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A study of anti-fuzzy quasi-ideals

in ordered semigroups

Anwar Zeb and Asghar Khan

Abstract. In this paper, we introduce the concept of anti-fuzzy quasi-ideals in ordered
semigroups and investigate the quasi-ideals of ordered semigroups in terms of anti-fuzzy
quasi-ideals. We characterize left (resp. right) regular and completely regular ordered

semigroups in terms of anti-fuzzy quasi-ideals and semiprime anti-fuzzy quasi-ideals.

1. Introduction

Biswas introduced the concept of an anti-fuzzy subgroup of a group in [3|
and studied the basic properties of groups in terms of anti-fuzzy subgroups.
Hong and Jun [5] modified Biswas idea and applied it to BCK-algebras.
Akram and Dar defined anti-fuzzy left h-ideals of hemirings [2|. Recently
Shabir and Nawaz studied anti fuzzy ideals of semigroups [11]. Ahsan et.
al in [1| characterize semigroups in terms of fuzzy quasi-ideals. The mono-
graph given by Mordeson and Malik [10] deals with the applications of fuzzy
approach to the concepts of automata and formal languages. Fuzzy sets in
ordered semigroups were first introduced by Kehayopulu and Tsingelis in
[8]-

In this paper, we introduce the concept of anti-fuzzy quasi-ideals in
ordered semigroups and investigate the basic properties of quasi-ideals of
ordered semigroups in terms of anti-fuzzy quasi-ideals. We characterize left
(resp. right) regular and completely regular ordered semigroups in terms
of anti-fuzzy quasi-ideals. We define semiprime anti-fuzzy quasi-ideals and
characterize completely regular ordered semigroups in terms of semiprime
anti-fuzzy quasi-ideals.
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2. Some basic definitions and results

By an ordered semigroup (po-semigroup) we mean a structure (S,-, <) in
which

(OS1) (S,-) is a semigroup,

(0S52) (S,<) is a poset,

(0S3) (Va,b,x € S)(a < b= ax < br and za < zb).

Throughout this paper S will denote an ordered semigroup unless other-
wise specified.

For A,B C S, we denote (A] := {t € S|t < h for some h € A} and
AB = {abla € Ab € B}. Then A C (4], (A](B) C (AB], (4] = (A
and ((A](B]] € (ABJ.

A non-empty subset A of S is called a right (resp. left) ideal of S if:

(1) AS C A (resp. SAC A),

(2) a€ Aand S>b<aimply b e A
If A is both a right and a left ideal of .S, then it is called an ideal of S.

A non-empty subset @ of S is called a quasi-ideal of S if:

(1) (@SN (sQ] c @,

(2) ae@and S>b<aimply be Q.

A subsemigroup B of S is called a bi-ideal of S if:

(1) BSBC B,

(2) a€ Band S>b<aimplybe B.

A fuzzy subset f of S is called a fuzzy left (vesp. right) ideal of S if:

(1) z<y= f(z) =2 f(y),

(2) flzy) = f(y) (resp. f(zy) = f(x)) for all z,y € S.

If f is both a fuzzy left and a fuzzy right ideal of S. Then it is called a
fuzzy ideal of S.

A fuzzy subset f of S is called a fuzzy subsemigroup of S if for all
z,y €S f(zy) >min{f(x), f(y)}. A fuzzy subsemigroup f of S is called a
fuzzy bi-ideal of S if:

(1) <y = 1) > f),

(2) f(zyz) Zmin{f(x), f(2)} for all z,y € S.

For a non-empty family of fuzzy subsets {f;}ier of S, the fuzzy subsets

A fiand \/ fi of S are defined as follows:
i€l i€l

(Afi)@ =inficr{fi@}, (V)@ = supier{fi(a)).

el i€l
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For any two fuzzy subsets f and g of S we put

V' max{f(y),g(z)} if A, #0,
(fog)(x) : =< (y2)€A:
0 if A, =0,

where A, :={(y,2) € S x S|z <yz}.
A fuzzy subset f of S is called a fuzzy quasi-ideal of S if:
(1) 2 <y— @) > fv),
2) (fol)A(lof) =/,
where f < g means that f(z) < g(x) for all x € S.
A fuzzy subset f of S is called an anti-fuzzy subsemigroup of S if

f(zy) < max{f(z), f(y)}

for all x,y € S.

