtain the autotopy Ty = (L', R%,L,) and
(@(zy-2)) "' = (y(zz-2)) ™", “Hay-2)-te="ewa)- Ty, (27N (2y) ) Tle =
(1 (z0) 1)L 1y,

Further, we have

Y

Sy ) e = (e 1) Ty (7)

Applying to (7) the equalities I? = I? = ¢, R? = ¢, R = [;I, = I,.I; and the
substitutions z — 27!, y =y,  — 27! we obtain (z-yz)z = (Rz - (v - Rz)) -
y. Thus, we have the autotopy T = (LyfL.R,R;',R;). Then T3 = ToT; =
(o, Ry, Ry Ly), where o = L, s L, Ry L. Since (Q,-) is an I P-quasigrup, we have
the autotopy Ty = (Ry Ly, I, Ry I, ), where I, R, I,y = (y~ L a)~t = o ~1(y™1)
= L7'Ry, LRI, =L;'R=L-1,R, Ty=(RyLy,[-1,R,a).

Therefore, o (yz) = (zy - z) - o (zf). If y = 27!, where zz=! = f, then
alz™z) = zf, aly,-1 = R, a = RL;_ll = RL-1(;-1) = RL,y, where RL,jz =
R(xf-z) = xRz = LyRz, a = LR, Ty = (Rme,LglRLgER). Thus R is an
automorphism of (@, -). Finally, we have the autotopy

T= T4 : (R7 Ra R) = (RerRa Laj,la Lz) .
This completes the proof.

Theorem 2.3. If an i-quasigroup (Q,-) with a left neutral element f is isotopic

to an abelian group, then it is a medial Belousov-Moufang quasigroup with the
distributant D = {f}.

Proof. Obviously, the isotope (Q,0), where 1oy = R™'z-y = Rx -y =xf -y, is
an abelian group with the neutral element f.
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Then Rz o (R(Rrxoy)oz) = Ryo (R(Rzox)oxz) by x(zxy-2) = y(zx-x),
which for z = f gives Rz o R(Rxoy) = Ryo (Rxox), R(Rxoy) = Ryo x,
R(z oy) = Rx o Ry. Hence R is an automorphism of the group (Q,o) and the
quasigroup (@, -). Then the distributant D = {f} .

Further, from (y o z)ox~! = y it follows R(Ry-z)-2~! =y and (y-Rx)-2~ ! =
y. Thus, (Q,-) is a RIP-quasigroup and, by Theorem 2.2, a Belousov-Moufang
quasigroup.

It is medial because from zy - uv = zu - yv’ we obtain R (Rx oy) o (Ruowv) =
R(Rzowu)o(Ryov')and zo Ryo Ruov = z0 Ruo Ryov’, which impliesv =¢'. O

Theorem 2.4. If an i-quasigroup (Q,-) with the non-empty distributant D is
isotopic to a left Bol loop, then it is a left Bol quasigroup.

Proof. Let a € D. Then a -2y = ax - ay, xy - a = za - ya for all z,y € Q. So,
L, and R, are automorphisms of (Q,-) and a® = a, LyRy = RyL4, R,L;! =
L;7'R,, R;'L, = L,R;*'. Further, a(ay - a) = y(aa o a), a(a o ya) = ya for any
y € Q. Thus, a-az = z for 2 = ya. Consequently, L2 =¢, L, = L .

The isotope (Q, o), where xoy = R, 'x- L'y, is a right Bol loop with neutral
element e = a. From ~'zo(z 0y) =y we obtain R, *("'z)- LY (R 'z L y) =y
and Ry 'z LY (R'x-Lly) = RyMa- (Lo Ry e L2y) =y, RV R, Loz (zy) = v,
Lix(zy) =y, where [; = R;' IR, Ly,.

Hence, an i-quasigroup (Q, -) is an LI P-quasigroup and an isotope of a left Bol
loop, so it is a left Bol quasigroup. 0

Theorem 2.5. An i-quasigroup (Q,-) with the non-empty distributant D is a left
Bol quasigroup if and only if

zTa - TY = TT - ay (8)
holds for all x,y € Q and fized a € D.

