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Quotient hyper residuated lattices

Omid Zahiri, Rajabali A. Borzooei and Mahmud Bakhshi

Abstract. We define the concept of regular compatible congruence on hyper residuated lattices.
Then we attempt to construct quotient hyper residuated lattices. Finally, we state and prove
some theorem with appropriate results such as the isomorphism theorems.

1. Introduction

Residuated lattices, introduced by Ward and Dilworth [7], are a common structure
among algebras associated with logical systems. In this definition to any bounded
lattice (£, V, A,0,1), a multiplication ‘*’ and an operation ‘—’ are equipped such
that (£, *,1) is a commutative monoid and the pair (%, —) is an adjoint pair, i.e.,

rxy<zifandonlyifx <y — 2, Vax,y,z€L.

The main examples of residuated lattices are MV-algebras introduced by Chang
[2] and BL-algebras introduced by Hajek [4].

The hyperstructure theory was introduced by Marty [5], at the 8th Congress of
Scandinavian Mathematicians. In his definition, a function f: A x A — P*(A),
of the set A x A into the set of all nonempty subsets of A, is called a binary
hyperoperation, and the pair (A, f) is called a hypergroupoid. If f is associative, A
is called a semihypergroup, and it is said to be commutative if f is commutative.
Also, an element 1 € A is called the unit or the neutral element if a € f(1,a), for
all a € A.

Recently, R. A. Borzooei et al. introduced and study hyper K-algebras and
Sh. Ghorbani et al. applied the hyper structure to MV-algebras and introduced
the concept of hyper MV-algebra, which is generalization of MV-algebra. In
this paper, we want to introduced the concept of hyper residuated lattices and
construct the quotient structure in hyper residuated lattices and give results as
mentioned in the abstract.
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2. Preliminaries

Definition 2.1. A residuated lattice is a structure (L,V,A\,®,—,0,1) of type
(2,2,2,2,0,1) satisfying the following axioms:

(1) (L,V,A,0,1) is a bounded lattice,

(2) (L,®,1) is a commutative monoid,
(3) oy < zifand only if z <y — z, for all z,y € L.

Let (L',V/,N', &', —',0',1") and (L, V, A,®,—,0,1) be two residuated lattices.
The map f : L — L' is called a homomorphism if f(z xy) = f(x) * f(y), for all
z,y € L, where x € {®,V, A, —}

Definition 2.2. [6] A super lattice is a partially ordered set (5; <) endowed with
two binary hyperoperations V and A satisfying the following properties: for all
a,b,ce S,

SL1) a € (aVa)N(aAa),
SL2) avb=bVa,aANb=0bAa,
SL3) (avb)Ve=aV (bVe), (anb)Ac=aNn(bAc),

a€ ((avb)Nna)N((aAbd)Va),
a < bimpliesb e aVband a € aAb,
ifacecaNnborbeaVbthen a <b.
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Definition 2.3. Let A be a set, ® be a binary hyperoperation on A and 1 € A.
(A4;,1) is called a commutative semihypergroup with 1 as an identity if it satisfies
the following properties: for all z,y,z € A,

(CSHG1) 70 (yo©z)=(z0y) Oz,

(CSHG2) z0y=y0Ou,

(CSHG3) z €10

Proposition 2.4. Let (L,<) be a partially ordered set. Define the binary hy-
peroperations V and A on L as follows: aVb = {cla < candb < ¢} and
aANb={c|lc < aandc < b}, for all a,b € L.Then (L;V,A\) is a bounded su-
per lattice. [

Definition 2.5. Let (P, <) be a partially ordered set and ~ be an equivalence
relation on P. Then ~ is called regular if the set P/y = {[z]|x € P} can be
ordered in such a way that the natural map 7 : P — P/~ is order preserving.

Definition 2.6. Let v be a regular equivalence relation on partially ordered set
(P,<).

(i) By a y-fence we shall mean an ordered subset of P having the following
diagram (Figure 1), where a; < b;+1 and three vertical lines indicate the equiva-
lence modulo v. We often denote this y-fence by (a1, b,), and say that a y-fence
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b2 b3 bp—1 bn
ay ag ag an_1

Figure 1. ~y-fence

(a1,by)~ joins a1 to by,

(ii) By a y-crown we shall mean an ordered subset of P having the following
diagram (Figure 2)

by ba b3 bp—1 bn
ay ag ag an_1 an

Figure 2. y-crown

where a; < b;4+1, a, < by and three vertical lines indicate the equivalence modulo
. We often denote this y-crown by ({(a1,b,))~.
(ili) A y-crown (a1, by )~ is called vy-closed, when a;vb;, for all 4,5 € {1,2,...,n}.