An anti-fuzzy subsemigroup f of S is called an anti-fuzzy bi-ideal of S
if:

(1) @ <y implies f(z) < f(y),

(2) flaay) <max{f(z), f(y)}
for all x,a,y € S.

For fuzzy subsets f and g of S the product f * g is defined as follows:

A max{f(y),g(z)} if Ay # 0
(fxg)(a) =

(y,2)EA:
1 if A, =0

The fuzzy subsets “S” and “O” of S are defined as

for all xz € S.

Proposition 2.1. Let A,B C S. Then
(1) AC B ifand only if fpe < fac.
(@) faeV [Be = facupe = f(anB)e-
(i4i) fae* fBe = flapye- O

An ordered semigroup S is called regular (see [6]) if for every a € S there
exists x € S such that a < aza or equivalently, (1)(Va € S)(a € (aSa]) and
(2)(VA C S)(A C (ASA]), and S is called left (resp. right) simple (see [7])
if it has no proper left (resp. right) ideals.
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Lemma 2.2. (cf. [7]). S is left (resp. right) simple if and only if (Sa] = S
(resp. (aS] = S) for every a € S. O

An ordered semigroup S is called left (resp. right) regular (see [7]) if
for every a € S, there exists € S such that a < za? (resp. a < a?z) or
equivalently, (1)(Va € S)(a € (Sa?]) and (2)(VA C S)(A C (SA?]). Sis
called completely regular if it is regular, left regular and right regular |7].

If ) #A C S, then the set (AU (AS N SA)| is the quasi-ideal of S
generated by A.

Lemma 2.3. (cf. [6]). S is completely regular if and only if A C (A2SA?]
for every A C S. Equivalently, if a € (a>Sa?] for every a € S. O

3. Anti-fuzzy quasi-ideals

Definition 3.1. A fuzzy subset f of S is called an anti-fuzzy quasi-idealif

(1) (f*xO)Vv(Oxf) = f,
(2) x <y implies f(x) < f(y) for all z,y € S.

As a consequence of the transfer principle for fuzzy sets (cf. [9] we obtain
the following two theorems.

Theorem 3.2. Let ) # A C S. Then A is a quasi-ideal of S if and only
if the characteristic function fac of the complement of A is an anti-fuzzy
quasi-ideal of S.

Theorem 3.3. Let f be a fuzzy subset of S. Then each non-empty level
L(f;t) is a quasi-ideal if and only if f is an anti-fuzzy quasi-ideal.

Example 3.4. The set S = {a,b,c,d, f} with the multiplication

a b ¢ d f
ala a a a a
bla b a d a
cla f ¢ ¢ f
dla b d d b
fla f a ¢ a

and the order <:= {(a, a), (a,b), (a, ), (a,d), (a, ), (b,b), (¢,c), (d,d), (f, f)}
is an ordered semigroup with the following quasi-ideals:

{a},{a,b},{a, ¢}, {a,d}, {a, f},{a,b,d}, {a, ¢,d}, {a, b, [}, {a, ¢, [}, 5.
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For a fuzzy set f defined by f(a) = 0.3, f(b) = 0.5, f(c) = f(f) = 0.8,
f(d) = 0.6 we have

S if te081),
{a,b,d} if te[0.6,0.8),
L(f;t) := {a,b} if t€][0.5,0.6),
{a} it te[0.3,0.5),

0 it tel0,03).

L(f;t) is a quasi-ideal. By Theorem 3.3, f is an anti-fuzzy quasi-ideal. [J
Lemma 3.5. Every anti-fuzzy quasi-ideal of S is its anti-fuzzy bi-ideal.

Proof. Let z,y,z € S. Then zyz = z(yz) = (zy)z. Hence (z,yz) € Ayy.
and (zy, z) € Agy.. Since Agy, # 0, we have

flzyz) <[(f * O) v (O * f)] (zy2)

= max

N max{f(»).0@@)} N\ maX{O(pl)af(ql)}]

(pvq)eAzyz (p17q1)€Azyz

max[max{ f(z), O(yz)}, max{O(zy), f(2)}]
= max[max{f(z), 0}, max{0, f(2)}] = max[f(z), f(2)].

