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Prolongations of quasigroups

by middle translations
Ivan I. Deriyenko and Andrey I. Deriyenko

Abstract. This article is a continuation of the study of prolongations of quasigroups
and Latin squares. Now using complete mappings and middle translations we present
various characterizations of prolongations of quasigroups described in [4]. Based on these

characterizations we find isotopic prolongations.

1. Introduction

Let Q@ = {1,2,3,...,n} be a finite set, ¢ and 1 permutations of ). The
composition of permutations is defined as v (z) = ¢ (¢ (z)). Permutations
will be written in the form of cycles, and cycles will be separated by points:

_<123456

=315 5 4 6)2(132.45.6.)

@ (-) always denotes a quasigroup.
Definition 1.1. A permutation ¢; of the set @) such that

r-pi(r)=14, 1€Q (1)
all z € Q is called the track of an element 3.

It is clear that for a quasigroup @ (-) of order n the set of permutations

{9017 ©2,P3, .-, Spn}7

satisfying (1) uniquely determines its Latin square (i.e., its multiplication
table). Therefore, we can identify @ (-) with the above set of permutations
and write

Q() = {9017()027@37 .. '79071}'
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In [3] the following very useful result is proved

Lemma 1.2. Let Q(-) = {p1,92,...,0n} and Q (o) = {¢1,¢2,..., 0}
be two quasigroups. Then for any bijections «, 8,7 : Q — Q satisfying the

identity y(z o y) = a(z) - B(y) we have ;) = Boia™t. O

Definition 1.3. Any mapping o of @) defines on a quasigroup @ (-) a new
mapping & such that

The number rg (o) = |5 (Q) |, where 7 (Q) = {7 (x) |x € Q}, is called the
range of a mapping o on a quasigroup Q(-).

If 5(Q) =Q,ie., rg(c) =n =|Q|, then we say that o is a complete
mapping. A quasigroup having at least one complete mapping is called
admissible. If rg (0) =n — 1, the mapping o is called quasicomplete. Every
track has range 1.

For a quasicomplete mapping o we define its defect def (o) putting

def (o) =Q—a(Q).

If def (0) = d, then 57! (d) = ). In this case a = & (a1) = & (az) for some
a,ai,as € Q.

It is clear that a permutation ¢ of @ can be extended to Q' = Q U {q},
where ¢ € @, by putting ¢(q) = q.

2. Classical prolongation

The classical method of prolongation of admissible quasigroups proposed
by V. D. Belousov [1] is based on the following construction. Let @ (-) be
a fixed admissible quasigroup, o its complete mapping. The operation (o)
on Q' = QU {q} is defined by the formula:

vy if x#q y#q y#o(r),
ool (y) if x=gq, y#q @)
(x) if z#4q, y=q,

q if y=o(z), z€Q’.

Toy =

Qi

We say that this prolongation is induced by a complete mapping o.
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By A, we denote the set

A, = {0'1,0'2, c..y0n | 0; = ((La-_l (Z))}7

where @Q (+) is a quasigroup, ¢ ¢ @ and o is a complete mapping of @ (+).
Below we present the new description of this prolongation. But first we
make some useful observations.
Note first that
X, 0 (.%'Z) = 5’(.771) = 1. (3)

Hence
zi =" (7). (4)

Thus the transposition o; in A, can be written in the form o; = (g, z;).
Moreover, from (1) it follows z; - ; (z;) = 4, which together with (3) gives

o (zi) = @i (i) - (5)
Now we can give the new characterization of the classical prolongation.

Theorem 2.1. Let Q (-) = {1, 92, ¢3,...,¢n} be a quasigroup with a com-

plete mapping o. The quasigroup Q' (o) = {11, 92,43, ..., ¢n,Yq} coincides
with the prolongation of Q (-) defined by (2) if and only if

{zzi?m 1=1,2,...,n, (6)

where o; = (q,571 ().

