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Characterization of inverse ordered semigroups

by their ordered idempotents and bi-ideals
Kalyan Hansda and Amlan Jamadar

Abstract. We prove that an ordered semigroup is complete semilattice of group-like ordered
semigroups if and only if it is completely regular and inverse. The relation between principal bi-
ideals generated by two inverses of an element in an inverse ordered semigroup has been presented
here. Furthermore we bring the opportunity to study complete regularity on an inverse ordered
semigroups by their bi-ideals.

1. Introduction

Inverse semigroups have a natural ordering which has deep impact on their struc-
ture. The study of behavior of inverses of an element in ordered semigroups had
been an area of interest among the semigroup theorists since last fifty years. Bhu-
niya and Hansda [1] have deal with ordered semigroups in which any two inverses
of an element are H-related. Class of these ordered semigroups are natural gen-
eralization of class of inverse semigroups (without order). We call these ordered
semigroups as inverse ordered semigroups.

We characterize inverse ordered semigroups by their ordered idempotents. We
study complete regularity in an inverse ordered semigroup and explore the look
of resulting ordered semigroup. Keeping in mind that bi-ideals have been studied
more, we give several characterizations of inverse ordered semigroups by their bi-
ideals.

2. Preliminaries

An ordered semigroup is a partially ordered set (5,<), and at the same time a
semigroup (S, -) such that for all a,b,z € S a < b implies za < zb and ax < bzx. It
is denoted by (S, -, ).
For every H C S, we define (H] = {t € S : ¢ < h, for some h € H}.
Throughout this paper unless otherwise stated S stands for an ordered semi-
group. An equivalence relation p is called a left (right) congruence on S if for
a,b,c € S apb implies capcb (acpbc). By a congruence we mean both left and
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right congruence. A congruence p is called a semilattice congruence on S if for
all a,b € S apa® and abpba. By a complete semilattice congruence on S we mean
a semilattice congruence o on S such that for a,b € S a < b implies that acab.
An ordered semigroup S is called a complete semilattice of subsemigroups of type
7 if there exists a complete semilattice congruence p such that (z), is a type 7
subsemigroup of S.

Let I be a nonempty subset of an ordered semigroup S. I is a left (right) ideal
of S, if ST CI (IS CI)and (I] =1. Iis an ideal of S if it is both a left and a
right ideal of S.

Following Kehayopulu [4], a nonempty subset B of an ordered semigroup S
is called a bi-ideal of S if BSB C B and (B] = B. Here our aim is to study
completely regular and inverse ordered semigroups by their bi-ideals.

The principal [5] left ideal, right ideal, ideal and bi-ideal [4] generated by a € S
are denoted by L(a), R(a), I(a)and B(a) respectively and have form

L(a) = (aUSal, R(a) = (aUaS], I(a) = (aUSaUaSUSaS]| and B(a) = (aUaSal.

Kehayopulu [5] defined Greens relations £, R, J and H on an ordered semi-
group S as follows:

alb if L(a) = L(b),

aRb if R(a)= R(b),

aJb if I(a) =1(b),
H= LN R.

These four relations are equivalence relations on S.

A regular ordered semigroup S is said to be a group-like (resp. left group-
like) [1] ordered semigroup if for every a,b € S, a € (Sb] and b € (aS] (resp.
a € (Sb]). A right group-like ordered semigroup can be defined dually. Two
elements a,b € S are said to H-related if aHb. An ordered semigroup S is called
an regular (completely reqular ) [3] if for every a € S, a € (aSa] (a € (a%Sa?)).
An element b € S is inverse of a if a < aba and b < bab. The set of all inverses
of an element a € S is denoted by Vg(a). Two elements a,b € S are said to
H-commutative [1] if ab < bza for some = € S. A regular ordered semigroup S is
called inverse [1] if for every a € S and d’,a” € V(a), a’Ha", that is, any two
inverses of a are H—related.

By an ordered idempotent [1] in an ordered semigroup S, we shall mean an
element e € S such that e < e2. We denote the set of all ordered idempotents of
S by Eg(S)

For the convenience of readers we state the following three results from [1].

Lemma 2.1. Let S be completely reqular ordered semigroup. Then for every a € S
there is x € S such that a < axa? and a < a?za.