N

Let z,y € S, then zy = z(y) and hence (z,y) € Ayy. Since Ay, # 0, we
have

flzy) <[(f x O) v (O [)](zy)
N max{f(»), 0@} A max{@(p),f(q)}]

(p7q)€A1y (p7Q)€Azy

< max[max{f(z), O(y)}, max{O(z), f(y)}]
= max[max{f(z), 0}, max{0, f(y)}] = max[f(z), f(y)].

Let x,y € S be such that z < y. Then f(z) < f(y), because f is an
anti-fuzzy quasi-ideal of S. Thus f is an anti-fuzzy bi-ideal of S. 0

The converse of above Lemma is not true, in general.
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Example 3.6. The set S = {a,b,c,d} with the multiplication table

QL 2|
L |
> o9 oo
SR 2 o

QU O o e

and the order <:= {(a,a), (b,b), (¢, ¢), (d,d), (a,b)} is an ordered semigroup.
{a,d} is its bi-ideal but not a quasi-ideal.
For a fuzzy set f(a) = f(d) = 0.7, f(b) = f(c) = 0.3 we have

S if te[0.7,1),
L(f;t) =< {a,d} if t€][0.3,0.7),
O if te][0,0.3).

L(f;t) is a bi-ideal for every t, but for ¢ € [0.3,0.7) it is not a quasi-ideal of
S. By Theorem 3.3, f is an anti-fuzzy bi-ideal of .S but not an anti-fuzzy
quasi-ideal of S. O

4. Completely regular ordered semigroups

Theorem 4.1. The the following are equivalent:
(i) S is regular, left and right simple,

(i) every anti-fuzzy quasi-ideal of S is a constant function.

Proof. (i) = (ii). Let S be a fixed regular, left and right simple ordered
semigroup. Let f be an anti-fuzzy quasi-ideal of S. We consider the set
Eq = {e € S|e? > e}. Eq is non-empty, because for a € S there exists
x € S such that a < azxa, hence (ax)? = (axa)xr > ax, which means that
ax € FEq.

(A) We first prove that f is a constant function on Eq. That is, f(e) =
f(t) for every t € Eq. In fact: since S is left and right simple, we have
(St] = Sand (tS] = S. Bute € S. Then e € (St] and e € (¢tS]. Thuse < =t
and e < ty for some x,y € S. If e < ot then e? = ee < (2t)(xt) = (ztx)t and
(wtz,t) € Ape. If e < ty then €2 = ee < (ty)(ty) = t(yty) and (¢, yty) € Aga.
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Since A.2 # () we have
F() < ((fxO) V(O f))(€®) = max[(f x O)(€®), (O * f) ()]

= max /\ max{ f(y1),O(z1)}, /\ max{O(y2), f(z2)}

(y1,21)€EA 2 (y2,22)€A 2
< max[max{f(t), O(yty)}, max{O(ztx), f(t)}]
= max[max{ f(t),0}, max{0, f(¢)}] = max[f(t), f(t)] = f(t).

Since e € Eq, we have €2 > e and f(e?) > f(e). Thus f(e) < f(t). On
the other hand since S is left and right simple and e € S, we have S = (Se]
and S = (eS]. Since t € S we have t € (Se| and t € (eS]. Then t < ze and
t < es for some z,5 € S. If t < ze then t? = tt < (ze)(ze) = (zez)e and
(zez,e) € Ap. If t < esthen t? = tt < (es)(es) = e(ses) and (e, ses) € Ap.
Since Ay # () we have

() < ((f % O) V (O % N)(#) = max[(f  O)(1), (O + f)(¢2)]
—max | A\ max{fn).0(=)}, A max{O@). f(z2)}

(y1,21)€A,2 (y2,22)€A,2
< max[max{f(e), O(ses)}, max{O(zez), f(e)}]
= max[max{ f(e), 0}, max{0, f(e)}] = max[max{f(e), f(e)}] = f(e).
Since t € Eq then t2 >t and f(t?) > f(t). Thus f(t) < f(e). Consequently,
1) = £(e).