Proof. The first, the second and the third row of (2) is equivalent to the
first row of (6). The last row of (2) is equivalent to the second row of (6).
Indeed, the first row of (2) says that

zoy=x-y for x#q y#q y#Fo(r).
This for y = ¢; (x) gives
rxo;(x)=x-p;(xr)=1.
Since x o ¢); (z) = 4, the last implies

pi=1v; for x#q y#q y#o(z). (7)
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If © = g, then from the second row of (2), we obtain
goy=0o0 '(y) for y#q yeq, 8)

whence putting y = ; (q) we get do 1; (¢) = qo¥;(¢) = i. Thus
o i (q) =61 (3). But 2, = 61 (4), so ¢; (¢) = o (z;), and consequently

i ((J) = ¥ (361) . (9)

In the case y = ¢, according to the third row of (2), we have xoq = 7 (z).
If z0q =i, then & (x) =14, i.e., x = ! (i), which, by (4), implies = = ;.
Hence z; o ¢ = i. But on the other hand, by the definition of 1);, we have
x; 0 (x;) =i. So,

wi (.%‘Z) =4dq. (10)

Let us consider the first row of (6).

If z # q and x # x;, then 0; = (q,x;) can be eliminated from v¢; = p;0;.
Hence v¢; = ;. This coincides with (7) and corresponds to the first row of
(2).

If © = q, then ; (¢) = wioi (q) = wi (x;). This coincides with (9) and
corresponds to the second row of (2).

If x = x;, then ; (x;) = @i (x;) = ¢i(q) = ¢q. This coincides with
(10) and corresponds to the third row of (2).

So, the first, the second and the third rows of (2) correspond to the first
row of (6).

Let us consider the fourth row of (2). Then y = o (z) and zoo (z) = q.
But, by the definition, = o ¢, () = ¢. Thus 9, (z) = o (x). This means
that the fourth row of (2) is equivalent to the second row of (6). O

Since quasigroups may have several complete mappings, the natural
question is: when prolongations obtained from the same quasigroup by dif-
ferent complete mappings are isotopic.

Below we give the partial answer to this question. Our answer is based
on the concept of the equivalence of complete mappings.

Remind (see for example [1]) that two permutations p and o of a quasi-
group Q(-) are equivalent if

p=Poa"
for some autotopism T = («, 3,7) of Q(-).

Proposition 2.2. Any mapping equivalent to a complete mapping of a
quasigroup Q (+) also is a complete mapping of Q (-).
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Proof. Let p = Bca~!, where ¢ is a complete mapping of a quasigroup Q (-)
and T = («, 3,7) its autotopism.

Let {¢1,92,93,...,¢n} be tracks of @ (-). We can choose elements
x1,T2,...,%, of @ for which o (x;) = ¢; (z;).

Since ) = Bpia~! (see Lemma 1.2), for 1,ys,...,yn such that
yi = a(x;),1=1,2,...,n, we have

p(yi) = Boa™ (y;) = Bo (x:) = Bei (2i) = oy (25) = 0ai) (Ui) -

Thus p(yi) = pya) (i)
Multiplying this equation by y; we obtain

Yi - p(Yi) = ¥i - Py (vi) =7 (4),
which proves that p is a complete mapping. O

Corollary 2.3. If « is an automorphism of a quasigroup Q () and o is its
complete mapping, then p = aca™" also is a complete mapping of Q (-). O

Corollary 2.4. If T = (o, 3,7) is an autotopism of Q (-) and og is its
complete mapping, then

O — ﬁkaa_k

is a complete mapping of Q (). d
Corollary 2.5. Equivalent permutations have the same range. g

Theorem 2.6. Classical prolongations induced by equivalent complete map-
pings are isotopic.

