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Prolongations of quasigroups

by middle translations

Ivan I. Deriyenko and Andrey I. Deriyenko

Abstract. This article is a continuation of the study of prolongations of quasigroups
and Latin squares. Now using complete mappings and middle translations we present
various characterizations of prolongations of quasigroups described in [4]. Based on these
characterizations we �nd isotopic prolongations.

1. Introduction

Let Q = {1, 2, 3, . . . , n} be a �nite set, ϕ and ψ permutations of Q. The
composition of permutations is de�ned as ϕψ (x) = ϕ (ψ (x)). Permutations
will be written in the form of cycles, and cycles will be separated by points:

ϕ =
(

1 2 3 4 5 6
3 1 2 5 4 6

)
= (132.45.6.)

Q (·) always denotes a quasigroup.

De�nition 1.1. A permutation ϕi of the set Q such that

x · ϕi (x) = i, i ∈ Q (1)

all x ∈ Q is called the track of an element i.

It is clear that for a quasigroup Q (·) of order n the set of permutations

{ϕ1, ϕ2, ϕ3, . . . , ϕn},

satisfying (1) uniquely determines its Latin square (i.e., its multiplication
table). Therefore, we can identify Q (·) with the above set of permutations
and write

Q (·) = {ϕ1, ϕ2, ϕ3, . . . , ϕn}.
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In [3] the following very useful result is proved

Lemma 1.2. Let Q (·) = {ϕ1, ϕ2, . . . , ϕn} and Q (◦) = {ψ1, ψ2, . . . , ψn}
be two quasigroups. Then for any bijections α, β, γ : Q → Q satisfying the

identity γ(x ◦ y) = α(x) · β(y) we have ψγ(i) = βϕiα
−1. �

De�nition 1.3. Any mapping σ of Q de�nes on a quasigroup Q (·) a new
mapping σ̄ such that

σ̄ (x) = x · σ (x) , x ∈ Q.

The number rg (σ) = |σ̄ (Q) |, where σ̄ (Q) = {σ̄ (x) |x ∈ Q}, is called the
range of a mapping σ on a quasigroup Q(·).

If σ̄ (Q) = Q, i.e., rg (σ) = n = |Q|, then we say that σ is a complete

mapping. A quasigroup having at least one complete mapping is called
admissible. If rg (σ) = n− 1, the mapping σ is called quasicomplete. Every
track has range 1.

For a quasicomplete mapping σ we de�ne its defect def (σ) putting

def (σ) = Q− σ̄ (Q) .

If def (σ) = d, then σ̄−1 (d) = ∅. In this case a = σ̄ (a1) = σ̄ (a2) for some
a, a1, a2 ∈ Q.

It is clear that a permutation ϕ of Q can be extended to Q ′ = Q∪ {q},
where q 6∈ Q, by putting ϕ(q) = q.

2. Classical prolongation

The classical method of prolongation of admissible quasigroups proposed
by V. D. Belousov [1] is based on the following construction. Let Q (·) be
a �xed admissible quasigroup, σ its complete mapping. The operation (◦)
on Q ′ = Q ∪ {q} is de�ned by the formula:

x ◦ y =


x · y if x 6= q, y 6= q, y 6= σ (x) ,

σ̄σ−1 (y) if x = q, y 6= q,
σ̄ (x) if x 6= q, y = q,
q if y = σ (x) , x ∈ Q ′.

(2)

We say that this prolongation is induced by a complete mapping σ.
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By ∆σ we denote the set

∆σ = {σ1, σ2, . . . , σn |σi =
(
q, σ̄−1 (i)

)
},

where Q (·) is a quasigroup, q 6∈ Q and σ is a complete mapping of Q (·).
Below we present the new description of this prolongation. But �rst we

make some useful observations.

Note �rst that

xi · σ (xi) = σ̄ (xi) = i. (3)

Hence

xi = σ̄−1 (i) . (4)

Thus the transposition σi in ∆σ can be written in the form σi = (q, xi).
Moreover, from (1) it follows xi · ϕi (xi) = i, which together with (3) gives

σ (xi) = ϕi (xi) . (5)

Now we can give the new characterization of the classical prolongation.