Proof. From a-xy = az-ay and xy-a = xa-ya it follows ax-a = a-xa, RyL, = Ly R,
and a? = a. Hence, L, and R, are automorphisms of the quasigroup (Q,-) and
the loop (Q,0), where zoy = R, 'z - L 1y.

The identity (3) from the definition the i-quasigroup, for x = z = a ant ¢t = ya,
gives a-at = t. So, L2 = ¢. Thus, a(aa - z) = a(za - a) implies L, = R2.

Let L = L, and R = R,. Then z oy = R~ 'z - L'y, and consequently
2y = Rx o Ly. Hence, Rx o L(R(RxoLy)oLz) = Ryo L(R(Rzo Lx)o Lx),
Rzo((LR?z o LRLy) o L*z) = Ryo((LR?z 0 LRLx) o L*z). But L = R*, L? =¢,
so Rro ((xoRy)oz) = Ryo ((z0 Rx)ox), whence, replacing y with R~1y, we
obtain

Reo((woy)oz)=yo((z0 R)oa). (9)

This for y = Rz, gives (roRx)oz = (zoRx)ox, Rro((xoy)oz) = yo((xoRx)oz).
If y =271, where x o2~ ! = e = a, and e is the identity of the loop (Q,0), then

Rroz=x'o((xoRx)oz). (10)
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From (8) we have R?x o L(Rx o Ly) = R(Rz o Lz)o L?y, Lxo(LRxo L?y) =
(R?z 0 RLx) o L?y. This for z := L gives

zo(Rxoy)=(zroRx)oy. (11)
From (10) and (11) we have
Rroz=xto(zo(Rxoz)), t=zlo(zxot), (12)

fort=Rxoz x,z €Q.
So,t=R 1z V. LY (R 'z L7 t) = R~ ‘2= (L7'R~'z-t) = R RLx -at =
Lix(xt), where I; = R IRL. Thus, (Q,-) is an LIP-quasigroup.
It is an IP-loop, too. Indeed, (9) for y = e, where e is the identity of (@, o),
gives
Rro(roz)=(zo0oRzx)ouw. (13)

From (9), putting z = e, we also obtain

Rro(zoy)=yo(Rrox). (14)
Comparing these two identities, we get

(zoRx)ox=z0(Rxox), (15)

which together with (9) implies Rz o ((zoy)oz) = yo (z0(Rzox)). This for
z=y"tgives (xoy)oy !t =z So, (Q,o0) is an IP-loop.

To prove that (Q,o) is a Moufang loop satisfying the identity (Rxoz)oy =
yo (Rx ox), observe that from Rz o ((zoy)oz) =yo ((z0 Rx)ox) we obtain the
autotopy Ty = (L', RyRpe, Lrs) of (Q,0). Further, we have (Rzo((zoy)oz)) ™
= (yo((z0Rz)ox))™" and ((zoy)o2)"" o (Rz)™ = ((z0 Rx)ox) toy "
Consequently, (z71o(zoy) ™o (Rr)™ = (27 o(z0Rz)" ) oyt and

(z7 ey ea™)) e (Re) ' = (a7 o ((Re) ' o27t) oyt (16)

Since z oz~ ' = e, Rz o Rt~ = Re = e, Rx~! = (Rz)™", the condition (16)
for v .= 271, y =yt z:= 21 gives (20 (yox))oRxr = (xo(Rroz))oy.
Thus Ty = (LxLRx,Rgl,RRI) is the autotopy of (Q,0). Also T3 = T1T5 =
(LRx,RxRRngl,LRIRRz) = (LRI,a,LRwRRI), where oo = RxRRZRajl, is the
autotopy of (Q,0). Thus, Lr,Rrs (y o 2) = Lryy o az.

If y = e, then @ = Rp, and consequently, 75 = (Lgs, Rry, LrsRr:). For
r = R7'z we obtain T3 = (L, Ry, LyR;). Since (Q,0) is an IP-loop, Ty =
(LyRs, IR,I, L) = (LJ;RZ,L;l,La:) is the autotopy of (@, o). This implies the
left Bol identity zo (yo (zoz)) = (xo(yox))o 2. Since (Q,0) is an I P-loop, it is
a Moufang loop.