Proof. Let Q;, (o) = {¥1,%2,...,¥n, ¥} and Q, (¥) = {w1,wa, ..., wn,wy}
be prolongations of a quasigroup @ () = {®1,¥2, ..., s} induced by com-
plete mappings o and p = Boa ™!, respectively. Then, according to Theorem
2.1, we have

{1/}129010-1 7::1,2,...,?17 and {Wz:SOsz i:1727"'7n7
wq:Ua Wqg = P,

where o; = (q, :EZ'), Pi = (%yz’)-

Let us consider two sequences x1,Z3,...,T, and y1,Y2,...,Yy, of ele-
ments of @ such that

pi (i) =0 (x;) and i (y:) = p(yi) (11)
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fori=1,2,...,n
Since T' = (o, 3,7) is an autotopism of @ (-) such that p = Boa™!, by
Lemma 1.2, we obtain ¢, ;) = By;a~t. Thus

Pyye (1) = Bpi (i) = Bo (i) = pa(zi)

s Py (zi) = pa(x;), which for o (z;) = 2 glves ©y()(2) = p(z). But,

by the assumption ¢ ;) (yv ) =p (y7 ) see (11)), hence z = Yr(i)- There-
fore

a (i) = Yy() (12)
for every i =1,2,...,n.

Now we will prove that
aoi Tt = Pry(i)- (13)
Indeed, according to the definition o; = (g, ;) and py(;) = (q,yw(i)). Thus
acia™! (yw(i)) = ao; (z;) = a(q) =g,
agia”! () = aoi (q) = a (i) = Yy

This means that ac;a™! = (q,yw(i)) = Py(i) S0, (13) is valid.
Moreover,

Biat = B (pioi) a™! = i (a7 la) oo™
= (Bpia ) (agia™) = 0 ) py6) = Wy

and
&pqa_l = BO'O[_l =p=uwy.

From the above it follows that 7' = («, 3,7) is an isotopism between
Q' (o) and Q' (x). This completes the proof. O]

Example 2.7. Consider the quasigroup @ (-) with the multiplication table:

Y UL W N | =
UL O Wk = NN
=N O Ok W (W
N = Ot O Wk
W DN = O OOt
WDt | O

S T W N
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This quasigroup can be written as Q(-) = {1, ¥2, ¥3, ¥4, 5, 6}, where

o1 = (1.2.3546.), @y = (12.3645.), 3 = (13.24.56.),
o1 = (14.235.6.), @5 =(15.26.3.4.), s =(16.25.34.).

Choose the following two complete mappings of this quasigroup:
po = (1.3.6.245.) and 6 = (1.23456.).

Then pg = (1.23564.) and 0 = (1.24.365.).
Consider now the autotopism 7" = («, 3,7) of Q(-), where

= (163254.), (= (164.253.), = (146235.).

We can construct this autotopism used, for example, the method proposed
in [3].
Let p1 = Bpoa~t =T (po) and T*(pg) = pp for k > 1. Then
T (po) = (1345.2.6.) = p1, T (p1) = (13462.5.)
T (p2) = (143562.) = ps, T (p3) = (12356.4.)
T (pg) = (1.4.2365.) = p5, T (ps) = (1.3.6.245. ) = po.

By Corollary 2.4 all mappings p1, p2, - - -, p5 are completeon Q(-). These
mappings are equivalent. Hence, by Theorem 2.6, all prolongations ) ;}i (o)
of Q(+) are isotopic.

We select two prolongations Q (o) and Q ,(¥). For simplicity po will
be denoted by o, p3 — by 7. Slnce B3ca=3 =7, pand T are equivalent,
and & — (1.23564.), 7 — (14653.2.).

Let Q) (o) = {t1,¢9,..., 06,907}, QL (%) = {wi,w2,...,ws,wr}. Then
q =7 and

AU:{01:(7, 1), 0‘2:(7, 4), 0'3:(7, 2), 0'4—( ,0), 05= (7 3) 0'6:(7, 5)},

6)
={n=(7,3), n=(7,2), 3=(7,5), m=(7,1), 5=(7,6), 76=(7,4)}.
According to (2), the multiplication table of @/ (o) has the form:

o|1 2 3 4 5 6 7
117 2 3 4 5 6 1
212 1 4 7 6 5 3
313 4 5 6 7 2 1
414 3 7 5 1 1 6
515 6 2 1 4 7 3
66 7 1 2 3 4 5
712 5 6 4 1 3 7
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By Theorem 2.1, Q. (o) has the following tracks:

b1 = 1oy = (1.2.3546.7.) (7,1) = (17.2.3546.) ,
W = a0y = (12.3645.7.) (7,4) = (12.36475.)
by = 303 = (13.24.56.7.) (7,2) = (13.274.56.) ,
Wy = pao4 = (14.23.5.6.7.) (7,6) = (14.23.5.67.) ,
s = 505 = (15.26.3.4.7.) (7,3) = (15.26.37.4.) ,
e = peo6 = (16.25.43.7.) (7,5) = (16.257.43.),
Yr= o =(1.3.6.245.7.).
Similarly, Q! (%) has the multiplication table:
* 11 2 3 4 5 6 7
111 2 3 7 5 6 4
2|7 1 4 3 6 5 2
313 4 5 6 7 2 1
414 3 7 5 1 1 6
55 6 2 1 4 7 3
6|6 7 1 2 3 4 5
712 5 6 4 1 3 7
and tracks:
= o171 = (1.2.3546.7.) (7,3) = (1.2.37546.),
wy = @ams = (12.3645.7.) (7,2) = (127.3645.),
= 373 = (13.24.56.7.) (7,5) = (13.24.576.) ,
wy = ars = (14.23.5.6.7.) (7,1) = (174.23.5.6.) ,
= 575 = (15.26.3.4.7.) (7,6) = (15.267.3.4.) ,
= pg16 = (16.25.43.7.) (7,4) = (16.25.473.),
wr= 1 = (143562.7.).

T3 = (a3,ﬂ3,73) is an isotopism between @)/ (o) and Q! (x). Hence, by
(3) from [3], we have B31;a3 = = Wys(; ) This fact can be deduced from the
above calculations because 3% = ¢, a3 = (12.34.56.7.), v3 = (12.24.56.7.)
and, as it is not difficult to see, ¥;a™3 = wy3(j) for every z' €Q.

Consider now the prolongation Qg (x) of @ (-) induced by the complete
mapping 6 = (1.23456.). Then 0 = (1.24.365.), 6~ = (1.24.356.) and

Ng={01 = (T,1), 0o=(7,4), 05=(7,5), 02 =(7,2), 05=(T,6), 0= (7,3)}.

uasigroups Qg (x) and Q. (*) are not isotopic because complete map-
g [/ T
pings 6 and 7 are not equivalent. @4 (x) has the multiplication table:
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x|1 2 3 4 5 6 7

117 2 3 4 5 6 1

212 1 7 3 6 5 4

313 4 5 7 1 2 6

414 3 6 5 7 1 2

515 6 2 1 4 7 3

66 7 1 2 3 4 5

711 5 4 6 2 3 7

and tracks:

AL = @161 = (1.2.3546.7.) (7,1) = (17.2.3546.),
Ao = palfly = (12.3645.7.) (7,4) = (12.36475.),
A3 = 33 = (13.24.56.7.) (7,5) = (13.24.576.),
A = pg04 = (14.23.5.6.7.) (7,2) = (14.273.5.6.) ,
A5 = @505 = (15.26.3.4.7.) (7,6) = (15.267.3.4.),
X6 = webls = (16.25.43.7.) (7,3) = (16.25.437.),
Ar= 6 =(1.23456.7.).

The fact that these two quasigroups are non-isotopic can be also deduced
from Theorem 2.5 in [3]. O

3. Prolongations by fixed element

Consider now the prolongation proposed by G. B. Belyavskaya (see |2] or
[4]). This prolongation is a modyfication of a prolongation proposed by V.
D. Belousov.

Let Q(:) be a quasigroup with a complete mapping o. Then for an
arbitrary fixed element a € () there exists an uniquely determined element
ZTq € Q such that

Zg -0 (x4) = a. (14)

Using this fixed element a € @) and a complete mapping o we can define
the prolongation @/ , (o) of Q () by putting
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Ty y#o(x), z,y €Q,

q y=o(r), # x4,

a T =1Tq, Yy=0(x4),

o (z) T # T, Y=,

TOU=N Gol(y) w=q y#0(z), (15)

q $:q,y20($a),

q T=Tq, Y=,

a l‘:y:q

It is clear that for one complete mapping o of Q(-) one can find n =
|Q| different elements satisfying (14). So, one complete mapping induces
n different prolongations of the form @ , (o). Obviously, some of these
prolongations can be isotopic.

