
Quasigroups and Related Systems 18 (2010), 213 − 228ARO�quasigroupsVladimir Volene, Zdenka Kolar�Begovi¢ and Ruºia Kolar��uperAbstrat. In this paper the onept of ARO�quasigroup is introdued and some identi-ties whih are valid in a general ARO�quasigroup are proved. The "geometri" oneptsof the midpoint, parallelogram and a�ne regular otagon are introdued in a generalARO�quasigroup. The geometri interpretation of some proved identities and introduedonepts is given in the quasigroup C
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).1. De�nition and examplesA quasigroup (Q, ·) will be alled ARO�quasigroup if it satis�es the followingidentities of idempoteny and mediality
aa = a, (1)

ab · cd = ac · bd (2)and besides that the identity
ab · b = ba · a. (3)Example 1. Let (G, +) be a ommutative group in whih there exists theautomorphism ϕ whih satis�es the identity

(ϕ ◦ ϕ)(a) + (ϕ ◦ ϕ)(a) − ϕ(a) − ϕ(a) − ϕ(a) − ϕ(a) + a = 0,whih an be written in a simpler form
2(ϕ ◦ ϕ)(a) − 4ϕ(a) + a = 0. (4)If the multipliation · on the set G is de�ned by the formula

ab = a + ϕ(b − a) (5)2010 Mathematis Subjet Classi�ation: 20N05Key words and phrases: ARO�quasigroup, a�ne regular otagon, parallelogram.



214 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperwe shall prove that (G, ·) is ARO�quasigroup. For eah a, b ∈ G the equa-tions ax = b and ya = b, owing to (5), are equivalent to the equations
a + ϕ(x − a) = b, y + ϕ(a) − ϕ(y) = b. (6)The �rst equation has the unique solution x = a + ϕ−1(b − a), and out ofthe seond equation it follows
2(ϕ ◦ ϕ)(y) − 2ϕ(y) = 2(ϕ ◦ ϕ)(a) − 2ϕ(b),

2y − 2ϕ(y) = 2b − 2ϕ(a).The addition of two last equations gives
2(ϕ ◦ ϕ)(y) − 4ϕ(y) + 2y = 2(ϕ ◦ ϕ)(a) − 2ϕ(a) − 2ϕ(b) + 2b,i.e., owing to (4) the solution must have the form

y = 2ϕ(a) − a − 2ϕ(b) + 2b. (7)Really, it is a solution of (6) beause from (7), aording to (4), we get
y − ϕ(y) = 2ϕ(a) − a − 2ϕ(b) + 2b − ϕ(2ϕ(a) − a − 2ϕ(b) + 2b)

= 2(ϕ ◦ ϕ)(b) − 4ϕ(b) + 2b − (2(ϕ ◦ ϕ)(a) − 3ϕ(a) + a)= b − ϕ(a).We have proved that (G, ·) is a quasigroup. Its idempoteny is obvious by(5). Aording to (5) we also get
ab · cd = ab + ϕ(cd − ab) = a + ϕ(b − a) + ϕ(c + ϕ(d − c) − a − ϕ(b − a))

= a− 2ϕ(a)+ (ϕ ◦ϕ)(a)+ϕ(b)− (ϕ ◦ϕ)(b)+ϕ(c)− (ϕ ◦ϕ)(c)+ (ϕ ◦ϕ)(d).The symmetry of the obtained expression by b and c proves the mediality(2). By (5) it follows
ab · b = ab + ϕ(b − ab) = a + ϕ(b − a) + ϕ(b − a − ϕ(b − a))