Theorem 2.7. [1] Let v be an equivalence relation on ordered set (P, <) and <,
be the relation on P/vy = {[z]|x € P} defined by [x] <y [y] if and only if there is
a y-fence that joins x to y. Then the following statements are equivalent:
(1) <4 is an order on P/v,
(i4) -y is regular,
(7ii) every y-crown is y-closed. O

3. Quotient hyper residuated lattices

Definition 3.1. By a hyper residuated lattice we mean a nonempty set L endowed
with four binary hyperoperations V, A, ®, — and two constants 0 and 1 satisfying
the following conditions:
(HRL1) (L;V,A,0,1) is a bounded super lattice,
(HRL2) (L;®,1) is commutative semihypergroup with 1 as an identity,
(HRL3) a®c < bif and only if c < a — b,
where A < B means that there exist a € A and b € B such that a < b, for all
nonempty subset A and B of L.

A hyper residuated lattice is called nontrivial if 0 # 1. An element a of hyper
residuated lattice L is called scalar if |a © z| = 1, for all z € L.

Definition 3.2. Let (L;V,A,®,—,0,1) and (L'; V', N, &', —',0’,1’) be two hyper
residuated lattices and f : L — L’ be a function. f is called a homomorphism if it
satisfies the following conditions: for all x,y € L,

(1) flzVvy) < fle)V fy),
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If f satisfies (v) and the conditions (i)—(iv) holds for the equality instead of the
inclusion, f is said to be a strong homomorphism, briefly an S-homomorphism.

A homomorphism which is one to one, onto or both is called a monomorphism,
epimorphism or an isomorphism, respectively. Similarly, an S-homomorphism
which is one-to-one, onto or both is called an S-monomorphism, S-epimorphism or
S-isomorphism, respectively.

Definition 3.3. A nonempty subset F' of L satisfying
(F) 2<yandz € Fimplyye F

is called a
e hyper filterif x ©y C F, for all x,y € F,
o weak hyper filterif F <z ©y, for all z,y € F.

A filter F of L is called properif F' # L and this is equivalent to that 0 ¢ F. Let
F be a proper (weak) hyper filter of L. Then F' is called a mazimalif F C J C L
implies F' = J or J = L, for all (weak) hyper filters J of L. Moreover, hyper
residuated lattice L is called simple if {{1}, L} is the set of all weak hyper filters
of L. Obviously, in any hyper residuated lattice L, {1} is a weak hyper filter and
L is a hyper filter of L.

Remark 3.4. Clearly, any hyper filter of L is a weak hyper filter of L. Moreover,
1 € F, for any (weak) hyper filter F of L.

From now on, in this section, L and L’ will denote two hyper residuated lattices
and for convenience, we use the same notations for the hyper operations of L and
L', unless otherwise stated.

In the following, we introduced the concept of regular compatible congruence
relations on a hyper residuated lattices and verify some useful properties of these
relations. Then we attempted to fine the S-homomorphisms, whose ker are reg-
ular compatible congruence relations. Then we stated and proved isomorphism
theorems on hyper residuated lattices.

Definition 3.5. Let 6 be an equivalence relation on L and A, B C L. Then

(i) AOB means that there exist a € A and b € B such that afb,

(ii) AOB means that for all a € A, there exists b € B such that afb and for all
b € B, there exists a € A such that a6b,

Definition 3.6. An equivalence relation 6 on L is called a congruence relation if

for all z,y, z,w € L, 0y and z0w imply (x * 2)0(y *x w), where x € {A,V,®, —}.
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Proposition 3.7. Let 6 be a regular equivalence on L. Then [1] = {x € L|xz01}
is a weak hyper filter of L.

Proof. Clearly, [1] # (. Let 2,y € [1]. Since (zx ®@y)#(1 ® 1) and 1 € 1 ® 1, then
(x ®y)0f1. Hence (x ©@y) N[1] # 0 and so [1] < z @ y. Now, let z,y € L be such
that = € [1] and = < y. Then we have

and so {z,1,y,y,x,1}, forms a f-crown on L. Since 6 is regular, by Theorem 2.7,
20y and so y € [1]. Therefore, [1] is a weak hyper filter of L. O

Lemma 3.8. Let 0 be a regular congruence relation on L, L/0 = {[z]|x € L}
and <g be the relation on L/0 defined as in Theorem 2.7. For all x,y € L, define
[2]Oly] = [z ©yl, [2]Vly] = [z Vyl, [«]Aly] = [z Ayl and [z] ~ [y] = [z — y], where
[A] = {[a] |a € A}, for all AC L. Then

(1) ©,V,A and ~ are well defined,

(i4) [z] <o [y] ~ [2] if ond only if [s]ly] <o [2], where [4] < [B] if and
only if [a] <g¢ [b], for some a € A and b € B.