First observe that the prolongation @ , (o) can be characterized by
their tracks. Namely, we have

Theorem 3.1. Let Q (-) = {1, 2, ..., pn} be a quasigroup with a complete
mapping o. The quasigroup Q'(0) = {¢1,¢2,...,¥n, 1} coincides with the
prolongation Q, , (o) of Q(-) defined by (15) if and only if

1/)1‘ = Yi0i, { ?é a,dq,
wa = Pa, (16)
ﬂ}q = O'O'a,

where o4 = (q,24) and o; = (q,5 1 (7)).
Proof. The proof of this theorem is similar to the proof of Theorem 2.1. [
Using this theorem we can prove

Theorem 3.2. Let T = (a, 3,7) be an autotopism of a quasigroup Q (-)
with a complete mapping o. If Boa™' = p, then prolongations Qé,a (o) and
;b (x), where b = ~v(a), are isotopic.

Proof. Let Qé’a (o) = {¥1,%2,..., ¥y, 1y} and Q;’b () = {wr,wa, ..., wn, Wy},

where b= ~y(a). In this case

wi = ©i0j, { 7é a,dq, Wi = YipPi, { 7é b7 q,
Ya = Pa, and Wp = Pb,
wq = 00gq, Wq = 0 Pb,

where 04 = (¢, %4), pp = (g, y) and o3 = (¢, 2;), pi = (¢, Yi)-
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Since @) = Bpsa~! for any autotopism T = (a, 3,7) of Q(-) (Lemma
1.2), for i # a, q we have

Bibia~t = Bpioia = Beia aciaT = i) pyi) = Wy

where ao;a™! = p~(iy (as in the proof of Theorem 2.6).
For i = a we obtain SBy,a ! = (@) = $p = wp. Similarly, if ¢ = g,
then

1

an—l = Booga” !t = foa"tao,a! = cac,at = TPr(a) = OPb = Wy

From the above it follows that 7' = («, 3,7) is an isotopism between
0. (0) and Q) (). O

Corollary 3.3. Is o is a complete mapping on Q (-) such that aca™ = p

for some automorphism o of Q(-), then prolongations Qg , () and Q, , (*),
where b = a(a), are isomorphic.

Example 3.4. Consider the group Q(-) isomorphic to the group Zs.

1 2 3 4 5
111 2 3 4 5
212 3 4 5 1
313 4 5 1 2
414 5 1 2 3
515 1 2 3 4

This group has the following tracks: ¢1 = (1.25.34.), ¢2 = (12.35.4.),
o3 = (13.45.2.), ¢4 = (14.23.5.), @5 = (15.24.3.).

The permutation o = (1.2453.) is a complete mapping of this quasi-
group, o = (1.2354.) is its automorphism such that aoca™' = o. Since
o = (1.25.34.) = 57!, for a = 1 the formula (15) gives the prolongation

Q1 (), where:

o1 2 3 4 5 6 U1 = @1 = (1.25.34.6.),
11 2 3 4 5 6 b = a9 = (12.356.4.),
g § 2 ;1 ? ; i by = p303 = (13.465.2.),
e s 1 9 6 3 by = pioq = (14.236.5.),
s 16 3 4 2 s = o5 = (15.264.3.),
66 4 2 5 3 1 e = ooy = (16.2453.).
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For a = 2 and the same o we obtain the second prolongation Q ,(*):

x11 2 3 4 5 6 w1 = p1o1 = (16.25.34.),
116 2 3 4 5 1 we = oy = (12.35.4.6.),
; ; 2 ;1 ‘13 ; i w3 = 303 = (13.465.2.),
A4 5 1 2 6 3 wy = pg04 = (14.236.5.),
515 1 2 3 4 6 ws = p505 = (15.264.3.),
6|1 4 6 5 3 2 we = oog = (1.24563.).

From Theorem 2.5 in [3] it follows that these two prolongations are not
isotopic, as (1) # 2.