Theorem 2.2. An ordered semigroup S is completely reqular if and only if for
all a € S there exists o’ € Vg (a) such that aa’ < d'ua and a’'a < ava’ for some
u,v € 8S.
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Lemma 2.3. Let S be a completely regular ordered semigroup. Then following
statements hold in S:

1. J is the least complete semilattice congruence on S.

2. S is a complete semilattice of completely simple ordered semigroups.

3. Inverse ordered semigroup

Let S be an ordered semigroup and p be an equivalence on S. We say thatl an
ideal I of S is generated by a p-unique element b € S if bpx for any generator x of
1.

Definition 3.1. A regular ordered semigroup S is called inverse if for every a € S,
any two inverses of a are H-related.

Example 3.2. The ordered semigroup S = {a,e, f} with the multiplication de-
fined below and with the discrete order is an inverse ordered semigroup.

alelf
alal|el|f
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We present a role of ordered idempotents in an inverse ordered semigroup in
the next theorem.

Theorem 3.3. An ordered semigroup S is inverse if and only if every principal
left ideal and every principal right ideal of S are generated by an H-unique ordered
idempotent.

Proof. Suppose that S is inverse. Let I be a principal left ideal of S. Then
there exists e € E<(S) such that I = (Se]. If possible let I = (Sf] for some
f € E<(S). Then eLf and thus e < zf and f < ye for some z,y € S. Now
e < ee < eee < exfe. Therefore exf < exfexf so that exf € E¢(S). Also
exf < exferf < exf(felexf and fe < feee < fexfe < fe(exf)fe. Therefore
fe € Ve(exf). Also exf € Vg(exf). Since S is inverse, we have feHexf. Then
e <eeLexffe < fezexf for some z € S, and so e < fz1, where z; = ezexf.
Similarly f < ezy for some zo € S. So eRf. Hence eH f. Likewise every principal
right ideal of S generated by certain H-unique ordered idempotent.

Conversely assume that given condition holds in S. Let a € S and d’,a” €
V< (a). Clearly (Sa] = (Sa’a] = (Sa”a]. Since d’a,a”’a € E<(S) we have that
a’aHa’a, by given condition. Then there are s,t € S such that ' < a”asa’ and
a" < d'ata”. Thus a’Ra”. Likewise a’La”, that is a’Ha”. Hence S is an inverse
ordered semigroup. O
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In the following we show that an ordered semigroup S is inverse if and only if
any two ordered idempotents of S are H-commutative.

Theorem 3.4. The following conditions are equivalent on an ordered semigroup

S.
(1) S is an inverse semigroup;
(2) S is regular and its idempotents are H-commutative;
(3) For everye, f € E<(S), eLf(eRf) implies eHf.

Proof. (1) = (2): Obviously S is regular. Let us assume that a € S and a’,a” €
Vg (CL)

Consider e, f € E<(S). Since S is regular, so there is € S such that = €
V<(ef). Now z < xzefx implies that fxe < fre(ef)fze and ef < efzef implies
ef <ef(fre)ef. Thus ef € V(fze). Also fre < frefxe that is fre € E¢(S).
So fzre € V< (fze). Since S is inverse, so freHef. Then there are si,s5 € S
such that ef < fzes; and ef < sofre. Now ef < efzef implies that ef <
f(zesyzsafx)e. Therefore ef < fye, where y = xesiassfa. Similarly there is
z € S such that fe < ezf. Hence any two idempotents are H-commutative.

(2) = (3): Let e, f € E¢(S) be such that eLf. Then e < xf and f < ye
for some z,y € S. Now e < zf implies e < ez f, and so e < ee < exfe which
implies that exf < exfexf. So exf € E<(S). Similarly fye € E<(S). Now
e<exrf <exff <exffye Since exf, fye € E<(S), by condition (2) we have
exffye < (fye)z(exf) for some z € S . Hence e < ft, where t = yezexf.
Similarly f < ew for some w € S, so that eRf. Hence eH f. If eRf then eH f can
be done dually.