= (ϕ ◦ ϕ)(a) − 2ϕ(a) + a + 2ϕ(b) − (ϕ ◦ ϕ)(b),and analogously
ba · a = 2ϕ(a) − (ϕ ◦ ϕ)(a) + (ϕ ◦ ϕ)(b) − 2ϕ(b) + b,whene owing to (4)

ab · b − ba · a = 2(ϕ ◦ ϕ)(a) − 4ϕ(a) + a − (2(ϕ ◦ ϕ)(b) − 4ϕ(b) + b) = 0,



ARO�quasigroups 215i.e., the identity (3) is valid. ¤Example 2. Let (F, +, ·) be a �eld. If the equation
2q2 − 4q + 1 = 0 (8)has the solution q in F and if the operation ∗ on F is de�ned by the formula

a ∗ b = (1 − q)a + qb. (9)then ϕ(a) = qa obviously de�nes an automorphism of a ommutative group
(F, +). As the equality (8) is valid it implies that the equality (4) holds forall a ∈ F . However, (9) an be also written in the form

a ∗ b = a + ϕ(b − a)and by Example 1, (F, ∗) is ARO�quasigroup. ¤Example 3. Let (C, +, ·) be a �eld of omplex numbers and ∗ binaryoperation on C de�ned by (9), where q is the solution of the equation (8),i.e., q = 1 +
√

2
2 or q = 1 −

√

2
2 . Aording to Example 2 (C, ∗) is ARO�quasigroup. For example, let q = 1+

√

2
2 . The obtained quasigroup has a niegeometri interpretation, whih justi�es the studying ARO�quasigroups andde�ning the geometri onepts in them. Let us onsider the set C as theset of the points in the Eulidean plane. For the di�erent points a and bthe equality (9) an be written as

a ∗ b − a

b − a
= qwhih means that the points a, b, a ∗ b determine the quotient ratio q. Theoperation ∗ is presented in the Figure 1 where, instead of a ∗ b, we shallshortly write ab, and in the sequel we will use this notation in all �gures.Figure 1.The identity (3) is illustrated in the Figure 2.
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Figure 2.

¤2. The basi propertiesThe immediate onsequenes of the identities (1) and (2) are the identitiesof elastiity, left and right distributivity
ab · a = a · ba, (10)
a · bc = ab · ac, (11)
ab · c = ac · bc (12)Let us prove the following theorem.Theorem 1. In the ARO�quasigroup (Q, ·) the following identities

(ab · b)a = (a · ab)b, (13)
(ab · c)c = (c · ba)a, (14)
(ab · b)b = (b · ba)a, (15)

(ab · ba)c = (ac · ca)b, (16)
(ab · ba)a = ab, (17)

(ab · ba)c · c = cb · a, (18)
(ab · ba)b · b = ba, (19)

(ab · ba)b = ba · ab, (20)
(ab · ba) · ca = ac · b (21)are valid.Proof. Firstly we get

(ab ·b)a
(12)
= (ab ·a) ·ba

(10)
= (a ·ba) ·ba

(2)
= ab · (ba ·a)

(3)
= ab · (ab ·b)

(12)
= (a ·ab)b,

(ab · c)c
(3)
= (c · ab) · ab

(2)
= ca · (ab · b)

(3)
= ca · (ba · a)

(12)
= (c · ba)a,
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(ab · ba)c

(12)
= (ab · c)(ba · c)

(11)
= (ab · c)(ba) · (ab · c)c

(2)
= (ab · b)(ca) · (ab · c)c

(2)
= (ab · b)(ab · c) · (ca · c)

(11)
= (ab · bc)(ca · c)

(2)
= (ab · ca)(bc · c)

(3)
= (ab · ca)(cb · b)

(2)
= (ab · cb)(ca · b)

(12)
= (ac · b)(ca · b)

(12)
= (ac · ca)b,so the identities (13), (14) and (16) hold. From (14) using c = b the identity(15) follows, and using c = a from (16) owing to (1) the identity (17) follows.Further we get