From (9), for y = Rz, we obtain (z o Rz)oz = zo (Rx ox). This for z = ¢
gives x o Rx = Rxox. Thus, (Rrxoxz)oz = zo(Rxox). Hence (Q,-) is invertible
from the left and it is an isotope of a Moufang loop (Q, o).
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From results obtained in [5] it follows that (Q, ) is a left Bol quasigroup.

To prove the converse statement assume that (@Q,-) is a left Bol quasigrup.
Then (Q,-) is invertible from the left and I,z - zy = y, RIjz o L(Rz o Ly) = y,
RIjwo (LRxoy) =y, RLR L™ 'z o (zoy) = y. Hence (Q,0) is left invertible.
Using (10), we obtain Rz oz = 27t o ((x o Rz)oz2) = 2 ! o (z o (Rx o 2)),
(xoRx)oz==x0(Rroz), RY R 'z -L7'Rx) - L™ '2 =R 'o- L Yz L'z
(R7%2zx-L'2)- 2 =R 'z - (L7'x-L712), (Le - Lx) - Lz = R~ 'z - (Lz - =
xr-az =R 'Lx - xz, zx- a2z =za- 2. O

b

),
)

3. Connections with Bol and Moufang quasigroups

Proposition 3.1. An idempotent i-quasigroup (Q,-) is a left Bol quasigroup.

Proof. Since (Q, ) is idempotent, (3) implies xz = zx-x. Multiplying this identity
by x we obtain zz -z = (22 -z)x =z - zz. So, xz-x = x - zx. Thus, z (zy - x) =
y (x2 . x) =yx and z (x - yz) = yx. The last, for yz = z, gives - xz = 2, so (@, -)
is an LIP-quasigroup and L2 = e. From x(xy - 2) =y - 222 = y - a2, for y := xy,
we deduce z((z - zy)z) = xy - £z, which implies x - yz = 2y - zz. Therefore, (Q,-)
is a left distributive quasigroup and L, is its automorphism.

Since
z(y-wz)=wy-(v-axz)=ay-z=R, (zy-2)-2=R_ (v yz) 2
(Q,-) is a left Bol quasigroup too. O

Remark 3.2. An idempotent i-quasigroup (@, ) isotopic to a commutative loop
is left distributive.

Remark 3.3. Every loop isotopic to an idempotent i-quasigroup is a left Bol loop

(ct. [5)).

Proposition 3.4. Ani-quasigroup (Q,-) with a right neutral element is a Moufang
loop in which x*y = yx? for all x,y € Q.

Proof. Let e by the right neutral element of an i-quasigroup (Q,-). Then e - ez =
e(ee-z) =e(ze-e) = ez, ie. ez =z Thus (Q,-) is a loop with z - zz = zz - z.
Since ~lyy = e for every y € Q, for every z € Q we have ~lyz = ~y(Tlyy-2) =
y(z - ") =y(Tly - "ly2),ie t =y- "yt for t = “lyz. Hence (Q,-) is an LIP-
loop. x(xx-y) = x(yx - x) implies 2%y = yx - x. Also, ya? = y(ex-z) = x(vy-e) =
x-xy = yx-x. Hence 2%y = ya?. Then z(z2-y) = z(yx-x) = z-yx?, which implies
rz-y = "‘z(z-yx?). This for y = ~1z gives vz - 2 = “l(z - ~22?) = “la? = 2.
So, (@, -) is a RIP-loop too. By Theorem 2.2 it is a Moufang loop. O

Proposition 3.5. Every i-quasigroup (Q,-) with a left neutral element f is an
LIP-quasigroup isotopic to the LIP-loop (Q,0), where x oy = R;lm Y.
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2z = zx - x, which for z = f

gives z2f = z2. Thus 22 (mQy . z) =y (Z:L'2 ~x2), for y = f implies 22 - 222 =
za? - 22, Hence, 22 (22%y - 2) = y(2? - 2%2).