(3) = (1): Let a € S and o', a” € Vg (a). Now ad’ < aa”aa’ and aa” < ad’aa”.
So aa’Raa” which implies that aa’Haa”, by the condition (3). Also a’aHa’a.
Then o’ < a’aad’ gives that a’ < a”aza for some x € S. Therefore a’ < a”’t where
t = azxa. In similar way it is possible to obtained u,v,w € S such that a’ < ua”,

a’ < a'vand a’ <wd'. So a’Ha". Hence S is an inverse ordered semigroup.
O

Lemma 3.5. Let S be an inverse ordered semigroup. Then following statements
hold in S.

(1) aLlb if and only if a’aHb'b for some a,b € S and a’ € V(a) ' € V(b);
(2) aRb if and only if aa’HbY for some a,b € S and a’ € V(a) V/ € V< (b);

(3) for any a € S and e € E<(S) there are x,y € S such that aexd’,d’eya €
E<(S); where a’ € V(a).

(4) for any a,b € S there are x,y € S such that ab < abb/za’ab and b'a’ <
b'a'aybb'a’, where o’ € V(a) and V' € V¢ (b).
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Proof. (1): Let a,b € S be such that alb. Let o’ € Vc(a), b’ € Vg(b). Since
a < ad'a and a’a < d’ad’a, we have aLa’a which implies that bLa’a. Also bLV'b.
Hence a’alb'b. Since a’a,b'b € E<(S) and S is inverse we have a’aHb'b, by
Theorem 3.4(3).

Conversely suppose that given condition holds in S. Let a,b € S with a’ €
V< (a) and b’ € V¢ (b). Then by given condition aa’Hbb'. Also we have aLa’a and
bLY'b so that aLlb.

(2): This is similar to (1).

(3): Let a € S and e € E<(S). Also a’a € E<(S). Since S is an inverse, there
is an x € S such that a’ae < exa’a, by Theorem 3.4(2). Now aexa’ < ad'aeexa’ <
aexd’aexa’. So aexa’ € E<(S). Likewise a’eya € E<(S); for some y € S.

(4): Let a,b € S with o’ € Vg(a), b’ € Vg(b). So d'a,b'b € E<(S). Now
ab < aad’abb’b < and d'abb’ < b'bxa’a, by Theorem 3.4(2). Thus ab < abb'za abd.
Likewise b'a’ < b'a’aybb’a’; for some y € S. O

In the following theorem an inverse ordered semigroup has been characterized
by the inverse of an element of the set (eSf].

Theorem 3.6. Let S be an ordered semigroup and e, f € E<(S). Then S is
inverse if and only if for every x € (eSf] implies ©' € (fSe], where 2’ € V¢(z).

Proof. First suppose that S is an inverse ordered semigroup and = € (eSf]. Then
z < esyf for some s; € S. Let 2’ € V(). Now 2’ < 2’za’ < 2'esyfa’, and so
es1fr’ < esifr’esyfa’. Hence esyfr’ € E<(S). Similarly a’es1 f € E<(S). Now
there is so € S such that 2'es; fa' < 2'esi ffa’ < fsox'esy fo', by Theorem 3.4(2)
Also fsox'esifr' < fsox'eesifx’ < fsox'esifx'sze, for some s3 € S. Then
o' < o'z’ implies that o’ < fsea'es; fa' < fsox'es) fa'sze. Hence 2’ € (fSe].
Conversely assume that the given conditions hold in S. First consider a left
ideal L of S such that L = (Se] = (Sf] for e, f € E<(S). Then eLf, so that
e < ee < ezf for some z € S. Therefore e € (eSf]. Since e € V¢ (e) we have
e € (fSe], by given condition. Likewise f € (eSf]. This implies that eRf and
so eH f. Similarly it can be shown that every principal right ideal of S generated
by H-unique ordered idempotent. Thus by Theorem 3.3, S is an inverse ordered
semigroup. O

Corollary 3.7. The following conditions are equivalent on a regqular ordered semi-
group S.

1) S is an inverse ordered semigroup;
2) for any a € S and for any a’ € V(a), ad’,d’a are H-commutative;

(1)
(2)
(3) for any e € E<(S), any two inverses of e are H-related;
(4)

4) for any e € E<(S) and all its inverses are H-commutative;
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5) for any e € E<(S) and €' € V<(e), ee’ and €'e are H-commutative.