(ab·ba)c·c
(12)
= (ab · c)c·(ba · c)c

(3)
= (c · ab)(ab)·(ba · c)c

(2)
= (ca)(ab · b)·(ba · c)c

(3)
= (ca)(ba · a)·(ba · c)c

(12)
= (c · ba)a·(ba · c)c

(2)
= (c · ba)(ba · c) · ac

(16)
= (c · ac)(ac · c) · ba

(3)
= (c · ac)(ca · a) · ba

(10)
= (ca · c)(ca · a) · ba

(11)
= (ca · ca) · ba

(1)
= ca · ba

(12)
= cb · a,i.e., the equality (18) is valid, wherefrom with c = b beause of (1) it follows(19). Finally, we obtain

(ab · ba)b
(12)
= (ab · b)(ba · b)

(3)
= (ba · a)(ba · b)

(11)
= ba · ab,

(ab·ba)·ca
(2)
= (ab·c)(ba·a)

(3)
= (ab·c)(ab·b)

(11)
= ab·cb

(12)
= ac·b. ¤3. Midpoints and parallelogramsLet (Q, ·) be ARO�quasigroup. The elements of the set Q will be alledpoints. The geometri presentation in the Figure 2 leads to the followingde�nition. For any two points a and b the point c, given by the equalities

c = a ∗ b = ab · b
(3)
= ba · a, (22)will be alled the midpoint of the points a and b.Theorem 2. If the operation ∗ on the set Q is de�ned by the formula (22),then (Q, ∗) is idempotent medial ommutative quasigroup.



218 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperProof. The equations a ∗ x = b and y ∗ a = b, whih aording to (22) anbe written as xa · a = b and ya · a = b, are uniquely solvable for x and yfor eah a, b ∈ Q. Commutativity and idempoteny of the operation ∗ areobvious, and mediality follows by means of (2) like this:
(a ∗ b) ∗ (c ∗ d) = (ab · b)(cd · d) · (cd · d) = (ab · cd)(bd) · (cd · d)

= (ac · bd)(cd) · (bd · d) = (ac · c)(bd · d) · (bd · d)

= (a ∗ c) ∗ (b ∗ d). ¤We shall say that the points a, b, c, d are the verties of a parallelogramand we shall write Par(a, b, c, d) if a ∗ c = b ∗ d. If a ∗ c = b ∗ d = o,we shall say that the point o is the enter of that parallelogram and write
Paro(a, b, c, d).Theorem 3. (Q, Par) is a parallelogram spae, i.e., the following propertiesare valid:
(P1) For any points a, b, c there is the unique point d suh that Par(a, b, c, d).
(P2) For any yli permutation (e, f, g, h) of (a, b, c, d) or of (d, c, b, a)from Par(a, b, c, d) follows Par(e, f, g, h).
(P3) From Par(a, b, c, d) and Par(c, d, e, f) follows Par(a, b, f, e).Proof. The statement Par(a, b, c, d) is aording to (22) equivalent to theequality ac · c = db · b, whih is unique solvable by d, so the property (P1)is valid. The property (P2) is the onsequene of the ommutativity of theoperation ∗. It remains to prove the property (P3). From Par(a, b, c, d)and Par(c, d, e, f) it follows a ∗ c = b ∗ d and c ∗ e = d ∗ f . By means of themediality and ommutativity of the operation ∗ we get

(a ∗ f) ∗ (c ∗ f) = (a ∗ c) ∗ (f ∗ f) = (b ∗ d) ∗ (f ∗ f) = (b ∗ f) ∗ (d ∗ f)

= (b ∗ f) ∗ (c ∗ e) = (b ∗ f) ∗ (e ∗ c) = (b ∗ e) ∗ (f ∗ c)

= (b ∗ e) ∗ (c ∗ f),wherefrom we get a ∗ f = b ∗ e, i.e., Par(a, b, f, e).