Proof. (i) Let [z1] = [x2] and [y1] = [y2], for some x1,x2,y1,y2 € L. Since 6 is a
congruence relation on L, we have (z; ® y1)0(x2 © y2). Let u € [21]®[y1]. Then
[u] = [a], for some a € z1 ® y1. By (21 ® y1)0(z2 ® y2), we conclude that adb, for
some b € z2 ® y2 and so [u] = [a] = [b] € [x2]O[y2]. Hence [1]O[y1] C [z2]O[y2).
By the similar way, we can prove that [23]®[ys] C [21]®[y1]. Therefore, ® is well
defined. Similarly, it is proved that V, A and ~- are well defined.

(17) Let [z]®[y] < [2]- Then there exists u € x ® y such that [u] <y [z] and
so there exists a f-fence that joins u to z. Let {ay,b,) be a -fence of L that joins
u to z, where u = a7 and z = b,,. Since v € r ©® y and u < bg, then z © y < by
and so ¢ < ¢3 € y — by. By boflas, we get (y — b2)0(y — az) whence cy0da,
for some do € y — ao. Now, from dy € y — a9 it follows that do < y — ao,
and 50 dy ® y < az < bz. Hence dy < c3 € y — bz. Since (y — b3)0(y — a3),
then c36ds, for some d3 € y — az. Hence z < c20dy < c30ds. By the similar
way, there are ¢; € y — b;, for any ¢ € {2,3,...,n} and d; € y — q;, for any
Jj €42,3,...,n— 1} such that © < co0ds < c30d; < ... < ¢p_10d,—1 < cp.
Hence the set {z,ds,...,dn_1,¢2,...,¢c,} forms a f-fence that joins z to ¢, and
so [z] <g [en]. Since ¢, € y — b, =y — 2z, we have [z] <g [y — 2] = [y] ~ [2].
Conversely, let [z] <g [y] ~ [2]. Then [z] <g [u], for some u € y — 2. Hence there
is a O-fence, (aq, by, )y, that joins = to u, where z = a; and u =b,. By a,—1 <u €
y — 2z, we get a,_1 ©y < z, whence e, 1 < z, for some e, 1 € a,_1 ©y. Since

ap—10b,_1, then (a,—1 ® y)0(b,—1 ® y) and so there exists f,_1 € b,_1 @ y such
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that f,_10e,_1. From f,_1 € b,_1 ®y it follows that b,_1 ©® y < f,—_1, whence
Gp—92 < byp_1 <y — fn_1. Hence a,,_ 20y < fr—1 and so thereis e;,_o € ap_20Y
such that e, o < f,_1. From (a,_2 ® 3)0(b,_o ® %) it follows that e, 20f, o,
for some f,,_» € b,_2 ® y. By a similar way, there are ¢; € a; ®y and f; € b; Oy
such that f;fe; and e; < fj11, foralli e {2,...,n—1} and j € {1,2,...,n —2}.
Therefore, {e1,...,en—1, f2,.-., fn_1,2} forms a O-fence that joins e; to z and so
[e1] <o [#]- Since e1 € a1 ©y =z @y, then [z]Ofy] = [z © y] <o [2]- O

Definition 3.9. Let 0 be a regular congruence relation on L. We say that <g, V
and A are compatible if they satisfy the following conditions: for all z,y € L,

(1) [z € [2]V]y] if and only if [z] <4 [y],

(#) [z] € [x]Aly] if and only if [z] <g [y]-

By a regular compatible congruence relation on L we mean a regular congruence
relation on L such that <4, V and A are compatible.

Theorem 3.10. Let 0 be a regular compatible congruence relation on L. Then
(L0, V,N,®,~,[0],[1]) is a hyper residuated lattice.

Proof. Since 6 is regular, by Theorem 2.7, <y is a partially order on L. Clearly,
[0] and [1] are the minimum and the maximum elements of (L/6, <p). Moreover,
Oy = [z ©y] = [y ® z] = [y]Oz], for any z,y € L. By the similar way,
we can show that (L/6,®,[1]) is a commutative semihypergroup with [1] as an
identity. Hence by Lemma 3.8 and Definition 3.9, (L/6,V,®, ~»,[0],[1]) is a hyper
residuated lattice. O

Example 3.11. Let ({0,a,b,¢,1}, <) be a partially ordered set such that 0 < a <
b<c<1l, L={0,a,b,¢c,1}. Consider the following tables:

Table 1

\Y, 0 a b C 1
0 {0,a,.c1} {ac1} {bcl} {c1} {1}
a {acl} {acl} {bel} {c1} {1}
b {b,c1} {byc,1} {bec1} {c1} {1}
c {c,1} {c,1} {c,1} {c,1} {1}
1 {1} {1} {1} {1y {1}
Table 2

A 0 a b c 1
T ()R () S () S (1) 0]
a {0} {a0) {a0) (a0} {0}
b {0} {a0} {b,0} {b,a,0} {b,a,0}
c {0} {a0} {b,a,0} {c,a,0} {c,a,0}
1 {0} {a,0} {ab,0} {c,a,0} {0,1,a,c}
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Table 3

— 0 a b c 1
0 {1} {1 {1 {1}
a {lac} {al} {b,1} {c1} {1}
b {Lbc} (b1} {b1} {c1} {1}
¢ A{ler A A{e} Acl} {1}
1 {le}  A{Lle} {le} {1} {1}

Let ® = A. It is easy to verify that (L;V,A,®,—,0,1) is a hyper residuated
lattice. Let 8 = {(x,2) |z € L} U {(a,b),(b,a)}. Routine calculations show that
0 is a congruence relation on L, such that V, A and <y are compatible. Consider
the partially order relation [0] < [a] < [¢] < [1] on L/#. Since the mapping
m: L — L/0 defined by w(z) = [z], for all € L is an ordered preserving map,
then 6 is regular. Therefore, by Theorem 3.10, (L;V, A, ®,~>,[0],[1]) is a hyper
residuated lattice. O

Proposition 3.12. Let 0 be a reqular compatible congruence relation on L. Then
(i) [1] is a hyper filter of L if and only if {[1]} is a hyper filter of L/6.
(i) if [1] is a mazimal weak hyper filter of L, then L/ is simple.

Proof. (i) Let [1] be a hyper filter of L. Then {[1]} is a weak hyper filter of L/6.
It suffices to show that [1]®[1] = [1]. Since 1 € [1] and [1] is a hyper filter of L,
then 1 ® 1 C [1] and so [1]®[1] = [1 ® 1] = [1]. Hence {[1]} is a hyper filter of L.
Conversely, assume that {[1]} is a hyper filter of L/6. By Proposition 3.7, [1] is a
weak hyper filter of L. Let a,b € [1]. Since [1]®[1] = [1] and [a] = [b] = [1], then
[a ®b] = [a]®b] = [1]O[1] = [1]. Hence a ® b C [1] and so [1] is a hyper filter of
L/e.

(#4) By Proposition 3.7, [1] is a weak hyper filter of L. Assume [1] is a maximal
weak hyper filter of L and F is a weak hyper filter of L. Let M = U{[z] | [z] € F}.
Then clearly, M # (. If u,v € M, then [u] € F and [v] € F and so [u ®v] =
[u]@v] N F # (). Hence there exists a € u ® v such that [a] € F and so a € M.
Hence (v ®v) N M # 0. Now, let x € M and z < y, for some y € L. Then clearly,
{z,y} formes a f-fence that joins x to y and so [z] <p [y]. Since [z] € F and F is
a weak hyper filter of L/0, then [y] € F' and so y € M. Therefore, M is a weak
hyper filter of L. Clearly, [1] C M. Since [1] is a maximal weak hyper filter of L,
then [1] = M or M = L. If M = L, then F = L/§. Moreover, if [1] = M, then
F = {[1]}. Therefore, {{[1]}, L/0} is the set of all weak hyper filters of L/6 and
so L/ is simple. 0

The converse of Proposition 3.12(ii) may not be true.

Example 3.13. Let L = {0,a,b,¢,1} and (L, <) be a partially ordered set such
that 0 < ¢ < a < b < 1. Define the binary hyperoperations V, ® and A on L as
follows: aVb={cla<cand b<c} anda®b=aAb={c|c<aand c<b}, for
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all a,b € L. Now, let — be a hyperoperation on L defined by the following table.