Proof. (1) = (2), (2) = (3), (3) = (4), and (4) = (5): These are obvious.

(5) = (1): Let e, f € E<(S) and = € V(ef). So ef < efref < ef freef and
x < zefx implies that fre < fxeeffre. So ef € V(fxe). Also fre € E<(S5).
Now ef < efzxef <effreef <effrefreef < freziefzsfre, for some 21,29 € 5,
by the given condition. So ef < fzse where z3 = xemefnfx. Similarly fe < ezyf,
for some z4 € S. So e, f are H-commutative. Hence by Theorem 3.4 S is inverse
ordered semigroup. O

We study inverse ordered semigroup together with complete regularity in the
following theorem.

Theorem 3.8. The following conditions are equivalent on a regular ordered semi-
group S.

1) S is inverse and completely regular;

2) S is a complete semilattice of group like ordered semigroups;

3) abHba whenever ab,ba € E<(S);

5) for any e, f € E<(S) eJ f implies eH f;

(1)
(2)
(3)
(4) any ordered idempotent of S is H-commutative to any element of S;
()
(6)

H=L=R=J.

Proof. (1) = (2): Let S be a completely regular and inverse ordered semigroup.
Then by Lemma 2.3, J is the complete semilattice congruence on S and every
H-class is a group-like ordered semigroup. We now prove H = J. Let a,b € S be
such that aJb. So there are x,y,u,v € S such that a < zby and b < uav. Since
S is completely regular, so there are h,g, f € S such that x < z2hxz, b < b?gb,
b < bgb?, y < yfy?, by Lemma 2.3. Now a < 22hab?gby fy? < 22haxb?gbgb®y fy>.
Let p € Ve (z2hab?g). So
22hab?g < 22hab®gpr’hab®g < 22hab®g(b?gpr?h)z?hab?g
and
b2gpx?h < b2gpx?hab?gpx?h < b?gpx?h(z?hab?g)b? gpa?h.
This shows that b?gpz2h € Vg (2?hab?g). Also
22hab?g < 22hab®gpr’hab?g < 2?hab?g(x®hab?gp?)x2hab’g
and
22hab?gp? < 2?hab?®gpar’hab®gp? < x?hab?gp? (x®hab?®g)x*hab?gp?,
which implies that 22hab’gp? € Ve (x?hab?g). Similarly p?2?hab’g € Ve (22hab?g).
Since b2gpz?h, 22hxb?gp? € Ve (22hxb?g) and S is inverse, so there is ¢ € S such
that 22hab?gp?® < b2gpx2ht. Thus
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22hab?g < 2?hab’gprhab?g < 22hab?gp? (22hab?g)?
implies that 22hab’g < b?>gpar?hat(z?hab®g)? = bs where s = bgpx?ht(x2hab?g)?.
Similarly there is s; € S such that b2gy fy? < s1b. Hence a < z2hzb?gby fy? <
bsby fy? = bsy, where s, = sbyfy?. Similarly a < s3b for some s3 € S. Likewise
b < s4a and b < ass, for some s4,85 € S. So aHb. Thus J C H. Also H C 7,
and Hence J = H. Therefore S is complete semilattice of group-like ordered
semigroups.

(2) = (3): Suppose that S is a complete semilattice Y of group like ordered
semigroups {Sy }acy. Let a,b € S such that ab,ba € E<(S). Let p be the corres-
ponding semilattice congruence on S. Then there is o € Y such that ab,ba € S,.
Since S, is group like ordered semigroups, so abHba.

(3) = (4): Let a € S and e € E¢(S). Since S is regular there is an
z € S such that ¢ < aza. Clearly az,za € E¢(S). Thus by condition (3)
axHza. So za < azru and ax < vza, for some u,v € S. Then we have a <
ara < arara < ararara < aqrurvraa = a2ta2, where ¢t = zuxvx. Now
a < da*ta® < a(a*ta’ta’ta®)a < a?(a’ta*ta’ta*ta®)a, that is a < a?ya, where
y = a*ta’ta*ta*ta®. Similarly a < aya®. Clearly a’y,ya® € E<(S).

