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eVladimir Volene
, Zdenka Kolar�Begovi¢ and Ruºi
a Kolar��uperAbstra
t The 
on
ept of the a�ne�regular hexagon, by means of six parallelograms,is de�ned and investigated in any parallelogram spa
e and geometri
al interpretation inthe a�ne plane is also given. 1. Introdu
tionLet Q be a given set whose elements are said to be points. Let a quaternaryrelation Par ⊂ Q4 is de�ned on the set Q. We shall say that the points
a, b, c, d form a parallelogram and we shall write Par(a, b, c, d) in the 
asewhen (a, b, c, d) ∈ Par.The pair (Q,Par) is 
alled a parallelogram spa
e if the quaternary relationPar ⊂ Q4 has the following properties:(P1) For any three points a, b, c there is one and only one point d so thatPar(a, b, c, d).(P2) If (e, f, g, h) is any 
y
li
 permutation of (a, b, c, d) or of (d, c, b, a)then Par(a, b, c, d) implies Par(e, f, g, h).(P3) From Par(a, b, c, d) and Par(c, d, e, f) it follows Par(a, b, f, e, ).
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354 V. Volene
, Z. Kolar�Begovi¢, R. Kolar-�uperThe parallelograms (in
luding degenerated parallelograms) form a par-allelogram spa
e in the a�ne spa
e of any dimension. The property (P3) inthe a�ne plane (spa
e) is illustrated in the Figure 1. Some other propertieswill be illustrated in the same plane.2. Midpoint in the parallelogram spa
eIn the parallelogram spa
e the midpoint of the pair of points 
an be de�ned.We shall say that b is the midpoint of the pair {a, c} and we shall write
M(a, b, c) if the statement Par(a, b, c, b) ( Figure 2) is valid. From M(a, b, c)obviously follows M(c, b, a) and for any two points a and b there is theunique point c so that the statement M(a, b, c) is valid. There are theexamples of the parallelogram spa
e, in whi
h every pair of points does nothave to have the unique midpoint.

ca bFigure 2.Theorem 2.1. Ea
h statement of the three statements Par(o, a1, a2, a3),Par(o, a2, a3, a4) and M(a1, o, a4) is the 
onsequen
e of the remaining twostatements (Figure 3).
p

a
4

a
3

o a
1

a
2

Figure 3.



A�ne�regular hexagons in the parallelogram spa
e 355Proof. The property (P3) by means of the property (P2) gives the impli
a-tions
Par(o, a1, a2, a3), Par(a2, a3, a4, o) ⇒ Par(o, a1, o, a4)

Par(a2, a3, o, a1), Par(o, a1, o, a4) ⇒ Par(a2, a3, a4, o)

Par(a2, a3, a4, o), Par(a4, o, a1, o) ⇒ Par(a2, a3, o, a1).But, the statements Par(o, a1, o, a4) and Par(a4, o, a1, o) are equivalent tothe statement M(a1, o, a4).3. A�ne regular hexagon in the parallelogram spa
eWe shall say that (a1, a2, a3, a4, a5, a6) is the a�ne�regular hexagon with theverti
es a1, a2, a3, a4, a5, a6 and the 
enter o and we write ARHo(a1, a2, a3, a4,

a5, a6) if the statements
Par(o, ai−1, ai, ai+1), (i = 1, 2, 3, 4, 5, 6)are valid, where the indexes are taken modulo 6 from the set {1, 2, 3, 4, 5, 6}(Figure 4).The verti
es ai and ai+3 are said to be opposite verti
es of the 
onsidereda�ne-regular hexagon, and the verti
es ai, ai+1, ai+2 are said to be adja
entverti
es.
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Figure 4.Corollary 3.1. The statement ARHo(a1, a2, a3, a4, a5, a6) imply the state-ment ARHo(ai1 , ai2 , ai3 , ai4 , ai5 , ai6) where (i1, i2, i3, i4, i5, i6) is any 
y
li
permutation of (1, 2, 3, 4, 5, 6) or of (6, 5, 4, 3, 2, 1).
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, Z. Kolar�Begovi¢, R. Kolar-�uperTheorem 3.2. If the statement ARHo(a1, a2, a3, a4, a5, a6) is valid thenfor any i ∈ {1, 2, 3, 4, 5, 6} the statements Par(ai, ai+1, ai+3, ai+4) and
M(ai, o, ai+3) are valid where indexes are taken modulo 6.Proof. The se
ond statement for the 
ase i = 1 is proved by Theorem 2.1The �rst statement follows a