ARO�quasigroups 2194. A�ne�regular otagonNow we are going to introdue the onept of the a�ne regular otagon ina general ARO�quasigroup. Firstly, we will prove the theorem whih willlead to the de�nition of the mentioned onept.Theorem 4. In a ylial sequene from eight equalities aiai+1 = ai+3ai+2

(i = 1, 2, 3, 4, 5, 6, 7, 8), where indexes are taken modulo 8 from the set
{1, 2, 3, 4, 5, 6, 7, 8}, eah �ve adjaent equalities imply the remaining threeequalities.Proof. It is su�ient to prove that the equalities

a1a2 = a4a3, (23)
a2a3 = a5a4, (24)
a3a4 = a6a5, (25)
a4a5 = a7a6, (26)
a5a6 = a8a7, (27)imply the equality
a6a7 = a1a8. (28)Firstly, let us prove that from the equality (23)�(25) the equality
a1a3 = a6a4, (29)follows, and in the same manner (by the substitution i → i + 2) fromequalities (25) � (27) the equality
a3a5 = a8a6 (30)follows. Really, we get suessively

(a1a3 · a5)a4
(12)
= (a1a5 · a3a5)a4

(12)
= (a1a4 · a5a4)(a3a4 · a5a4)

(24)
= (a1a4 · a2a3)(a3a4 · a5a4)

(2)
= (a1a2 · a4a3)(a3a4 · a5a4)

(23)
= (a4a3 · a4a3)(a3a4 · a5a4)

(1)
= a4a3 · (a3a4 · a5a4)

(2)
= (a4 · a3a4)(a3 · a5a4)

(10)
= (a4a3 · a4)(a3 · a5a4)

(2)
= (a4a3 · a3)(a4 · a5a4)

(3)
= (a3a4 · a4)(a4 · a5a4)

(10)
= (a3a4 · a4)(a4a5 · a4)

(12)
= (a3a4 · a4a5)a4

(25)
= (a6a5 · a4a5)a4

(12)
= (a6a4 · a5)a4,



220 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperwherefrom the equality (29) follows. Now, we an also prove the equality(28), whih follows from
a1a8 · a6

(12)
= a1a6 · a8a6

(30)
= a1a6 · a3a5

(2)
= a1a3 · a6a5

(29)
= a6a4 · a6a5

(11)
= a6 · a4a5

(26)
= a6 · a7a6

(10)
= a6a7 · a6. ¤We shall say that a1, a2, a3, a4, a5, a6, a7, a8 are the verties of ana�ne�regular otagon and we shall write ARO(a1, a2, a3, a4, a5, a6, a7, a8) ifany �ve adjaent, and then all eight, equalities from eight equalities aiai+1 =

ai+3ai+2 (i = 1, 2, 3, 4, 5, 6, 7, 8) are valid (Figure 3).

Figure 3.Corollary 1. If (i1, i2, i3, i4, i5, i6, i7, i8) is any yli permutation of
(1, 2, 3, 4, 5, 6, 7, 8) or of (8, 7, 6, 5, 4, 3, 2, 1), thenARO(a1, a2, a3, a4, a5, a6, a7, a8) implies ARO(ai1 , ai2 , ai3 , ai4 , ai5 , ai6 , ai7 , ai8).Corollary 2. If the statement ARO(a1, a2, a3, a4, a5, a6, a7, a8) holds, thenfor eah i ∈ {1, 2, 3, 4, 5, 6, 7, 8} the statement aiai+2 = ai+5ai+3 also holds.



ARO�quasigroups 221Corollary 3. A�ne�regular otagon is uniquely determined by any threeadjaent verties. ¤Theorem 5. If the statement ARO(a1, a2, a3, a4, a5, a6, a7, a8) is valid, thenfor eah i ∈ {1, 2, 3, 4, 5, 6, 7, 8} we have
ai+1ai+2 · ai+2ai+1 = ai+4ai, ai+3ai+2 · ai+2ai+3 = aiai+4, (31)

ai+4ai · ai+1 = ai+1ai+2 = ai+4ai+3, aiai+4 · ai+3 = ai+3ai+2 = aiai+1.(32)Proof. The proof of the seond equality (31) follows from the proof of the�rst one (31) by the substitution of indexes i ↔ i + 4, i + 1 ↔ i + 3.Beause of Corollary 1 it is su�ient to prove, for example, the equality
a2a3 · a3a2 = a5a1. We get suessively