Let e,f € E<(S) and z € Vg(ef). Then we have z < zefz. So fre <
frefre < freeffrxe and ef < efxef < effweef. So ef € Vg(fxe). Also
ef < effxeef implies that ef fxe < ef fzeef fxe, and freef < freef freef.
So ef fre, freef € E<(S) and thus ef fxeH fxeef, by the condition (3). Then
there are u,v € S such that ef fre < freefu and fzeef < veffre. Now ef <
ef frefzeef < freefuveffxe = fce; where ¢ = ze? fuvef?x. Likewise fe < edf,
for some d € S.

Now ae < a?yae. Let z € V(a?yae). So

a’yae < a’yaeza’yae < a’yae(eza’y)a’yae.

Clearly a?yaeeza’y, eza’ya?yae € E<(S) and thus a’yaeeza’yHeza’ya’yae,
by condition (3). Now ae < a?yae < a’yaeeza’ya’yae < ezays,a’yaea’yae, for
some 51 € S. So ae < esgae, where sy = za’ysia?yaca’y. Again ae < essaya’e <
esqaeszya®, for some sz € S, since ya?,e € E<(S). That is ae < essa, for some
s4 € S. Similarly ea < asse, for some s5 € S. So a, e are H-commutative.

(4) = (5): Let e, f € E<(S) such that eJ f. Then there are z,y,z,u € S such
that e < zfy and f < zeu. Now e < zfy implies that e < fhzy and e < zykf
by the given condition for some h,k € S. Similarly f < zeu gives f < esyzu and
f < zusse for some s1,s € S. Hence eH f.

(5) = (6): Let a,b € S such that aJb. Then there are s,t,u,v € S such
that a < sbt and b < wav. Since S is regular so a < azra and b < byb for some
z,y € S so that ar < azazr and by < byby. Now azxax < axsbtx < axsbybtx
that is ax < axsbybtz. Likewise by < byuazxavy. Thus axJby, and so from given
condition axHby. Similarly xaHyb. So there is ¢ € S such that ax < byc, that is
a < byca = bd, for some d = yca € S. Likewise a < pb, b < qa for some p,q € S.
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Thus aHb. So H=J. Now J =H =LNTR gives J C L and J C R. Therefore
L=J=TR.

(6) = (1): Let @ € S. Since S is regular so there exists a’ € V¢ (a). Clearly
ala'a and aRaa’. So by the given condition aRa’a and aLaa’. Now a < ad’a <
ad'ad’a < ad'ad’ad’a < aasia’ssaa for some si,s9 € S. So a < a’pa? where
p = s1a’s3. So S is completely regular.

Also let @', a” € V(a). Now ala’ala”a implies that aRa’aRa"a. Also by the
given condition we can show that alaa’La"a. So it is to check that a'Ra” and
a'La”. So a'Ha". Hence S is inverse ordered semigroup. O

4. Bi-ideals in inverse ordered semigroups

Following Hansda [2] an ordered semigroup S is completely regular if and only if for
every a € S there is some e € E<(S) such that a < ae, a < ea and B(a) = B(e).
Here our approach allows one to see the role of principal bi-ideal generated by an
inverse of an element in an inverse ordered semigroup.

Lemma 4.1. Let S be a regular ordered semigroup. Then the following conditions
are equivalent.

(1) S is a completely regular ordered semigroup;
(2) for any a € S there is a’ € V¢(a) such that B(a) = B(d');

(3) for any a € S there is ' € V(a) such that B(aa') = B(a) N B(a') =
B(a’) N B(a) = B(d'a);

(4) B(a) = B(a?) for anya € S.

Proof. (1) = (2): First suppose that S is completely regular ordered semigroup.
Let a € S. Then by Theorem 2.2 there is a’ € V¢ (a) such that aa’ < a’ua and
a'a < ava' for some u,v € S. Let x € B(a). Therefore x < a or x < asya for some
s1€8. If z <athen x < ad’a < ad’ad’a < duaaava’ = a’za’ where z = uaaav.
Again if z < asja then there is t € S such that < a’ta’. Therefore in either case
z € B(a’). Also a € B(a’). So B(a) C B(a’). Similarly B(a’) C B(a). Hence
B(a) = B(d').