Theorem 2.1. Let Q (·) = {ϕ1, ϕ2, ϕ3, . . . , ϕn} be a quasigroup with a com-

plete mapping σ. The quasigroup Q ′ (◦) = {ψ1, ψ2, ψ3, . . . , ψn, ψq} coincides

with the prolongation of Q (·) de�ned by (2) if and only if{
ψi = ϕiσi i = 1, 2, . . . , n,
ψq = σ,

(6)

where σi =
(
q, σ̄−1 (i)

)
.

Proof. The �rst, the second and the third row of (2) is equivalent to the
�rst row of (6). The last row of (2) is equivalent to the second row of (6).

Indeed, the �rst row of (2) says that

x ◦ y = x · y for x 6= q, y 6= q, y 6= σ (x) .

This for y = ϕi (x) gives

x ◦ ϕi (x) = x · ϕi (x) = i.

Since x ◦ ψi (x) = i, the last implies

ϕi = ψi for x 6= q, y 6= q, y 6= σ (x) . (7)
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If x = q, then from the second row of (2), we obtain

q ◦ y = σ̄σ−1 (y) for y 6= q, y ∈ Q, (8)

whence putting y = ψi (q) we get σ̄σ−1ψi (q) = q ◦ ψi (q) = i. Thus
σ−1ψi (q) = σ̄−1 (i) . But xi = σ̄−1 (i), so ψi (q) = σ (xi), and consequently

ψi (q) = ϕi (xi) . (9)

In the case y = q, according to the third row of (2), we have x◦q = σ̄ (x).
If x ◦ q = i, then σ̄ (x) = i, i.e., x = σ̄−1 (i), which, by (4), implies x = xi.
Hence xi ◦ q = i. But on the other hand, by the de�nition of ψi, we have
xi ◦ ψi (xi) = i. So,

ψi (xi) = q. (10)

Let us consider the �rst row of (6).
If x 6= q and x 6= xi, then σi = (q, xi) can be eliminated from ψi = ϕiσi.

Hence ψi = ϕi. This coincides with (7) and corresponds to the �rst row of
(2).

If x = q, then ψi (q) = ϕiσi (q) = ϕi (xi). This coincides with (9) and
corresponds to the second row of (2).

If x = xi, then ψi (xi) = ϕiσi (xi) = ϕi (q) = q. This coincides with
(10) and corresponds to the third row of (2).

So, the �rst, the second and the third rows of (2) correspond to the �rst
row of (6).

Let us consider the fourth row of (2). Then y = σ (x) and x ◦σ (x) = q.
But, by the de�nition, x ◦ ψq (x) = q. Thus ψq (x) = σ (x). This means
that the fourth row of (2) is equivalent to the second row of (6).

Since quasigroups may have several complete mappings, the natural
question is: when prolongations obtained from the same quasigroup by dif-

ferent complete mappings are isotopic.
Below we give the partial answer to this question. Our answer is based

on the concept of the equivalence of complete mappings.
Remind (see for example [1]) that two permutations ρ and σ of a quasi-

group Q(·) are equivalent if
ρ = βσα−1

for some autotopism T = (α, β, γ) of Q(·).

Proposition 2.2. Any mapping equivalent to a complete mapping of a

quasigroup Q (·) also is a complete mapping of Q (·).
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Proof. Let ρ = βσα−1, where σ is a complete mapping of a quasigroup Q (·)
and T = (α, β, γ) its autotopism.

Let {ϕ1, ϕ2, ϕ3, . . . , ϕn} be tracks of Q (·). We can choose elements
x1, x2, . . . , xn of Q for which σ (xi) = ϕi (xi).