(a2a3 · a3a2)a2
(17)
= a2a3

(1)
= a2a3 · a2a3

(24)
= a5a4 · a2a3

(2)
= a5a2 · a4a3

(23)
= a5a2 · a1a2

(12)
= a5a1 · a2,so a2a3 · a3a2 = a5a1 follows. The �rst equalities in (32) are obtainedby multipliation the equalities (31) with ai+1 respetively ai+3 beause ofthe identity (17), and other equalities are taken from the de�nition of therelation ARO.Theorem 6. Let the statement ARO(a1, a2, a3, a4, a5, a6, a7, a8) be valid.There is the point o suh that for eah i ∈ {1, 2, 3, 4, 5, 6, 7, 8} the equalities

(ai+1ai · aiai+1) ai+2 = o, (ai+1ai+2 · ai+2ai+1) ai = o (33)are valid, where indexes are taken modulo 8.Proof. By (16) the mutual equivalene of the equalities (33) hold.If o = (a2a3 · a3a2)a1, then o = (a2a1 · a1a2)a3. By Corollary 1 it issu�ient to prove the equality o = (a3a4 · a4a3)a2. We get
(a3a4 · a4a3)a2

(23)
= (a3a4 · a1a2)a2

(12)
= (a3a4 · a2)(a1a2 · a2)

(3)
= (a3a4 · a2)(a2a1 · a1)

(2)
= (a3a4 · a2a1) · a2a1

(3)
= (a2a1 · a3a4) · a3a4

(2)
= (a2a1 · a3)(a3a4 · a4)

(3)
= (a2a1 · a3)(a4a3 · a3)

(2)
= (a2a1 · a4a3)a3

(23)
= (a2a1 · a1a2)a3 = o. ¤



222 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperThe point o from Theorem 6 will be alled the enter of the a�ne�regular otagon (a1, a2, a3, a4, a5, a6, a7, a8) and it will be written in theform AROo(a1, a2, a3, a4, a5, a6, a7, a8).Theorem 7. With hypotheses of Theorem 6 for eah i ∈ {1, 2, 3, 4, 5, 6, 7, 8}the equalities
o = ai ∗ ai+4 = aiai+4 · ai+4, (34)

ai+1ai+2 · ai = o · ai+1ai, ai+1ai · ai+2 = o · ai+1ai+2, (35)
oai = aiai+2 · ai+1, oai+2 = ai+2ai · ai+1 (36)are valid.Proof. We get

ai ∗ ai+4
(22)
= ai+4ai · ai

(31)
= (ai+1ai+2 · ai+2ai+1)ai

(33)
= o,

ai+1ai+2 · ai

(17)
= (ai+1ai+2 · ai+2ai+1)ai+1 · ai

(12)
= (ai+1ai+2 · ai+2ai+1)ai · ai+1ai

(33)
= o · ai+1ai,

oai

(33)
= (ai+1ai+2 · ai+2ai+1)ai · ai

(18)
= aiai+2 · ai+1. ¤In the previous proof the equivalene of the equations (33) and (34)is proved, therefore the enter of an a�ne�regular otagon an be alsoharaterized by (34).5. The determination of the a�ne�regular otagonThe statements of the unique determination of the a�ne regular otagonwill be proved in this hapter.Theorem 8. A�ne�regular otagon is uniquely determined by any three ofits verties.Proof. By Corollary 1 and 3 it is su�ient to prove only the following state-ments(i) The verties a1, a2, a4 uniquely determine the vertex a3. This state-ment is obvious from the equalities (23).(ii) The verties a1, a2, a5 or a1, a3, a5 uniquely determine the vertex

a3, respetively a2. Indeed, let o is the point suh that o = a5a1 · a1, andthen a3 respetively a2 the point suh that oa1 = a1a3 ·a2, and a4 the point



ARO�quasigroups 223suh that a1a2 = a4a3. It should be proved the equality a2a3 = a5a4. It isthe onsequene of the following onsideration:
(a2a3 · a2a3)(a4a3) · a4a3