Observe by the way, that for the automorphism « we have «(2) = 3,
a(3) =5, a(b) =4, a(4) = 2, which, by Corollary 3.3, means that for this

/
o,a(k)
U

~ / ~ /

quasigroup Qo = Q3 = Q5 = Q, 4. The isomorphism Q,, — Q
for k = 2, 3,4, coincides with a.

4. Prolongations by quasicomplete mappings

The method of prolongations of quasigroups having at least one quasicom-
plete mapping was proposed in [4].

Let @ (-) be an arbitrary finite quasigroup with a quasicomplete mapping
0. Then def () = d and for some a € @ there are two different elements
ay, ag of @ such as 7 (a1) = 7 (az) = a. Choosing one of these elements
(for example a;1) we obtain the prolongation Qg, (o) of Q(-) defined by:

-y xvyery#o—(x):
q reQ—{a}, y=o0(v),
a r=a, y=o(x),

_ 6(:6) er—{aha@}? Yy=4q,

TOUZY Gol(y)  y=g y#0(a),y£0(a), a7)

q r=a1, y=q or x=q, y=o(a1),
a r=az, y=q or v=gq, y=o0(az),
d rT=1y=4q.

Replacing a; by ag we obtain the second prolongation of Q(-) which may
not be isotopic to the first.

This construction is a generalization of the previous constructions. Pro-
longations of Q(-) obtained by these three constructions are not isotopic in
general (for details see [4]).
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Theorem 4.1. Let Q(-) = {p1,92,...,0n} be a quasigroup with a qua-
sicomplete mapping o. The quasigroup Q' (o) = {1, 2, ..., ¢n,Yq} coin-
cides with the prolongation of Q () obtained by the formula (17) if and only
if

Vi =ioi  for i#a,q,d,

q/Jd = ©Yd¢, (18)
Yo = Pa0ay or  PaOasy,
Vg = 00, or 00gq,,

where o; = (q, g1 (z)) fori & {d,ai,a2}, 0q =€, 04, = (q,a1) and o4, =
(Q7 CLQ)-

Proof. The proof of this theorem is similar to the proof of Theorem 2.1. [

Theorem 4.2. Let T = («,3,7) be an autotopism of a quasigroup Q (-)
with a quasicomplete mapping o. If oo™ = o, &(a1) = & (a2) = a and
v (a) = a, then prolongations Q. (o) and Q. (*) induced by o are isotopic.

Proof. The proof of this theorem is similar to the proof of Theorem 3.2. [

Example 4.3. Consider the quasigroup @ (+), where

1 2 3 4 5 o1 :(1 23.4.5.6.),
11 2 3 4 5 6 = (12.3.465.),
212 3 1 5 6 4 @3_(13.2.456.),
5131261 -Gz
cls 46 2 1 3 = (15.2436.),
6|6 5 4 3 2 1 = (16.2534.).

The permutation o = (1425.3.6) is a quasicomplete mapping of this
quasigroup,

(1 2 3 4 5 6 1 (1 2 45 6 6
“\46265 1) 7 T\ 631524
def(o0)=3, a=6, a1 =2, ag =4, and o1 = (7,6), 02 = (7,3), 03 =¢,

0'4:(7a1)7 05:(7a5)7 O-a1:(7’2)7 0a2:(7a4)'
Then Q, (o) = {¥1,%2,...,%7} and Q., () = {wi, w2, ..., wr}, where
Wy = oy fori=1,2,4,5, w; = pio; fori=1,2,4,5,
VY3 = p3e, VY3 = 3¢,
Y6 = P60a,, W6 = P6Tay,

7 = 00g,, W7 = 00g,.
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It is not difficult to verity that T' = («, 3,7), where a = (15.24.36.),
B = (14.25.36.) and v = (12.45.3.6.) is an autotopism of a quasigroup
Q(+). For this autotopism we have Boa~! = o, v(6) = 6, which means
that prolongations @/ (o) and Q, (x) are isotopic. This isotopism has

the form T' = (o, 3,7), where o = (15.24.36.7.), § = (14.25.36.7.) and
v = (12.45.3.6.7.). 0
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