Since ϕγ(i) = βϕiα
−1 (see Lemma 1.2), for y1, y2, . . . , yn such that

yi = α (xi), i = 1, 2, . . . , n, we have

ρ (yi) = βσα−1 (yi) = βσ (xi) = βϕi (xi) = ϕγ(i)α (xi) = ϕγ(i) (yi) .

Thus ρ (yi) = ϕγ(i) (yi).
Multiplying this equation by yi we obtain

yi · ρ (yi) = yi · ϕγ(i) (yi) = γ (i) ,

which proves that ρ is a complete mapping.

Corollary 2.3. If α is an automorphism of a quasigroup Q (·) and σ is its

complete mapping, then ρ = ασα−1 also is a complete mapping of Q (·). �

Corollary 2.4. If T = (α, β, γ) is an autotopism of Q (·) and σ0 is its

complete mapping, then

σk = βkσ0α
−k

is a complete mapping of Q (·). �

Corollary 2.5. Equivalent permutations have the same range. �

Theorem 2.6. Classical prolongations induced by equivalent complete map-

pings are isotopic.

Proof. Let Q′
σ (◦) = {ψ1, ψ2, . . . , ψn, ψq} and Q ′

ρ (∗) = {ω1, ω2, . . . , ωn, ωq}
be prolongations of a quasigroup Q (·) = {ϕ1, ϕ2, . . . , ϕn} induced by com-
plete mappings σ and ρ = βσα−1, respectively. Then, according to Theorem
2.1, we have{

ψi = ϕiσi i = 1, 2, . . . , n,
ψq = σ,

and
{
ωi = ϕiρi i = 1, 2, . . . , n,
ωq = ρ,

where σi = (q, xi), ρi = (q, yi).
Let us consider two sequences x1, x2, . . . , xn and y1, y2, . . . , yn of ele-

ments of Q such that

ϕi (xi) = σ (xi) and ϕi (yi) = ρ (yi) (11)
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for i = 1, 2, . . . , n.
Since T = (α, β, γ) is an autotopism of Q (·) such that ρ = βσα−1, by

Lemma 1.2, we obtain ϕγ(i) = βϕiα
−1. Thus

ϕγ(i)α (xi) = βϕi (xi) = βσ (xi) = ρα (xi) ,

i.e., ϕγ(i)α (xi) = ρα (xi), which for α (xi) = z gives ϕγ(i)(z) = ρ(z). But,
by the assumption ϕγ(i)

(
yγ(i)

)
= ρ

(
yγ(i)

)
(see (11)), hence z = yγ(i). There-

fore
α (xi) = yγ(i) (12)

for every i = 1, 2, . . . , n.
Now we will prove that

ασiα
−1 = ργ(i). (13)

Indeed, according to the de�nition σi = (q, xi) and ργ(i) =
(
q, yγ(i)

)
. Thus

ασiα
−1

(
yγ(i)

)
= ασi (xi) = α (q) = q,

ασiα
−1 (q) = ασi (q) = α (xi) = yγ(i).

This means that ασiα
−1 =

(
q, yγ(i)

)
= ργ(i). So, (13) is valid.

Moreover,

βψiα
−1 = β (ϕiσi)α−1 = βϕi

(
α−1α

)
σiα

−1

= (βϕiα
−1)(ασiα

−1) = ϕγ(i)ργ(i) = ωγ(i),

and
βψqα

−1 = βσα−1 = ρ = ωq.

From the above it follows that T = (α, β, γ) is an isotopism between
Q ′ (◦) and Q ′ (∗). This completes the proof.

Example 2.7. Consider the quasigroup Q (·) with the multiplication table:

· 1 2 3 4 5 6
1 1 2 3 4 5 6
2 2 1 4 3 6 5
3 3 4 5 6 1 2
4 4 3 6 5 2 1
5 5 6 2 1 4 3
6 6 5 1 2 3 4
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This quasigroup can be written as Q(·) = {ϕ1, ϕ2, ϕ3, ϕ4, ϕ5, ϕ6}, where

ϕ1 = (1.2.3546.), ϕ2 = (12.3645.), ϕ3 = (13.24.56.),
ϕ4 = (14.23.5.6.), ϕ5 = (15.26.3.4.), ϕ6 = (16.25.34.).