Table 4

— 0 a b ¢ 1
0o {1} {1} {1y {1y {1}
a {01} {1} {1} {1} {1}
b {0,1} {b,a,1} {1} {1} {1}
c {1} {1} {13 {1t {1}
1 {01} {ab1} {b1} {c1} {1}

It is not difficult to check that (L,V,A,®,—,0,1) is a hyper residuated lattice.
Let 0 = {(z,z)|z € L} U{(1,a),(a,1),(1,b),(b,1),(a,d),(b,a),(c,0),(0,c)}.
Clearly, 6 is an equivalence relation on L and L/6 = {[1],[0]}. Define a relation
< on L/ by [0] < [1] and [z] < [z], for all z € L/#. Then < is a partially order
on L/6. Moreover, the map f : L — L/6 defined by f(z) = [z], for all x € L
is an ordered preserving map and so 6 is regular. Hence By Theorem 2.7, <y is
a partially order on L/6. It is easy to check that <p==<. Clearly, [y] € [z]V]y]
([z] € [z]Aly]) if and only if [z] <g [y], for all [z],[y] € L/6. Hence 6 is a regular
compatible congruence relation of L and so by Theorem 3.10, (L/0,V, A, ®,~
,[0],[1]) is a hyper residuated lattice. Since L/0 = {[0],[1]}, then L/6 is simple.
Moreover, F = {1,a,b,c} is a weak hyper filter of L and [1] C F C L and so
[1] = {1, a,b} is not a maximal weak hyper filter of L. Therefore, the converse of
Proposition 3.12 (i) may not be true. O

Let L and L’ be two hyper residuated lattices and f : L — L’ be a homomor-
phism. It is straightforward to check that ker(f) = {(z,y) € L x L| f(z) = f(y)}
is an equivalence relation on L. In Theorem 3.14, we want to verify this relation.

Theorem 3.14. Let f : L — L' be an S-homomorphism and 6 = ker(f). If
f(x) < f(y) implies there is a O-fence that joins x to y, for all x,y € L, then

(1) 0 is a regular compatible congruence relation on L and L/ker(f) is a hyper
residuated lattice,

(i1) [ induces a unique S-homomorphism f : L/ker(f) — L' by f([z]) = f(x),
for all x € L such that Im(f) = Im(f) and f is an S-monomorphism.

Proof. (i) Let a6y and ufv, for some z,y,u,v € L. Then f(z) = f(y) and
f(u) = f(v). Since f is an S-homomorphism, then f(z Au) = f(z) A f(u) =
fy) A f(v) = f(y Av) and so (x A u)f(y Av). By the similar way we can prove
the other cases. Now, we show that 6 is regular. Let ({(a1,b,))s be a f-crown of
L. Then f(a;) = f(b;), for all i € {1,2,...,n}. Since a; < b;11, then a; € a; A b,y
and so f(a;) € f(ai Abit1) = f(ai) A f(biy1) = f(ai) A f(ait1). Similarly, a, < by
implies that f(a,) < f(b):. Hence f(a;) < f(aiy1), for all ¢ € {1,2,...,n — 1}
and 50 f(z) = f(a1) < f(@) < f(3) < - < flan1) < flan) < F(b1) = Flar).
Therefore, f(a;) = f(b;), for all 4,5 € {1,2,...,n} and so [a;] = [a;] = [bx],
for all 4,5,k € {1,2,...,n}. By Proposition 2.7, 6 is regular. In the follow, we
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show that [z] € [z]Ay] & [z] <o [y] & [y] € [z]V][y]. Let [z] <g [y], for some
x,y € L. Then there exists a f-fence, {(a1,b,) that joins x to y, where © = a
and y = b,. By a1 < by, it follows that f(a1) € f(a1) A f(b2) = f(a1) A f(az2)
and so f(a1) < f(ag). By a similar way, we can show that f(a;) < f(a;t1), for
all i € {1,2,...,n — 1}. Since f(an—1) < f(bn) = f(y), then we conclude that
f(@) < f(y) and so f(z) € f(x) A fy) = flzAy) (fly) € f(2)V fy) = flzVy)).
Hence f(z) = f(a), for some a € x Ay (a € x V y), whence [z] € [x A y] = [z]A]y]
(ly] € [z vy] = [2]V[y]). Conversely, let [z] € [z Ay] = [z]Aly] ([y] € [V y] =
[z]V[y]), for some z,y € L. Then thereis a € xAy (a € xVy) such that [z] = [a] and
5o f(z) = f(a) € fwAy) = F@) A F) (fz) = Fla) € £z v y) = F@2) V (1),
Hence f(z) < f(y), whence by hypothesis, there is a f-fence that joins x to y.
That is [z] <¢ [y]. Therefore, 6 is a regular congruence relation on L and 6, V, A
are compatible and so by Theorem 3.10, (L/ker(f),V,A,®,~,[0],[1]) is a hyper
residuated lattice.