Let 22(z2) '=f. Then 22z = 22(22(22) +2) = (22) (22222) = (2?) (2*222),
ie. t = (x2) a2 for t = 222 Therefore w(z(@?) - 2) = (2?) (2% 2) = z, s0
x(Lix - z) =z, where [jx = x - (xz) . Hence (Q, ) is an LI P-quasigroup.

The isotope (Q,0), x oy = Rx -y, of (Q,-) is a loop with the neutral element
f. From Lz - xy = y it follows RIjz o (Rx o y) =y, RLR 'z o (xoy) =1y. Then
(Q,0) is an LIP-loop. O

Proof. From z (xx - z) = x (zx - ) we have obtain x
2

Proposition 3.6. A unipotent i-quasigroup is a Belousov-Moufang quasigroup
with a left neutral element.

Proof. Let 22 = y2 = f. Then from 2?2 = zz - x we obtain fz = zz-2. In
particular, zx = f = ff = fx-x. Thus x = fzr and z = fz = zz - x for all
x,z € Q. Hence (Q,-) is a RIP-quasigroup with a left neutral element f. By
Theorem 2.2, is a Belousov—Moufang quasigroup. O

Proposition 3.7. A unipotent i-quasigroup is isotopic to an abelian group.

Proof. Let (Q,-) and f be as in the previous proposition. Then z (zy-z) =
y(zx-z)=yzand z (zf - z) = z. Hence ©(Ry - 2) = z = x([jz - z), so R = I;.
Multiplying z(zy - 2) = y(zz - ) = yz by xf and using fact that R; = I;, we
obtain xy -z = xf - yz, which for z = f gives zy - f = xf - yf. So, D = {f} and
R = I; is an automorphism of (@, -) and (Q, o), where xoy = Rx -y, 2y = Rxoy
(Proposition 3.5). Now 2y -2 = R(Rzoy)oz = (R?ro Ry)oz = (x 0 Ry) oz and
vf-yz=R(zf)o(Ryoz) = R?z0(Ryoz)=z0(Ryoz). But zy -z = af - yz,
so (xo Ry)oz=xo(Ryoz). Hence the operation o is associative. Consequently,
(Q,0) is a group. Since [;z-xy = Rx-xy =y, xo(Rx oy) = y. This for y = f gives
ro Rx = f. Hence Rx = 1. This shows that (Q,0) is an abelian group. O

Proposition 3.8. Ani-quasigroup (@, -) with a left neutral element f is a Belousov-
Moufang quasigroup if and only if R = Ry is its automorphism.

Proof. Let (Q,-) be a Belousov-Moufang quasigroup with a left neutral element,
then it is a right Bol quasigroup, (cf. [3]). Hence (zz-y)x = z - L]?: (xy-z) =
z- L;l(xy -x) = z(axy - x). This for x = f and z = vf gives

zy-f=xf yf. (17)

So, Ry is an automorphism of (@), -).

Conversely, let Ry be an automorphism of an i-quasigroup (@, -). Since yy~! =

f, by Proposition 3.5, (Q, ) is an LI P-quasigroup. Therefore, ~'z - xy = y. This
together with ~ly - (Tly)~! = f gives (“'y)~! = yf. Thus, I,[; = R;. But
Rfc =e =150 I, = R¢l; and y~' = ~lyf. Consequently, from (17), we obtain
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() - f = of - lyf = af -y, which by (3), gives “'ya® = “y(fz - x) =
w(z(Tly)-f) =z(xfy™h) = fly tex) = f(aPy™') = 2Py~ " So, “lya® = 2Py,
which implies 72 = y - 22y~ 1. Consequently, x = ~ta(y - 22y~1).

Since (Q,-) is an i-quasigroup, z(zy - y~1) = y(a? - y=1). Hence, vy -y~ ! =
“lz(y(2?-y~1)) = . Thus 2y -y~ = z. Therefore (Q, -) is a RIP-quasigroup. By
Theorem 2.2 it is a Belousov-Moufang quasigroup. O

4. Alternative and elastic i-quasigroups

Proposition 4.1. A left (right) alternative i-quasigroup (Q,-) is a Moufang loop
in which x%y = yx? for all x,y € Q.