Choose the following two complete mappings of this quasigroup:

ρ0 = (1.3.6.245.) and θ = (1.23456.) .

Then ρ̄0 = (1.23564.) and θ̄ = (1.24.365.).
Consider now the autotopism T = (α, β, γ) of Q(·), where

α = (163254.) , β = (164.253.) , γ = (146235.) .

We can construct this autotopism used, for example, the method proposed
in [3].

Let ρ1 = βρ0α
−1 = T (ρ0) and T k (ρ0) = ρk for k > 1. Then

T (ρ0) = (1345.2.6.) = ρ1, T (ρ1) = (13462.5.) = ρ2,

T (ρ2) = (143562.) = ρ3, T (ρ3) = (12356.4.) = ρ4,

T (ρ4) = (1.4.2365.) = ρ5, T (ρ5) = (1.3.6.245.) = ρ0.

By Corollary 2.4 all mappings ρ1, ρ2, . . . , ρ5 are completeon Q(·). These
mappings are equivalent. Hence, by Theorem 2.6, all prolongations Q ′

ρi
(◦)

of Q(·) are isotopic.
We select two prolongations Q ′

ρ0
(◦) and Q ′

ρ3
(∗). For simplicity ρ0 will

be denoted by σ, ρ3 � by τ . Since β3σα−3 = τ , ρ and τ are equivalent,
and σ̄ = (1.23564.), τ̄ = (14653.2.).

Let Q ′
σ (◦) = {ψ1, ψ2, . . . , ψ6, ψ7}, Q ′

τ (∗) = {ω1, ω2, . . . , ω6, ω7}. Then
q = 7 and

∆σ ={σ1 =(7, 1), σ2 =(7, 4), σ3 =(7, 2), σ4 =(7, 6), σ5 =(7, 3), σ6 =(7, 5)},
∆τ ={τ1 =(7, 3) , τ2 =(7, 2) , τ3 =(7, 5) , τ4 =(7, 1) , τ5 =(7, 6) , τ6 =(7, 4)}.

According to (2), the multiplication table of Q ′
σ(◦) has the form:

◦ 1 2 3 4 5 6 7
1 7 2 3 4 5 6 1
2 2 1 4 7 6 5 3
3 3 4 5 6 7 2 1
4 4 3 7 5 1 1 6
5 5 6 2 1 4 7 3
6 6 7 1 2 3 4 5
7 2 5 6 4 1 3 7
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By Theorem 2.1, Q ′
σ (◦) has the following tracks:

ψ1 = ϕ1σ1 = (1.2.3546.7.) (7, 1) = (17.2.3546.) ,
ψ2 = ϕ2σ2 = (12.3645.7.) (7, 4) = (12.36475.) ,
ψ3 = ϕ3σ3 = (13.24.56.7.) (7, 2) = (13.274.56.) ,
ψ4 = ϕ4σ4 = (14.23.5.6.7.) (7, 6) = (14.23.5.67.) ,
ψ5 = ϕ5σ5 = (15.26.3.4.7.) (7, 3) = (15.26.37.4.) ,
ψ6 = ϕ6σ6 = (16.25.43.7.) (7, 5) = (16.257.43.) ,
ψ7 = σ = (1.3.6.245.7.) .

Similarly, Q ′
τ (∗) has the multiplication table:

∗ 1 2 3 4 5 6 7
1 1 2 3 7 5 6 4
2 7 1 4 3 6 5 2
3 3 4 5 6 7 2 1
4 4 3 7 5 1 1 6
5 5 6 2 1 4 7 3
6 6 7 1 2 3 4 5
7 2 5 6 4 1 3 7

and tracks:

ω1 = ϕ1τ1 = (1.2.3546.7.) (7, 3) = (1.2.37546.) ,
ω2 = ϕ2τ2 = (12.3645.7.) (7, 2) = (127.3645.) ,
ω3 = ϕ3τ3 = (13.24.56.7.) (7, 5) = (13.24.576.) ,
ω4 = ϕ4τ4 = (14.23.5.6.7.) (7, 1) = (174.23.5.6.) ,
ω5 = ϕ5τ5 = (15.26.3.4.7.) (7, 6) = (15.267.3.4.) ,
ω6 = ϕ6τ6 = (16.25.43.7.) (7, 4) = (16.25.473.) ,
ω7 = τ = (143562.7.) .