(1)
= (a2a3 · a4a3) · a4a3

(3)
= (a4a3 · a2a3) · a2a3

(2)
= (a4a3 · a2)(a2a3 · a3)

(3)
= (a4a3 · a2)(a3a2 · a2)

(12)
= (a4a3 · a3a2)a2 = (a1a2 · a3a2)a2

(12)
= (a1a3 · a2)a2

= oa1 · a2 = (a5a1 · a1)a1 · a2

(12)
= (a5a2 · a1a2)(a1a2) · (a1a2)

= (a5a2 · a4a3)(a4a3) · (a4a3)

(2)
= (a5a4 · a2a3)(a4a3) · (a4a3).(iii) The verties a1, a3, a6 uniquely determine the vertex a2. Really,let a4 be a point suh that a1a3 = a6a4, then a2 be a point suh that

a1a2 = a4a3, and a5 the point suh that a2a3 = a5a4. It should be provedthe equality a3a4 = a6a5, whih follows from this:
(a3a4 · a4a5)a4

(12)
= (a3a4 · a4)(a4a5 · a4)

(10)
= (a3a4 · a4)(a4 · a5a4)

(3)
= (a4a3 · a3)(a4 · a5a4)

(2)
= (a4a3 · a4)(a3 · a5a4)

(10)
= (a4 · a3a4)(a3 · a5a4)

(2)
= a4a3 · (a3a4 · a5a4)

(12)
= a4a3 · (a3a5 · a4)

(1)
= (a4a3 · a4a3)(a3a5 · a4)

= (a1a2 · a4a3)(a3a5 · a4)
(2)
= (a1a4 · a2a3)(a3a5 · a4)

= (a1a4 · a5a4)(a3a5 · a4)
(12)
= (a1a5 · a4)(a3a5 · a4)

(12)
= (a1a5 · a3a5)a4

(12)
= (a1a3 · a5)a4

= (a6a4 · a5)a4
(12)
= (a6a5 · a4a5)a4.If the statement ARO(a1, a2, a3, a4, a5, a6, a7, a8) hold, then two vertiesof the form ai and ai+4 are said to be opposite verties of the onsidereda�ne�regular otagon.Theorem 9. A�ne�regular otagon is uniquely determined by its enterand by any two of its verties whih are not opposite.



224 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperProof. (i) The enter o and verties a1, a2 respetively the verties a1, a3uniquely determine the remaining verties. Let a3 respetively a2 be a pointsuh that oa1 = a1a3 · a2, then a4 be a point suh that a1a2 = a4a3, and a5be a point suh that o = a5a1 · a1. It should be proved a2a3 = a5a4, andthe proof is the same as the proof of the part (ii) of the proof Theorem 8.(ii) The enter o and the verties a2, a5 uniquely determine the remain-ing verties. Let a1 be a point suh that o = a1a5 · a5, and a3 point suhthat oa1 = a1a3 · a2, and a4 point suh that a1a2 = a4a3. Further the proofis the same as in a previous ase.5. Some new assoiated a�ne�regular otagonsIn this hapter we are going to onsider some new otagons whose vertiesan be obtained by means of the verties of the initial otagon.Equal produts from the de�nition of the a�ne�regular otagon will belabelled like this
aiai+1 = bi+1,i+2 = ai+3ai+2, (37)where the indexes will be always taken mod 8 from the set {1, 2, 3, 4, 5, 6, 7, 8}.On the base of the proof of Theorem 4 aording to Corollary 1 it followsthat there exists the point ci+2,i+3 suh that
aiai+2 = ci+2,i+3 = ai+5ai+3. (38)Besides that, let

di = ai+4ai. (39)With these labels the equalities (31) and (32) an be written in the form
bi+2,i+3 bi,i+1 = di, bi,i+1 bi+2,i+3 = di+3, (40)

di ai+1 = bi+2,i+3, di+3 ai+2 = bi,i+1, (41)where the indexes in the seond equalities in (40) and (41) are redued for
1. The equalities (31) an also be written in the form

di = ai+1 ai+2 · ai+2 ai+1, di+2 = ai+1 ai · ai ai+1, (42)and the equalities (33) an be written in this shortened form:
diai = o. (43)