Proof. Let (Q,-) be a left alternative i-quasigroup. Then x - 2y = 2%y and for
every y € @ there is f, such that y = f,y. Thus y = f, - fyy = fy2y implies
ny = fy. Hence, f, - fyz = fygz = fyz,le fyz=zforally,z€ Q. So, f=f,isa
left neutral element of (Q, ). Moreover, x(zf -y) = f(2? - y) = 2% -y = - 2y, i.e.
xf =z for any x € Q. This means that (Q,-) is a loop.

Now let (Q,-) be a right alternative i-quasigroup. Then yz - x = yz? and for
every y € @ there is e, such that y = ye,. Thus y = ye, - ey =y - ei implies
ei = ey. Hence, ze, - ¢, = zez = zey, i.e. zey =z forally,z € Q. So,e=¢y, isa
right neutral element of (Q,-). Also, 22 = x(ze-e) = e(2?-e) = ex?. Consequently,
ex - x = ex? = 2%, which implies ez = x. Thus, as in the previous case, (Q,-) is a
loop.

Proposition 3.4 completes the proof. O

Proposition 4.2. The set of all local right neutral elements of an elastic i-quasi-
group forms a left Bol quasigroup.

Proof. Let (Q,-) be an elastic i-quasigroup. Then zy - x = x - yx for z,y € Q and
the set of all its local neutral elements has the form E = {e, |ze, =z, € Q}.
From (3) and 2y -« = x-yx we obtain zz-z = zx-x. Thuse.e, -z = ze,-e, = z

which implies e? = e, for every z € Q. Hence

€z €Y = ez<€z ' yez) = y(ezez ' ez) =Y.

So, e, - e,y =y for all y,z € Q. Therefore, e,(e,y - 2) = y(e2 - 2) = y - e,2. This
for y := e,y gives e, - yz = e,y - ey2. In particular, e,y = e, - ye, = ezy - ezey. So,
€y€y = €¢ y. This means that the set F is closed under the quasigroup operation.

For e,, e, € E, the equation e,z = ¢; is solved by x = e,ep, € E. The equation
yeq = ey is solved by d = e, - epe,. Indeed, since ez = e,, ezy = ye, - e, and
e, ey =y for all y,z € Q, for d = eqep - e, we have de, = (eqep - €4)eq =
€2 - eqep = €4 - €qep = ep. This shows that (E, ) is a subquasigroup of (Q, ).

To show that (F,-) is a left Bol quasigroup observe that from the above for all

z,y,2 € Ewehave 2> =2, e, =2, z-xy=yand z-yz = xy-zz. Thus

z(y-zz)=xy- (v zz)=2y-z=R; ' (zy-2)-2=R_'(zy - 2)- 2.
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Thus, (F,-) is a left Bol quasigroup. O

Proposition 4.3. Ani-quasigroup (Q, -) with a left neutral element f is a Belousov-
Moufang quasigroup if and only if it satisfies the identity:

zx-x = zf - zx. (18)

Proof. Let an i-quasigroup (@Q,-) with a left neutral element f be a Belousov-
Moufang quasigroup. Then, as in the proof of Proposition 3.8, it is a right Bol
quasigroup and (zz - y)z = z - LJ?: (zy-z) = z(zy - x).

This for z = f and z = vf gives vy - f = vf -yf. Thus, R = Ry is an
automorphism of (@, ) and the loop (Q, o), where x oy = Rx - y.

From z(zy - 2) = y(zx - ©) we obtain

Ruo((zoy)o2) =yo((z0 Re)ox). (19)
This for y = Rz gives

(xoRx)oz=(z0Rzx)ou, (20)
and

zo(Rrxox)=Rxo(roz), (21)
for z = f, and

(zoRx)ox = Rxo(xoz), (22)
fory = f.