(ii) Clearly, f : L/ker(f) — L’ is an S-homomorphism and Im(f) = Im(f).
Let f([z]) = f([y]), for some z,y € L. Then f(z) = f(y) and so [z] = [y].
Therefore, f is a one to one S-homomorphism. O

Example 3.15. If L and L’ are two residuated lattices and f : L — L’ is a
homomorphism, then f(z) < f(y) implies f(z) = f(z) A f(y) = f(z Ay) and so
the set {z,z,x Ay, y}, forms a ker(f)-fence that joins = to y. Therefore, f satisfies
the conditions (7) and (i) in Theorem 3.14. O

Example 3.16. Let (L = {0,a,b,¢,1},<) and (L' = {0,¢e,1}, <’) be two partially
ordered sets such that 0 < a < b < ¢ <1 and 0 < e < 1. Define the binary
hyperoperations V, A,V and A" by zVy ={u € L]z < u,y <u}l,aVb={u¢€
Lla< uyo< uf,zAy={uellu<z,u<yland aNb={ue L|u<
a,u <' b}, for all x,y € L and a,b € L'. Then by Proposition 2.4, (L,V,A,0,1)
and (L', V', A',0,1) are two bounded super lattices. Let ® and @ are defined by

[ {0} ifa=0o0rb=0,
a@b—{ (@Ab)— {0} ifabel {0}

| {0} ifa=0o0rb=0,
“Qb—{ (an'b) —{0} ifabel — {0}

Now, consider the following tables:

Table 5 Table 6

— 0 a b c 1

o {1} {1y {1t {1} {1} - 0 e 1
a {0} (b1} {b1} {c1} {1} o {1p {1} {1}
b {o} {be} {b1} {1} {1} e {0} {el} {1}
c {0} Afact {bc} {cl} {1} 1 {0} {le} {1}
1 {o} {ba1} {ba} {1} {1}
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It is easy to verify that (L,V,A,®,—,0,1) and (L', VA, ®',—',0,1) are hyper
residuated lattices. Define f: L — L' by f(0) =0, f(a) = f(b) = e and f(c¢) =
f(1) =1. Then f is an S-homomorphism,
ker(f) = A{(z,2) |z € L}U{(a,b), (b,a),(1,¢),(c,1)} and L/ker(f) = {[0], [a], [1]}.
Assume <= {(z,z) [z € L/ker(f)}U{([0], [al), ([a], [1]), ([0], [1])}. Then clearly,
< is a partially order on L/ker(f). Since the map 7w : L — L/ defined by
m(x) = [z] is an order preserving map, then ker(f) is regular. Easy calculations
show that f(x) < f(y) implies there exists a f-fence on L that joins z to y, for any

x,y € L and so by Theorem 3.14, f : L/ — L' is a one to one homomorphism. [

Lemma 3.17. Let 0 and x be two reqular compatible congruence relations on L
such that 8 C x. Then x/0 is a regular compatible congruence relation on L/0,

where x/0 = {([z]o, [y]o) € L/0 x L/0|(z,y) € X}

Proof. By Theorem 3.10, (L/6,V,A,®,~,[0],[1]) is a hyper residueted lattice.
Clearly, x/0 is an equivalence relation on L/6. Let ([z]o, [y]o)([a]e,[b]o) € x/6.
Then (z,y), (a,b) € x. Since x is a congruence relation on L we have (aAx)X(bAy)
and so by definition of A we get ([a]oA[x]o)x/0([b]oA[y]e). By the similar way, we
can show that

([aleVIz)o)x/0([BloVIyle, ([ale®lz]e)x/0([BleBlle), (lalo~ [x]o)x/O(1bs~~ [y]e)-

Hence x/6 is a congruence relation on L/6. Let R = x/0 and (L/6)/R =
{[[z]o]r | [x]o € L/0}. Define the hyperoperations L, M, ® and — by

[z]o]r U [[ylo]r = [[z]oVIYloln, [[z]o]r T [[Yle]r = [[Z]oAlYlo] s

[[zlo]r @ [[ylo]r = [[]e@lyle] » and [[z]o]r — [[W]olr = [[z]o ~ [ylo]

for all [[z]o]r, [[vle]r € (L/6)/R. Since R is a congruence relation on L/6, then
these hyperoperations are well defined. Now, we show that R is regular. Let
(([a1]6, [bn]e)) r be an R-crown in L/6. Then [a,]g <o [b1]e, [ai]oR[bi]o and [a;]e <o
[bj+1]e, for all 4 € {1,2,...,n} and j € {1,2,...,n — 1}. Hence there are n; € N
such that 2.4, 3,455 -+ 5 An;—1,45 b277;, 6371', ey bni—l,i € L/0 such that

bny—1,i  bit1

ba g b3,
M o 9
a; ag g asz g An;—1,5

Figure 3. 0-fence joins a; to b;41

for all i € {1,2,...,n — 1}. Moreover, there exists a O-fence (z1,yn)s, that joins
an, to by. Since [a;]gR[bi]g, for all ¢ € {1,2,...,n} and § C x, then we can obtain
the following y-crown.
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by ba 1 bpg—1,1 —1 b2 -1 Yn—1
ay a1 apy—1,1  ag —1 a2,n—1