(2) = (3): Suppose that condition (2) holds. Let a € S. Then there is
a’ € V¢ (a) such that a < ad’a. Let © € B(aa’). Then x < ad’ or x < aad’sad’ for
some s € S. By given condition a’ € B(a). So @’ < a or there is y € S such that
a < aya. If v < aa’sad’ and @’ < aya then z < aad’saaya. If x < aa’saa’ and
a’ < athen z < aa’saa. If z < aa’ and o’ < a then z < aa. Also if z < aa’ and
a’ < aya then © < aaya. Therefore in either case € B(a). Hence B(ad’') C B(a).
Likewise B(aa') C B(a’) and hence B(aa’) C B(a) N B(a').

Let w € B(a) N B(a'). So w € B(a) and w € B(a'). Therefore w < a or w <
asza and w < o’ or w < a’sza’ for some so, s3 € S. Since S is regular, thereis d € S
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such that w < wdw. If w < a and w < @’ then w < wdw < ada’ < ad’ada’aa’.
If w < asqa and w < @' then w < wdw < asyada’ < ad’assada’aa’. If w < asqa
and w < a’s3a’ then w < wdw < asqada’sza’ < aa’assada’ssa’aa’. If w < a and
w < a’'s3a’ then w < wdw < ada’sza’ < aa’ada’ssa’aa’. Therefore in either case
w € B(aa'). Hence B(a) N B(a’) C B(aa'). Thus B(aa’') = B(a) N B(a').

(3) = (4): Suppose that condition (3) holds. Let a € S. Then there exists a’ €
Vg (a) such that B(aa’) = B(d’a). Now a < ad’a < ad’ad’a = a(d’a)a’(aa’)a. Now
by condition (3) a’a < aa’zad’ and aa’ < a’awd’a for some z,w € S. Then a <
a(a’a)a’(aa’)a implies that a < a(aa’zaad’)a'(a’awad’a)a = a?(a’zaa’a’a’ awa’)a?.
Thus B(a) C B(a?). It is evident that B(a?) C B(a) and hence B(a) = B(a?).

(4) = (1): Suppose condition (4) holds. Therefore a < a? or a < a%s2a® and
a? < a or a® < asza for some S5, s5 € S. Therefore in either case aHa?. Since S is
regular, so a < aza for some z € S. So a < aza < a%syzs5a® for some sy, 55 € S.
Hence S is completely regular ordered semigroup. O

Corollary 4.2. A regular ordered semigroup S is completely regular if and only
if for any a € S there is o’ € V¢(a) such that B(aa') = B(a) N B(d') = B(d'a) =
B(a) = B(d').

Proof. This follows from Lemma 4.1 . O

Theorem 4.3. Let S be a reqular ordered semigroup. Then the following condi-
tions are equivalent.

1) S is an inverse ordered semigroup;

3) for any e, f € E<(S), B(ef) = B(e) N B(f);

(1)
(2) for any a € S, B(a') = B(a") for every a’,a" € V¢ (a);
3)
(4) for any e € E<(S) and x € V¢(e), B(ex) = B(xe).

Proof. (1) = (2): First suppose that S is an inverse ordered semigroup. Let a € S
and a’,a” € Vg (a). Suppose x € B(a’). Therefore x < o’ or x < a’ya’ for some
y € S. Since S is inverse, so a’Ha”. If z < o’ then z < a’aa’ < a”’syas.a” for
some S1,52 € S. Therefore x < a”'sa” where s = syas,. Again if x < a’ya’ then
there is s3 € S such that x < a”ssa”. Therefore in either case x € B(a”). Also
a' € B(a"). So B(a’') C B(a”). Similarly B(a”) C B(a’). Hence B(a’) = B(a”).

(2) = (3): First suppose that condition (2) holds and let e, f € E<(S). Let
x € Vg(ef). Therefore ef < efzef and = < zefz. So fre < frefxe. Therefore
fre € E<(S). Also ef < ef(fre)ef and fxe < frze(ef)fre. Therefore ef, fre €
V< (fze). So by the condition B(ef) = B(fxze). Clearly efH fxe.