(B) Now we prove that f is a constant function on S. That is, f(t) =
f(a) for every a € S. In fact: since S is regular and a € S, there exists
x € S such that a < axa. We consider the elements ax and za of S. Then
by (0S3), we have (azx)? = (axa)r > ax and (va)? = x(awa) > xa, then
ar,ra € Fq and by (A) we have f(ax) = f(t) and f(za) = f(t). Since
(az)(axa) > axa > a, then (ax,axa) € A, and (aza)(za) > axa > a, then
(azxa,za) € A, and hence A, # (). Since f is an anti-fuzzy quasi-ideal of S,
we have

fla) < ((f  O) V(O * [))(a) = max[(f  O)(a), (O * f)(a)]
= max /\ max{ f(y1),O0(z1)}, /\ max{O(y2), f(22)}

(y1,21)€EAq (y2,22)EAq
< max[max{ f(az), O(aza)}, max{O(aza), f(za)}]

= max [max{ f(az),0}, max{0, f(za)}] = max [f(ax), f(za)] = f(¢).
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Since S is left and right simple we have (Sa] = S, and (aS] = S. Since
t €S, we have t € (Sa] and t € (aS]. Then ¢t < pa and t < aq for some
p,q € S. Then (p,a) € A; and (a,q) € A;. Since Ay # (), and f is an
anti-fuzzy quasi-ideal of S, we have

() < ((f * O) V(O f))(t) = max[(f * O)(t), (O * f)(¢)]
=max |/ max{f(1n),0(z=1)}, A max{O(y), f(22)}

(y1,21)€EA: (y2,22)EA;

max [max{f(a), O(q)}, max{O(p), f(a)}]
— max [max{ f(a), 0}, max{0, f(a)}] = f(a).
<

Thus f(t) < f(a) and f(t) = f(a).

(1i) = (i). Let a € S. Then the set (aS] is a quasi-ideal of S. Indeed:
(aS]N (Sa] C (aS], and z € (aS] and S 5>y < z € (aS] imply y € ((aS]] =
(aS]. Since (aS] is quasi-ideal of S, by Theorem 3.2, the characteristic
function f(,g)e of (@S] is an anti-fuzzy quasi-ideal of S. By hypothesis, f(4g)e
is a constant function, that is, there exists ¢t € {0, 1} such that f,g(z) =1t
for every x € S. Let (aS] C S and a be an element of S such that a ¢ (aS],
then f(,5)c(a) = 1. On the other hand, since a® € (aS], then f(,5-(a?) = 0, a
contradiction to the fact that f(,g- is a constant function. Hence (aS] = S.
By symmetry we can prove that (Sa] = S.

Since a € S and S = (aS] = (Sa], we have a € (aS] = (a(Sa]] = (aSal,
consequently S is regular. 0

Theorem 4.2. S is completely regular if and only if for every anti-fuzzy
quasi-ideal f of S we have f(a) = f(a®) for every a € S.

Proof. Let S be completely regular and f be an anti-fuzzy quasi-ideal of S.
Since S is left and right regular we have a € (Sa?] and a € (a29] for every
a € S. Then there exists z,y € S such that a < za? and a < a?y. Hence
(z,a?), (a?,y) € A,. Since A, # 0, we have

fla) < ((f * O) V(O x f))(a) = max[(f * O)(a), (O * f)(a)]
= max /\ max{f(yl), O(Zl)}, /\ maX{O(yQ)a f('z?)}

(y1,21)€Aaq (y2,22)€Aa
< max [max{f(a®), O(y)}, max{O(x), f(a*)}]
= max [max{f (a?),0}, aX{O f(@®)}]

[£(a®), f(a®)] = f(a®) = f(aa) < max{f(a), f(a)} = f(a).

= max
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Hence f(a) = f(a?).

Conversely, let a € S and let Q(a?) be the quasi-ideal generated by
a?. Then Q(a?) = (a® U (a®>S N Sa?)]. By Theorem 3.2, the characteristic
function fg(,2) is an anti-fuzzy quai-ideal of S. By hypothesis fg2)c(a) =
fo(a2)e(a?). Since a* € Q(a?), we have fq,2yc(a?) = 0, then fo(,2)e(a) =0
and a € Q(a?) = (a®?U(a?SNSa?)]. Then a < a® or a < a®r and a < ya? for
some z,y € S. If a < a? then a < a2 = aa < a?a? = aaa?® < a®aa? € a2Sa?
and so a € (a?Sa?]. If a < a?z and a < ya? then a < (a®7)(ya®) =
a®(zy)a® € a®Sa? and so a € (a?Sa?). O

A subset T of S is called semiprime if for every a € S such that a®> € T
we have a € T. An anti-fuzzy quasi-ideal f of S is called semiprime if
f(a) < f(a®) alla € S.