Figure 4. x-crown

Since x is regular, then by Theorem 2.7, (a;,b;) € x and so [a;]gR[bj]e, for
all 4,57 € {1,2,...,n}, whence ([ai]o,[bn]o)r is Xx/0 closed. Now, by Theorem
2.7, R is regular. Finally, we show that R is compatible. Let z,y € L such
that [z]g <g [y]s. Then there is an R-fence ([a1]e, [br]o)r that joins [z]e to [y]e,
where [z]p = [a1]g and [y]o = [bn]s.- By [a;loR[b;le, we get (aj,b;) € x, for all
j€1{2,3,...,n—1}. Since [a;]o <g [bi+1]g, for all s € {1,2,...,n — 1}, then there
exists O-fence (a1 ;, by, i)o joins a; to b;y1, where a; = a1; and b1 = by, 4, for all
i€ {l,2,...,n—1}. Hence by 8 C x, we can obtain the following y-fence that
joins x to y.

bpy—1,1 1 bop_1 b

AA-AAA-ALAAV

a3, 1 Anq—1,1 ag a2,n—1 np_1—1ln—-1y

ny_1—1,n—1bp

Figure 5. x-fence joins x to y

Therefore, [z], <, [y]y. Since x is a compatible regular congruence relation

on L, then [a]y € [a]y Ayl = [z Ayl and [gly € [y Vlsly = [V o]y, where 7
and V are hyper operation induced by x in Lemma 3.8. Hence

[Wlelr € [[z V ylolr = [[z]6eVIyle] » = [[z]6]r U [[y]e] -

By the similar way, [[z]o]r € [[z]o]r N [[y]o]r. Conversely, let [[z]g]r € [[z]o]r N
[[ylo]r. Then [[z]¢]r € [[z Aylo]r and so [[z]e]r = [[u]s]y, for some u € x Ay. By
definition of R, we conclude that (z,u) € x and so [z], € [zAy]y = []yAly]y. Since
X is a compatible regular congruence relation on L, then [z], <, [y], and so there
exists a x-fence (a1, b,)y, that joins « to y, where x = a; and y = b,. Clearly,
([a1]e, [bn]o)r is a R-fence on L/O and so [[z]o]r <r [[y]lo]r- By a similar way,
[[¥lolr € [[x]o]r U [[y]e] g implies [[z]o]r <r [[v]o]r- Therefore, R is a compatible
regular congruence relation on L/6. O

Theorem 3.18. Let 0 and x be two regular compatible congruence relations on L
such that @ C x. Then i—;g and L/x are S-isomorphic.

Proof. By Theorem 3.10, (L/0,V, 7,3, ~+, [0]g. [1]¢) and (L/x, V. A, @, ~~, [0], [L],)
are two hyper residuated lattices. Let LJ, M, ® and — be the hyperoperations
defined in Lemma 3.17. Then by Lemma 3.17 and Theorem 3.10, we see that

(%3’ U, M, ®, >, [[0]o]y /0, [[1]6]y/0) is a hyper residuated lattice.
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Define  : 20— L/x by f(llzlolyse) = lzlx. Let [[e]sly/o = [vlo]y 0, for some

z,y € L. Then by definition of x/6, we get (x,y) € x and so [z], = [y]y. Hence f
is well defined. Let x,y € L. Then

F({llolxso T {[Wlolys0) = f({[x]oAYlo]x/0)
= f({lz Aylolyse) = {f([[ulolyso)lu € x Ay}
= {lulxlu ez Ay} = [z Ayl = [zl AlY]x
= f({[=]olx /)N ([[Ylo]xs0)-

By the similar way, we can show that
f([lxlolxso UllWlalyse) = fI[z]alx/0) Vi ([[Wlo]x/0),

f[=lalx/0 @ [Wlelxsa) = f[[xla]x/0)Df ([[Yl6]x/0),
f{[zlolxso = [Wlolxs0) = f([[x]olx/0) ~ f([[¥lo]y/0)-

Hence f is an S-homomorphism. Now, we show that f is one to one and onto.
Clearly, f is an onto map. Let f([[z]o]y/0) = f([[y]o]y/6), for some z,y € L. Then
[z]y = [y]y and so (z,y) € x. Hence [[x]g], /0 = [[y]o]y/6 and so f is one to one.
Therefore, f is an S-isomorphism. O