ARO�quasigroups 225The equalities (35) and (36) an also be written as the equalities
bi+2,i+3 ai = o bi−1,i, bi−1,i ai+2 = o bi+2,i+3, (44)

o ai = ci+2,i+3 ai+1, o ai+2 = ci−1,i ai+1. (45)Let us prove some more similar equalities. We get for example:
d1a3

(42)
= (a2a3 · a3a2)a3

(20)
= a3a2 · a2a3

(42)
= d4,and generally the equalities

di ai+2 = di+3, di ai−2 = di−3 (46)are valid. Due to the example
d1a2

(42)
= (a2a3 · a3a2)a2

(17)
= a2a3

(37)
= b34,the general equalities

di ai+1 = bi+2,i+3, di ai−1 = bi−3,i−2 (47)hold. Let us prove for example
c12c23

(38)
= a4a2 · a5a3

(2)
= a4a5 · a2a3

(37)
= a4a5 · a5a4

(42)
= d3and generally,

ci,i+1 ci+1,i+2 = di+2, ci+1,i+2 ci,i+1 = di. (48)On the base of the equalities (37) and (48) we get for example
b12b23

(37)
= a3a2 · a4a3

(2)
= a3a4 · a2a3

(37)
= b45b34,

c12c23
(48)
= d3 = c45c34,i.e., generally we have bi,i+1bi+1,i+2 = bi+3,i+4bi+2,i+3 and ci,i+1ci+1,i+2 =

ci+3,i+4ci+2,i+3, whih proves the statements
ARO(b12, b23, b34, b45, b56, b67, b78, b81), (49)
ARO(c12, c23, c34, c45, c56, c67, c78, c81). (50)



226 V. Volene, Z. Kolar-Begovi¢ and R. Kolar-�uperThe proof of the statement
ARO(d1, d2, d3, d4, d5, d6, d7, d8) (51)is more ompliated. We get for example

d1d2
(46)
= d4a2 · d5a3

(2)
= d4d5 · a2a3

(37)
= d4d5 · a5a4

(2)
= d4a5 · d5a4

(47)
= b67b23

(47)
= d1a8 · d8a1

(2)
= d1d8 · a8a1

(37)
= d1d8 · a3a2

(2)
= d1a3 · d8a2

(46)
= d4d3.All three a�ne�regular otagons (52)�(54) have the enter o beause weget for example

b12 ∗ b56 = b12b56 · b56
(37)
= (a3a2 · a7a6) · a7a6

(2)
= (a3a7 · a2a6) · a7a6

(2)
= (a3a7 · a7)(a2a6 · a6) = (a3 ∗ a7)(a2 ∗ a6)

(34)
= o o

(1)
= o,

c12 ∗ c56 = c12c56 · c56
(38)
= (a4a2 · a8a6) · a8a6

(2)
= (a4a8 · a2a6) · a8a6

(2)
= (a4a8 · a8)(a2a6 · a6) = (a4 ∗ a8)(a2 ∗ a6)

(34)
= o o

(1)
= o,

d1 ∗ d5 = d1d5 · d5
(42)
= (a2a3 · a3a2)(a6a7 · a7a6) · (a6a7 · a7a6)

(2)
= (a2a3 · a6a7)(a3a2 · a7a6) · (a6a7 · a7a6)

(2)
= (a2a6 · a3a7)(a3a7 · a2a6) · (a6a7 · a7a6)

(2)
= (a2a6 · a3a7)(a6a7) · (a3a7 · a2a6)(a7a6)

(2)
= (a2a6 · a6)(a3a7 · a7) · (a3a7 · a7)(a2a6 · a6)