T 3 =
(
α3, β3, γ3

)
is an isotopism between Q ′

σ (◦) and Q ′
τ (∗). Hence, by

(3) from [3], we have β3ψiα
−3 = ωγ3(i). This fact can be deduced from the

above calculations because β3 = ε, α−3 = (12.34.56.7.), γ3 = (12.24.56.7.)
and, as it is not di�cult to see, ψiα

−3 = ωγ3(i) for every i ∈ Q ′.

Consider now the prolongation Q ′
θ (×) of Q (·) induced by the complete

mapping θ = (1.23456.). Then θ̄ = (1.24.365.), θ̄−1 = (1.24.356.) and

∆θ ={θ1 = (7, 1) , θ2 =(7, 4) , θ3 =(7, 5) , θ4 =(7, 2) , θ5 =(7, 6) , θ6 =(7, 3)}.

Quasigroups Q ′
θ (×) and Q ′

τ (∗) are not isotopic because complete map-
pings θ and τ are not equivalent. Q ′

θ (×) has the multiplication table:
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× 1 2 3 4 5 6 7

1 7 2 3 4 5 6 1
2 2 1 7 3 6 5 4
3 3 4 5 7 1 2 6
4 4 3 6 5 7 1 2
5 5 6 2 1 4 7 3
6 6 7 1 2 3 4 5
7 1 5 4 6 2 3 7

and tracks:

λ1 = ϕ1θ1 = (1.2.3546.7.) (7, 1) = (17.2.3546.) ,
λ2 = ϕ2θ2 = (12.3645.7.) (7, 4) = (12.36475.) ,
λ3 = ϕ3θ3 = (13.24.56.7.) (7, 5) = (13.24.576.) ,
λ4 = ϕ4θ4 = (14.23.5.6.7.) (7, 2) = (14.273.5.6.) ,
λ5 = ϕ5θ5 = (15.26.3.4.7.) (7, 6) = (15.267.3.4.) ,
λ6 = ϕ6θ6 = (16.25.43.7.) (7, 3) = (16.25.437.) ,
λ7 = θ = (1.23456.7.) .

The fact that these two quasigroups are non-isotopic can be also deduced
from Theorem 2.5 in [3]. �

3. Prolongations by �xed element

Consider now the prolongation proposed by G. B. Belyavskaya (see [2] or
[4]). This prolongation is a mody�cation of a prolongation proposed by V.
D. Belousov.

Let Q (·) be a quasigroup with a complete mapping σ. Then for an
arbitrary �xed element a ∈ Q there exists an uniquely determined element
xa ∈ Q such that

xa · σ (xa) = a. (14)

Using this �xed element a ∈ Q and a complete mapping σ we can de�ne
the prolongation Q ′

σ,a (◦) of Q (·) by putting
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x ◦ y =



x · y y 6= σ (x) , x, y ∈ Q,
q y = σ (x) , x 6= xa,
a x = xa, y = σ (xa) ,
σ̄ (x) x 6= xa, y = q,
σ̄σ−1 (y) x = q, y 6= σ (xa) ,
q x = q, y = σ (xa) ,
q x = xa, y = q,
a x = y = q.

(15)

It is clear that for one complete mapping σ of Q(·) one can �nd n =
|Q| di�erent elements satisfying (14). So, one complete mapping induces
n di�erent prolongations of the form Q ′

σ,a (◦). Obviously, some of these
prolongations can be isotopic.