Thus, zo (Rxox) =Rro(zroz)=(z0Rx)ox = (zo Rx) oz Hence,
zo(Rrox)= (zoRx)oz (23)

and x o Rr = Rx o x. Therefore Rz - (R2x . x) =R (RQZ‘ . x) - z. Consequently,
zf cxx=x(xf 2)= f(zx x) =22 x.

Conversely, let (@, -) be an i-quasigroup with a left neutral element f. Then
from (3), for © = y, we obtain zx - z = zx - x, which for x = f gives z = zf - f. So,
R? =cand Ry = R;l = R. By putting z =y, z = f in (3) we get 2> f = 2.

The quasigroup (@, o), where z oy = R;lx -y = Rx -y, is a loop and f is
its neutral element. Since zy = Rx oy, from zx - 2 = zx - ¢ and (18), we obtain
zf-xx = xx -z, and consequently, zo (Rrox) = R(zx)oz =xzxoz = (Rrox)oz.

So,

zo(Rxox)=(Rxox)oaz.

Also z? (ny . z) =y (xQxQ . z) From this, putting y = f, we get

Therefore 22z = 2%(22(2?) 71 2) = (2?) 71 (2222 - 2) = (2?) 71 (2? - 222), which gives
222 = (22)~1(2? - 2%2). So,
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for all z,t € Q, t = 2%2.

On the other hand, z(z(z?)~! - 2) = (22)7}(2? - 2) = 2, for 2 = zv implies
x(x?)~1 2v = v. Thus, [jz-2v = v for [jz = z(2?)~!. This shows that (Q, ) is an
LIP-quasigroup. Also (Q, o) is an LI P-quasigroup (LI P-loop) because [;z-zy =y
means that RIjx o (Rxoy) =y. Hence, RLR 'z 0 (zoy) =y.

Now from (3), we obtain

Rz o(R(Rxoy)oz)=Ryo (Rz*>o0z) = Ryo (2?0 z)
=Ryo((Rxox)oz)=Ryo(zo(Rxox)).
Therefore
Rro(R(Rxoy)oz)=Ryo(zo(Rxoux)), (24)
which for z = f gives
RroR(Rroy)=Ryo(Rxox).
From this, applying (23), (20) and (22), we obtain
RroR(Rroy)=Ryo(Rrxox)= (Rrox)oRy= Rxo(xoRy).

So, R(Rxoy)=x0Ry and R(xoy) = Rxo Ry. Hence R is an automorphism of
(Q7 O) and (Qv )

Then, using (21), we can rewrite (24) in the form

Reo((woy)oz) =yo (Rao(ro2)). (25)

By substituting z = y~!, where y=! o (y 0 2) = 2, we can see that (Q,o) is a

RIP-loop. Consequently, (Q,o) is an I P-loop.
It is a Moufang loop too. Indeed, (25) can be written as

LRw(L:vy © Z) =Yyo Ry RRs2,

whence, replacing y with L'y, we get Lg,(yoz) = L'y o R,Rg,z. This shows
that Ty = (ngl7 R, RR, LR;C) is an autotopy of (@, o).

Moreover, from (19) we have (Rz o ((xoy)oz))™! = (yo ((z0 Rr)ox))™ !,
which gives

(=" oy or ™)) o (Re) ! = (@ o (Ra) o2 )) oy,

Thus also 7o = (L;'LyL, Ry, RyL) and T3 = Ty 'Ty = (LR, RRe» RReLR:) =
(Lg, Ray RoLy), where a = Rz, are autotopies of (@,0). Thus (Q,-) is an LIP-
quasigroup, and consequently I P-quasigroup isotopic to a Moufang loop.