= (a2 ∗ a6)(a3 ∗ a7) · (a3 ∗ a7)(a2 ∗ a6)
(34)
= o o · o o

(1)
= o.A numerous parallelograms are related to the a�ne�regular otagon.So, for example we get the equalities

a1 ∗ a2 = a2a1 · a1
(21)
= (a2a1 · a1a2) · a1a2

(37)
= (a2a1 · a4a3) · a4a3

(2)
= (a2a1 · a4)(a4a3 · a3)

(3)
= (a2a1 · a4)(a3a4 · a4)

(12)
= (a2a1 · a3a4)a4

(2)
= (a2a3 · a1a4)a4

(37)
= (a5a4 · a1a4)a4

(12)
= (a5a1 · a4)a4

(39)
= d1a4 · a4

= a4 ∗ d1,
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a1 ∗ b34 = a1b34 · b34

(37)
= (a1 · a2a3) · a2a3

(2)
= a1a2 · (a2a3 · a3)

(3)
= a1a2 · (a3a2 · a2)

(37)
= a4a3 · (a3a2 · a2)

(2)
= (a4 · a3a2) · a3a2

(37)
= a4b12 · b12 = b12 ∗ a4,

a1 ∗ d1 = a1d1 · d1
(39)
= (a1 · a5a1) · a5a1

(10)
= (a1a5 · a1) · a5a1

(12)
= (a1a5 · a5)a1

= (a1 ∗ a5)a1
(34)
= oa1

(45)
= c34a2

(38)
= a1a3 · a2

(12)
= a1a2 · a3a2

(32)
= (a1a5 · a4)(a3a7 · a8)

(2)
= (a1a5 · a3a7) · a4a8

(2)
= (a1a3 · a5a7) · a4a8

(38)
= (a6a4 · a2a8) · a4a8

(2)
= (a6a2 · a4a8) · a4a8

(39)
= d2d8 · d8 = d2 ∗ d8,

b12 ∗ d3 = b12d3 · d3
(37),(39)

= (a3a2 · a7a3) · a7a3
(2)
= (a3a7 · a2a3) · a7a3

(2)
= (a3a7 · a7)(a2a3 · a3)

(34),(3)
= o(a3a2 · a2)

(34)
= (a2a6 · a6)(a3a2 · a2)

(2)
= (a2a6 · a3a2)·a6a2

(2)
= (a2a3 · a6a2)·a6a2

(37),(39)
= b34d2 ·d2 = d2 ∗ b34,

o ∗ c34 = oc34 · c34
(33),(38)

= ((a2a1 · a1a2)a3 · a1a3)· a1a3

(12)
= ((a2a1 · a1a2)a1 · a1)a3

(19)
= a1a2 · a3

(37)
= a4a3 · a3 = a3 ∗ a4,and we get the statements Par(a1, a4, a2, d1), Par(a1, b12, b34, a4),

Par(a1, d2, d1, d8), Par(b12, d2, d3, b34), Par(o, a3, c34, a4) or more gen-eral statements
Par(ai, ai+3, ai+1, di), Par(ai, ai−3, ai−1, di), (52)

Par(ai, bi,i+1, bi+2,i+3, ai+3), (53)
Par(ai, di+1, di, di−1), (54)

Par(bi,i+1, di+1, di+2, bi+2,i+3), (55)
Par(o, ai, ci,i+1, ai+1). (56)We have proved:Theorem 10. Let the statement AROo(a1, a2, a3, a4, a5, a6, a7, a8) holds.Then there are the points bi,i+1, ci,i+1, di suh that the statements (37)−(48)and (52) − (56) hold, where the indexes are taken modulo 8 from the set

{1, 2, 3, 4, 5, 6, 7, 8},and the statements AROo(b12, b23, b34, b45, b56, b67, b78, b81),
AROo(c12, c23, c34, c45, c56, c67, c78, c81) and AROo(d1, d2, d3, d4, d5, d6, d7, d8)are also valid. ¤
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