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Indicators of quasigroups
Ivan I. Deriyenko

Abstract. We present some useful conditions which are necessary for isotopy of two
quasigroups of the same finite order.

Let Q ={1,2,3,...,n} be a finite set, S,, — the set of all permutations
of @. The multiplication (composition) of permutations ¢ and ¢ of @ is
defined as py(z) = ¢(¢(x)). All permutations will be written in the form
of cycles and cycles will be separated by points, e.g.

_<123456

51954 6) = (132.45.6.)

By a cyclic type of a permutation ¢ € S, we mean the sequence Iy, (2, ..., I,
where [; denotes the number of cycles of the length ¢. In this case we will
write

C((p) = {ll, 12, PN ln}

n
Obviously, > i-l; = n.

i=1
Definition 1. By the indicator of a permutation ¢ of type C(¢) = {l1, 12, ..., I}
we mean the polynomial

wlp) = b ol ol
For example, for ¢ = (123.45.6.) we have C(¢) = {1,1,1,0,0,0} and
w(yp) = x1z023; for ¥ = (1.2536.47.80.9.), C(v) = {2,2,0,1,0,0,0,0,0,0}
and w(v) = z3w3x,.
As it is well-known, two permutations ¢, € S, are conjugate if there
exists a permutation p € S, such that

pop~ ! = 1.
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Theorem 1. (Theorem 5.1.3 in [4]) Two permutations are conjugate if and
only if they have the same cyclic type. O

As a consequence we obtain
Corollary 1. Conjugated permutations have the same indicators. O

As it is well-known, two quasigroups Q(o) and Q(+) are isotopic if there
are three permutations «, 3,7 of @ such that

Y(zoy)=a(z) By). (1)

In the case a = 8 = v we say that quasigroups are autotopic.
A track (or a right middle translation) of a quasigroup Q(-) is a permu-
tation ; of @ satisfying the identity

where i € Q). Each quasigroup can be identified with the set {¢1, 2,...,¢n}
of all its tracks (cf. [2]).

Tracks of Q(-) will be denoted by ¢;, track of Q(o) by 1. Similarly, left
and right translations of @Q(-) will be denoted by L, and R,, left and right
translations of Q(o) by L and Rj.

Proposition 1. (cf. [2]) Tracks of isotopic quasigroups satisfying (1) are
connected by the formula

Pri) = Bpia ™. (2)
Similar results hold for left and right translations.

Theorem 2. Left and right translations of isotopic quasigroups satisfying
(1) are connected by the conditions

La(a) = VLZB_I’ Rﬁ(b) = /VRIC))O‘_I' (3)
Proof. Indeed, putting x = a we obtain vLg(y) = Loq)B(y) for every y € Q,
which implies yLS3~1 = Lo(q)- Similarly, putting in (1) y = b we obtain
Rﬂ(b) = ngofl. O

Corollary 2. For autotopic quasigroups we have

Pali) = aiat, Loy = OéLZOz_l, Row) = aRgoz_l. (4)
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Consider the following three matrices:
O =[piy], L=I[Ly], R=[Rl,

where @ij = @ip; !, Lij = LiL; ', Rij = R;R; " for all i, j € Q. Obviously,
wii(z) = Lii(r) = Ry(r) = x and @ij(2) # z, Lij(z) # z, Rij(x) # x for
all i, 4,z € Q and 7 # j.

Theorem 3. For isotopic quasigroups Q(o) and Q(-) with the isotopy of
the form (1) we have

—1 o _—1 o —1
OriyyG) = BB~ Lawa) = 7L Reusg) = 1Ry

Proof. Indeed, using (2) we obtain
o)) = <P7(¢)60;(1j) = (Bia ") (B ) = By 1B = By T
In a similar way, using (3), we obtain the other two equations. O

Definition 2. By the indicator of the matriz ® we mean the polynomial

w(®) = > w(®,),

i=1

where (I)i = {(pz‘l, D52y - -+ (pm} and w(@l) = z w(goz-j).
J=1,j#

i
Indicators of the matrices L and M are defined analogously.

Example 1. Consider two quasigroups defined by the following tables:

123456 0/123456
11416253 11123456
21532641 21215643
3|26 5314 31354261
41351462 446 2315
5|6 24135 5|546132
61143526 616 31524
For the quasigroup Q(-) we have:

o1 = (126.354.) ¢y = (146523.) 3 = (1634.2.5.)
o1 = (1.2536.4.) @5 = (15642.3.) g = (13245.6.).

Thus,

o11 = (1.2.34.5.6) @10 =(15.24.36.) 13 = (13.26.45.)
o114 = (12.34.56.) 015 = (164.235.) 16 = (146.253.).
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Consequently,

w(pn) = 2§, w(piz) = w(piz) = wlprs) = 3, (p15) = wpre) = 3.

Hence w(®) = 323 + 223.

By analogous computations we can see that for this quasigroup

w(®) = w(L) = w(R) = 6(3z3 + 232).

For the second quasigroup we obtain:
w(®) = (2w0w4+6x5+216)+ (2342034 226) +2(vox s +254-316)+2(223 4+ 326),

w(L) = w(R) = 2(wawy + 476) + 2(22974 + 23 + 21256) . O

As a consequence of our Theorem 3 and Corollary 1 we obtain

Theorem 4. Isotopic quasigroups have the same indicators of the matrices

®, L and R. Ul
This theorem shows that quasigroups from the above example are not

isotopic.

Corollary 3. For quasigroups of order m isotopic to a group we have

w(P) = nw(Py).

Proof. In |2] it is proved that for a quasigroup isotopic to a group all its ®;

are groups isomorphic to ®;. Hence w(®;) = w(Pq) for every i € Q. O

There are examples proving that the contrary is not true.
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