Since (Q,0) is an IP-loop, then T5 = (RyLy,IR,I,L,) = (RyLs, L', Ly)
is an autotopy too. Thus L,(y o 2) = RyL,yo L;'z for all 2,4,z € Q. This
gives the identity z o (y o (x 0 2)) = ((x 0 y) o x) o z and shows that (Q,o) is
a Moufang loop. Moreover, from 271 o (z oy) = (yox) oz~ = y it follows
R(R-z)-27' = (R?y-Rx)-27' = (y- Re)z~! = y. Thus (Q,-) is a RIP-
quasigroup, and consequently, I P-quasigroup isotopic to a Moufang loop. Hence,
by results proved in [3], it is a Belousov-Moufang quasigroup. O
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5. Pseudo-automorphisms of i-quasigroups

A bijection 0 of @ is called a left pseudo-automorphism of a quasigroup (Q,-) if
there exists at least one element k € @ such that k- 0(zy) = (k- 6x) - Oy for all
x,y € Q, ie. if T = (Ly,0,L;0) is an autotopy of a quasigroup (Q,-). The
element k is called a companion of 6 (cf. [1] or [9]).

Proposition 5.1. If a bijection o of an i-quasigroup (Q,-) with a left neutral
element f is its left pseudo-automorphism with the companion k, then k is a left
Bol element, i.e. k(z-ky) = (k- xk)y holds for all z,y € Q.

Proof. Let e, be such that ke, = k. Then k- 0(zy) = (k- 0x) - Oy for Oz = e, gives
00~ ter-y) = Oy. Thus, 6~ te,-y = y. Hence, ex = 0f. So, Ty = (L0, 0, Li0) is an
autotopy of (@, -). Since, by Proposition 3.5, (@, -) is an LIP-quasigroup, we have
the autotopy To = (I[;L0I;, L;,0,0). Then T3 = Tng_l = (fy,Lk,Lgl) also is an
autotopy, i.e. L;l(yz) = vy - Lz for some ~. By putting z = e, we can see that
v = R;'L;'Re,. But Ty' = (Ry'L;'Re,, L, L;; ') ™t = (R'LyRi, L', Ly)
also is an autotopy of (Q,-). Thus, k(z - ky) = R (k-ak) -y forall z,y € Q. O

Example. The set @ of all rational numbers with the operation x oy =y — x is
an j-quasigroup with f = 0 as a left neutral element. The left translation L, of
(Q, o) is a left pseudo-automorphism with the companion & = —%. Hence (Q, o) is
a left Bol quasigroup.

Proposition 5.2. If in an i-quasigroup (Q,-) with a left neutral element f the
translations L, and Ry, are left pseudo-automorphisms with the companion k, then
a=erf and b = ey, where ke = k.

Proof. From k- L, (zy) = (k- Lax) - Loy we obtain k (a - xy) = (k- ax) - ay. This
for x = f, gives k =k -af. Thus af = e, hence af - f = exf and a = e f.
In the case of R} the proof is very similar. O

Proposition 5.3. If an i-quasigroup (Q, -) with a left neutral element f is isotopic
to an abelian group, then L, and Ry, where a = ey f, b = ey, are its left pseudo-
automorphisms with the companion k.

Proof. Consider the isotope (@, o), where zoy = Rx-y. Then (Q,0) is a loop and
f is its neutral element. Thus (@, o), as a loop isotopic to an abelian group, is an
abelian group (cf. [1] or [9]).

We will now show that L, s is a left pseudo-automorphism of (Q,-) with the
companion k. To this aim, note that

A=k-Le,f(zy) =k(epf xy) = Rk o (R?e o (Rxoy)) =kfo(ego(Rroy)),
and
B=(k-Leysw) Leysy = (k- (exf -2)) - (exf -y) = R(Rk o (ex o)) o (ex 0 y)
=koerfoxfoe,oy=koepfo(eroRroy).
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Since R is an automorphism of (Q,0) and R? = ¢, we have R (koeyf) =
Rko R%ej, = k- e, = k = R(kf), which implies kf = koepf. Thus A = B. This
shows that L., ¢ is a left pseudo-automorphism of (Q, -) with the companion k.

Analogously, we can show that C = D, where C = k- R, (zy) = k (xy - ex) =
kfo(R(Rxoy)oer)=kfoxoRyoe, and D = (k-Re,x)-Re,y = (k-zer)- (yer) =
R(RkoRxoep)o Ryoep =koxoepfoRyoe. O
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