Remark 3.19. Let (Lq;V1,A1,®1,—1,01,11) and (Le; Va, A2, ®2, —2,02,15) be
two hyper residuated lattices. We define the hyperoperations V, A, — and ® on
L = L; x Ly as follows:

(w1, 22) V (y1,92) = (21 V1 y1, 22 V2 y2),

(z1,22) A (Y1, 92) = (21 A1 Y1, 22 A2 y2),

(z1,72) © (y1,92) = (21 O1 Y1, T2 O2 Y2),
= ( ) =(

(x1,22) Y1, Y2) = (1 —1 Y1, T2 —2 Y2).

where (A, B) = {(a,b)|a € A,b € B}, for all subsets A C Ly and B C Ly. Then
(L1 x Lo, <) satisfies (HRL1)-(HRL3) in which the order < is given by

(a,b) < (¢,d) & a < ¢,bd, Va,c€ Lq,b,d € Ls.

Hence (L,V,A,®,—,0,1) is a hyper residuated lattice, where 1 = (1,1) and 0 =
(0,0).

Theorem 3.20. If 6, and 0 are two regular compatible congruence relations on
Ly and Lo, respectively, and 0 is a relation on L1 X Lo defined by (a,b)0(u,v) if
and only if (a,u) € 01 and (b,v) € 63. Then 0 is a regular compatible congruence
relation on L and

L/G = (L1/01) X (LQ/HQ)
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Proof. Since 6; and 6, are regular compatible congruence relations on L; and
Lo, respectively, then by Theorem 3.10, (L1/61,<p,) and (Lo/02,<y,) are hy-
per residuated lattices. Let <’ be a partial order on (L;/61) x (L2/62), where
([=], [y]) <’ ([a], [b]) means that [x] <p, [a] and [y] <g, [b]. Clearly, 6 is a congru-
ence relation on L = Ly X Ly. Let ({(a1,b1), (c1,d1)))¢ be a f-crown in L. Then by
definition of <, we get {{a1,¢,)) is a f1-crown on Ly and ((b1,d,)) is a 0 crown
on Ly. Since 6; is regular, then by Theorem 2.7, a; = ¢;, for all 4,5 € {1,2,...,n}.
By a similar way, we can show that b; = d;, for all 4,5 € {1,2,...,n}. Hence
(a;, b;)0(c;,d;), for all 4,5 € {1,2,...,n} and so by Theorem 2.7, 6 is regular.
Now, we show that 6 is compatible. Let [z]; = {a € L;|x6;a}, for all ¢ € {1,2}.
If x,a € L1, y,b € Ly and V A are the hyperoperations on L induced by V and A,
then we have

[(z,y)] € [(z,9)]Al(a,0)] < [(z,y)] € [(z A1 a,y A2 b)]
< [z] € [z A1 a]y and [y] € [y Aq b2
< x <1 a,y <2 b, since 6; and 6, are compatible
< (z,y) < (a,b).
By a similar way, we can show that [(x,y)] € [(x,y)]V[(a,b)] & (z,y) < (a,b).
Hence 6 is compatible and so by Theorem 3.10, L/6 is a hyper residuated lattice.
Define the map f : L — (L1/61) x (L2/02), by f((z,y)) = ([z]1,[y]2), for any
(z,y) € L. Let * € {V,A\,®,—}. Then
f((@,y) * (a,b)) = f(zxa,y=Db)
= ([z*1 a1, [y #2 ]2)
= ([z]1 =1 [a]1, [y]2 *2 [b]2)
= ([z]1, [yl2) = ([al1, [b]2)
= f((z,y)) * f((a,b)).

Hence f is a S-homomorphism. Clearly, f is onto. Now, we show that ker(f) = 6.

ker(f) = {((z,y), (a,0)) € L x L] f((2,y)) = f((a,0))}
= {((#,9), (a,0)) € L x L[ ([2]1; [yl2) = ([al1, [b]2)}
= {((z,9), (a,0)) € L x L{[z]y = [a]1, [y]y =[]}
=40.
Now, let f((z,y)) <" f((a,)). Then ([z]1,[yl2) <" (la]1, [b]2) and so [z]s <gr [a]y
and [y]o <g, [b]2- Hence by definition of <g, and <g,, there are (u1,v,)g,, that

joins x to a and (w1, zm)g, , that joins y to b. Without loss of generality, we
assume that n < m. Then the set

{(uhwl)? (v2a 22) R (vnvzn)v (vnawn+1)(0n7 Zn+1)a LR
ey (Un7 szl)a (vn; wm71)7 (Una Zm)}

is a f-fence that joins (x,y) to (a,b). Hence by Theorem 3.14 we obtain L/0 =
L/ker(f) = (L1/61) x (L2/63), which completes the proof. O
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