ording to (P3) by the impli
ation

Par(a1, a2, a3, o), Par(a3, o, a5, a4) ⇒ Par(a1, a2, a4, a5).For the other indexes it is enough to apply 
y
li
 permutations and Corollary3.1.Theorem 3.3. A�ne�regular hexagon is uniquely determined by its 
enterand by any two of its verti
es whi
h are not opposite or by any of its threeadja
ent verti
es.Proof. Firstly let us prove the last statement. Let the verti
es a1, a2, a3 begiven. Then a

ording to (P1) there are the points o, a4, a5, a6 so that thefollowing statements
Par(a1, a2, a3, o), Par(o, a2, a3, a4), Par(o, a3, a4, a5), Par(o, a4, a5, a6) (1)are valid. From the two �rst statements (1) a

ording to Theorem 2.1 itfollows M(a1, o, a4), whi
h together with the fourth statement (1), againa

ording to Theorem 2.1, gives Par(o, a5, a6, a1). Analogously (in
reasingall indexes for one) the statement Par(o, a6, a1, a2) 
ould be proved, so weget the statement ARHo(a1, a2, a3, a4, a5, a6). Yet, it is ne
essary to provethat this a�ne�regular hexagon is uniquely determined by its 
enter andfor example by the verti
es a1, a2 or by the verti
es a1, a3. These proofs areredu
ed to the 
onsidered 
ase if the vertex a3 respe
tively a2 is determinedso that the statement Par(o, a1, a2, a3) is valid and then we 
an 
on
lude asin the previous 
ase.The points o, a1, a2, a3, a4 with the properties from Theorem 2.1 deter-mine �gure, whi
h will be denoted by the symbol HARHo(a1, a2, a3, a4),"half" of the a�ne regular hexagon with the 
enter o (Figure 3).Corollary 3.4. If the statement HARHo(a1, a2, a3, a4) is valid, then thereare the uniquely determined points a5 and a6 so that the statementARHo(a1, a2, a3, a4, a5, a6) holds.
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e 357Theorem 3.5. If the statement
HARHo(a1, a2, a3, a4) (2)is valid, then there is a point p su
h that the statements

M(a1, a2, p), M(a4, a3, p) (3)are valid. Conversely, if the statements (3) are valid, then there is a point
o su
h that the statement (2) is valid (Figure 3).Proof. Let the statement (2) be valid and let p be the point so that the �rststatement (3) is valid. Then a

ording to (P3) we have the impli
ations

Par(p, a2, a1, a2), Par(a1, a2, a3, o) ⇒ Par(p, a2, o, a3)

Par(a4, a3, a2, o), Par(a2, o, a3, p) ⇒ Par(a4, a3, p, a3),so the se
ond statement (3) is valid too. Conversely, let the statements (3)be valid and let o be su
h a point that the statement Par(a2, p, a3, o) holds.Then we get the impli
ations
Par(o, a3, p, a2), Par(p, a2, a1, a2) ⇒ Par(o, a3, a2, a1)

Par(o, a2, p, a3), Par(p, a3, a4, a3) ⇒ Par(o, a2, a3, a4),so the statement (2) is valid. ¤Corollary 3.6. If the statement (2) is valid then from the �rst statement(3) the se
ond statement (3) follows.Theorem 3.7. Let n ∈ N, n > 3. If the statements HARH c12(b1,a1, a2, b2),HARH c23(b2, a2, a3, b3), . . . , HARHcn−1,n
(bn−1, an−1, an, bn) are valid thenthere is a point cn1 so that the statement HARHcn1

(bn, an, a1, b1) is validtoo. (The 
ase for n = 5 is illustrated in the Figure 5).Proof. From HARHc12(b1,a1, a2, b2) a

ording to Theorem 3.5 it followsthat there is a point o so that the statements M(b1, a1, o) and M(b2, a2, o)are valid, and then from HARHc23(b2, a2, a3, b3) follows the statement M(b3,

a3, o). Let Corollary 3.6 be applied again and after (n−1)�th appli
ation ofthis 
orollary from HARHcn−1,n
(bn−1, an−1, an, bn) and M(bn−1, an−1, o) itfollows M(bn, an, o). Finally, from the statements M(bn, an, o), M(b1, a1, o)owing to Theorem 3.5 it follows that there is a point cn1 so that HARHcn1

(bn,

an, a1, b1) is valid.
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12Figure 5.From Theorem 3.7 by means of Corollary 3.4 we get:Corollary 3.8. Let n ∈ N, n > 3. If the statements ARHc12(b1, a1, a2, b2,

d21, d12), ARHc23(b2, a2, a3, b3, d32, d23), . . . , ARHcn−1,n
(bn−1, an−1, an, bn,

dn,n−1, dn−1,n) are valid, then there are the points cn1, dn1, d1n so that thestatement ARHcn1
(bn, an, a1, b1, d1n, dn1) is valid too.Referen
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