Let w € B(ef). Therefore w < ef or w < efsief for some sy € S. f w < ef
then w < ef < efref < efrssfre for some so € S. Again if w < efsjef then
w < efsief <efsisafxe. Soin either case w € B(e). Similarly w € B(f). Hence
w € B(e) N B(f). Therefore B(ef) C B(e) N B(f).
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Again let y € B(e) N B(f). Soy < eory <esgeand y < fory < fssf,
for some s4,85 € S. Since S is inverse, there exists z € V¢ (y) such that z < zyz
and y < yzy. If y < esqe and y < fs5f then z < zyz < zesgez. Therefore
esqez < esgezesgez. So esyez € E(S). Similarly zfssf € E<(S). Now esgez <
esqezesgez < esgez(yz)esqez and yz < yzyz < yz(esqez)yz. Therefore esgez, yz €
Vg (essez). So condition (2) B(essez) = B(yz). Similarly B(zfssf) = B(zy).
Clearly esqezHyz and zfssfHzy. Now y < yzy < esgezfssf < esgezyzfssf <
eesgezyzfssff < eyzseysrzyf < efssfzsgysrzesgef for some sg,s7 € S. If y < e
and y < f then clearly B(ez) = B(yz) and B(zf) = B(zy). Now y < yzy <
ezf < eezyzff < eyzssysozyf < efzssysgzef for some sg,s9 € S. If y < e
and y < fssf then zfssf € E<(S). Now y < yzy < ezfssf < eezfssff <
ezfssfsioef < ezfssffsioef < efsiizfssfsioef for some s1g,811 € S. Again if
y < esge and y < f then esgez € E<(S). Now y < yzy < esgezf < eesqezff <
efsigesqezf < efsigeessezf < efsipesgezsizef for some si9,s13 € S. Therefore
in either case y € B(ef) and so B(e)NB(f) C B(ef). Hence B(e)NB(f) = B(ef).

(3) = (4): First suppose that condition (3) holds in S. Let e € E¢(S) and
x € Vg(e) so e,ze,ex € E¢(S). By condition (3) B(exe) = B(e) N B(xe) ,that is,
B(e) = B(e)NnB(xe). Therefore B(e) C B(ze). Again B(zee) = B(e)NB(ze) that
is B(xze) = B(e) N B(xze). So B(xe) C B(e). Therefore B(e) = B(xe). Similarly
B(e) = B(ex). Therefore B(ze) = B(ex).

(4) = (1): Suppose that condition (4) holds in S. Now ex € B(e) and ex €
B(xz). So ex < e or ex < ebje, and ex < x or ex < xbox for some by, by € S. If
ex < e and ex < x then ex < exex < ze < zexe = zae where a = ex. If ex < e
and ex < zbox then ex < exexr < xbyxe = xbe where b = byx. If ex < ebje and
ex < x then ex < exexr < xebje = wce where ¢ = eby. Again if ex < ebje and
exr < xbox then ex < exex < zboxebie = xde where d = byxeb,. Therefore in
either case ex < xse for some s € S. Similarly ze < etx for some ¢t € S. Hence e,
are H-commutative. So S is an inverse ordered semigroup, by Corollary 3.7. [

Corollary 4.4. A regular ordered semigroup S is inverse if and only if for any
e € E<(S) and x € V¢(e), B(ex) = B(e) N B(z) = B(ze) = B(e) = B(x).

Corollary 4.5. A regular ordered semigroup S is inverse if and only if for any
e, f € E<(S), eLf(eRf) implies B(e) = B(f).

Proof. Let S be an inverse ordered semigroup. Since S is inverse, eLf(eRf)
implies eH f by Theorem 3.4. So it is easy to check that B(e) = B(f).
Conversely suppose that the condition holds in S. Now B(e) = B(f) gives
that e € B(f) and f € B(e). Therefore e < for e < faf and f < eor f < eye.
In either case eRf. So eLf implies eH f. Hence S is inverse ordered semigroup
by Theorem 3.4. O

Lemma 4.6. Let S be an inverse ordered semigroup and o’ € V¢(a), b’ € V(b),
where a,b € S. Then following conditions hold on S:
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(1) aLb if and only if B(a'a) = B(b'D).
(2) aRb if and only if B(aa’) = B(bV').