Theorem 4.3. S is completely regular if and only if every its anti-fuzzy
quasi-ideal is semiprime.

Proof. Let S be completely regular and f be its anti-fuzzy quasi-ideal. Then
f(a) < f(a?) for a € S. Indeed: since S is left and right regular, there exist
x,y € S such that a < za? and a < ay then (z,a?) € A, and (a?,y) € A,.
Since A, # (), and f is an anti-fuzzy quasi-ideal of S, we have

fla) <((f x O) V(O = f))(a) = max[(f + O)(a), (O * f)(a)]
= max /\ max{f(yl), O(Zl)}, /\ max{(’)(yQ), f(ZQ)}

(y1,21)EAq (y2,22)EAq
= max [max{f(a*), O(y)}, max{O(x), f(a*)}]
< max [max{f(a?),0}, max{0, f(a*)}] = max [f(a®), f(a®)] = f(a®).

N

Conversely. Let f be an anti-fuzzy quasi-ideal of S such that f(a) <
f(a?) for all @ € S. By Theorem 3.2, the characteristic function fg,2)e
of the quasi-ideal Q(a?) is an anti-fuzzy quai-ideal of S. By hypothesis
fow2)e(a) < foraye(a?). Since a® € Q(a?), we have fg(u2)c(a?) = 0, then
fo@?)e(a) =0and a € Q(a?) = (a®U (a®2S N Sa?)]. Thus a < a? or a < a?p
and a < qa2 for some p,q € S. If a < a® then a < a? = aa < a%a? =
aaa® < a?aa® € a?Sa® and so a € (a25a2]. If a < a®p and a < ga® then
a < (a®p)(qa®) = a®(pq)a® € a®>Sa? and so a € (a%2Sa?]. Consequently, S is
completely regular. d



368

A. Zeb and A. Khan

References

1]
2]
3]
[4]
[5]
16]

7]

8]
9]
[10]

[11]

J. Ahsan, R. M. Latif, and M. Shabir, Fuzzy quasi-ideals of semigroups,
J. Fuzzy Math. 2 (2001), 259 — 270.

M. Akram and K. H. Dar, On anti fuzzy left h-ideals in hemirings, Inter-
national Math. Forum 46 (2007), 2295 — 2304.

R. Biswas, Fuzzy subgroups and anti-fuzzy subgroups, Fuzzy Sets and Sys-
tems 35 (1990), 121 — 124.

W. A. Dudek and Y. B. Jun, N-quasi-groups, Quasigroups and Related
Systems 17 (2009), 29 — 38.

S. M. Hong and Y. B. Jun, On anti-fuzzy ideals in BCK-algebras, Kyung-
pook Math. J. 38 (1998), 145 — 150.

N. Kehayopulu, On completely regular ordered semigroups, Sci. Math. 1
(1998), 27 — 32.

N. Kehayopulu, and M. Tsingelis, On the decomposition of prime ideals
in ordered semigroups into their N -classes, Semigroup Forum 47 (1993),
393 — 395.

N. Kehayopulu and M. Tsingelis, Fuzzy sets in ordered groupoids, Semi-
group Forum 65 (2002), 128 — 132.

M. Kondo and W. A. Dudek, On the Transfer Principle in fuzzy theory,
Mathware Soft Comput. 12 (2005), 41 — 55.

J. N. Mordeson, D. S. Malik and N. Kuroki, Fuzzy semigroups, Studies
in Fuzziness and Soft Computing 131, Springer-Verlag, Berlin, 2003.

M. Shabir and Y. Nawaz, Semigroups characterized by the properties of
their anti-fuzzy ideals, J. Advanced Research Pure Appl. Math. (2008), 1—18.

Received September 02, 2010
Revised February 8, 2011

Department of Mathematics, COMSATS Institute of Information Technology, Abbot-
tabad, Pakistan
E-mails: anwarb5.ciit@yahoo.com (A. Zeb)  azhar4set@yahoo.com (A. Khan)