Proof. (1): Let S be an inverse ordered semigroup and o’ € V¢ (a), ' € Vg (b)
where a,b € S. So by Lemma 3.5 a’aHb’'b. Let € B(a’a). Therefore x < a'a
or z < d'asja’a for some s; € S. So it is easy to verify that © € B(d'b). Also
a'a € B(V'b). So B(a'a) C B(b'b). Similarly B(b'b) C B(a'a). So B(a'a) = B(V'D).
The converse statement is obvious.
(2): Analogously as (1). O

Characterization of ordered semigroups which are both completely regular and
inverse have been presented in the next theorem.

Theorem 4.7. Let S be a reqular ordered semigroup. Then the following condi-
tions are equivalent.

1) S is completely regular and inverse ordered semigroup;

3

(1)

(2) for any a,b € S, B(ab) = B(ba) = B(a) N B(b);
(3) B(ab) = B(ba) where a,b € S and ab,ba € E<(S);
(4)

4) for any a,b € S, aLb implies B(a) = B(b).

Proof. (1) = (2): First suppose that S is completely regular and inverse ordered
semigroup. Then any ordered idempotent of S is H commutative to any element
of S by Theorem 3.8 . Let a,b € S. Since S is regular, so there are p,q,r € S
such that a < apa, b < bgb and ab < abrab. Clearly bg,pa € E<(S). Now
ab < abrab < abgbrapab < bgprabrabpspa = bssa where so = gpiabrabpspa. Let
x € B(ab). Therefore x < ab or x < absyab for some s; € S. If x < absyab,
then x < absibssa. So x < aya where y = bs1bss. Again if x < ab, then
x < abrab < abrbsga. So in either case € B(a). Also ab € B(a). Similarly
x € B(b) and ab € B(b). Hence B(ab) C B(a) N B(b).

Again let y € B(a) N B(b). Soy < aory < asqa and y < b or y < bssb
for some s4,s5 € S. Since S is regular, So there is z € S such that y < yzy.
Now if y < asga and y < bssb then y < yzy < asqazbssb < asqazbgbssb <
abgsgssazbssb < abqs684apazb55b < abq5684azb8537pab for some sg, 87 € S. Again
if y <aandy < bthen y < yzy < azb < apazbgb < abgsgpazb < abqsgzsgpab
for some sg,s9 € S. Again if y < a and y < bssb then y < yzy < azbssb <
apazbgbssb < abgsigpazbssb < abgsigzbsssiipab for some s1p,511 € S. Also if
y < asqa and y < b then y < yzy < asgazb < asgapazbgb < abgsiasiapazb <
abqsi284azs13pab for some s19, s13 € S. Therefore in either case y € B(ab). Hence
B(a) N B(b) C B(ab). Therefore B(ab) = B(a) N B(b) = B(b) N B(a) = B(ba).

(2) = (3): Suppose that the given condition (2) holds. Therefore B(ab) =
B(a) N B(b) = B(b) N B(a) = B(ba).
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(3) = (4): First suppose that condition (3) holds and let afb. So there
exists s,t € S such that a < sb and b < ta. Since S is regular, a < aza and
z < zaz for some z € V¢(a). Clearly az,za € E<(S). Now z < zaz < zsbz.
So zsb < zsbzsb. Therefore zsb € E¢(S). Similarly bzs € E<(S). So by the
condition (3) B(zsb) = B(bzs). Clearly zsbHbzs. Similarly zaHaz. Let = € B(a).
Therefore x < aor z < asja for some s; € S. If r <athen z <a <aza <azshb <
zaso8b < zsbsosb < bzssgsosh for some so, 83 € S. Similarly if x € asja then
x < bsab for some sy € S. So in either case x € B(b). Therefore B(a) C B(b).
Similarly B(b) C b(a). Therefore B(a) = B(b).

Conversely suppose that the given condition holds, that is a£b implies B(a) =
B(b) for any a,b € S. Now B(a) = B(b) implies that aRb. So aLb implies that
aRb. Therefore L C H. Also H C L. Hence £L = H. So S is completely regular
and an inverse ordered semigroup by Theorem 3.8. O

Corollary 4.8. A regular ordered semigroup S is completely reqular and inverse
if and only if for any e € E<(S) and for any a € S, B(ea) = B(e) N B(a).

Proof. For b = e we obtain the result. O
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