First observe that the prolongation Q ′
σ,a (◦) can be characterized by

their tracks. Namely, we have

Theorem 3.1. Let Q (·) = {ϕ1, ϕ2, . . . , ϕn} be a quasigroup with a complete

mapping σ. The quasigroup Q ′(◦) = {ψ1, ψ2, . . . , ψn, ψq} coincides with the

prolongation Q ′
σ,a (◦) of Q(·) de�ned by (15) if and only if

ψi = ϕiσi, i 6= a, q,
ψa = ϕa,
ψq = σσa,

(16)

where σa = (q, xa) and σi = (q, σ̄−1 (i)).

Proof. The proof of this theorem is similar to the proof of Theorem 2.1.

Using this theorem we can prove

Theorem 3.2. Let T = (α, β, γ) be an autotopism of a quasigroup Q (·)
with a complete mapping σ. If βσα−1 = ρ, then prolongations Q ′

σ,a (◦) and

Q ′
ρ,b (∗), where b = γ(a), are isotopic.

Proof. LetQ ′
σ,a (◦) = {ψ1, ψ2, . . . , ψn, ψq} andQ ′

ρ,b (∗) = {ω1, ω2, . . . , ωn, ωq},
where b = γ(a). In this case

ψi = ϕiσi, i 6= a, q,
ψa = ϕa,
ψq = σσa,

and


ωi = ϕiρi, i 6= b, q,
ωb = ϕb,
ωq = σρb,

where σa = (q, xa), ρb = (q, yb) and σi = (q, xi), ρi = (q, yi).
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Since ϕγ(i) = βϕiα
−1 for any autotopism T = (α, β, γ) of Q(·) (Lemma

1.2), for i 6= a, q we have

βψiα
−1 = βϕiσiα

−1 = βϕiα
−1ασiα

−1 = ϕγ(i)ργ(i) = ωγ(i),

where ασiα
−1 = ργ(i) (as in the proof of Theorem 2.6).

For i = a we obtain βψaα
−1 = ϕγ(a) = ϕb = ωb. Similarly, if i = q,

then

βψqα
−1 = βσσaα

−1 = βσα−1ασaα
−1 = σασaα

−1 = σργ(a) = σρb = ωq.

From the above it follows that T = (α, β, γ) is an isotopism between
Q ′

σ,a (◦) and Q ′
ρ,b(∗).

Corollary 3.3. Is σ is a complete mapping on Q (·) such that ασα−1 = ρ
for some automorphism α of Q(·), then prolongations Q ′

σ,a (◦) and Q ′
ρ,b (∗),

where b = α(a), are isomorphic. �

Example 3.4. Consider the group Q(·) isomorphic to the group Z5.

· 1 2 3 4 5

1 1 2 3 4 5
2 2 3 4 5 1
3 3 4 5 1 2
4 4 5 1 2 3
5 5 1 2 3 4

This group has the following tracks: ϕ1 = (1.25.34.), ϕ2 = (12.35.4.),
ϕ3 = (13.45.2.), ϕ4 = (14.23.5.), ϕ5 = (15.24.3.).

The permutation σ = (1.2453.) is a complete mapping of this quasi-
group, α = (1.2354.) is its automorphism such that ασα−1 = σ. Since
σ̄ = (1.25.34.) = σ̄−1, for a = 1 the formula (15) gives the prolongation
Q ′

σ,1(◦), where:

◦ 1 2 3 4 5 6

1 1 2 3 4 5 6
2 2 3 4 6 1 5
3 3 6 5 1 2 4
4 4 5 1 2 6 3
5 5 1 6 3 4 2
6 6 4 2 5 3 1

ψ1 = ϕ1 = (1.25.34.6.),
ψ2 = ϕ2σ2 = (12.356.4.),
ψ3 = ϕ3σ3 = (13.465.2.),
ψ4 = ϕ4σ4 = (14.236.5.),
ψ5 = ϕ5σ5 = (15.264.3.),
ψ6 = σσ1 = (16.2453.).



188 I. I. Deriyenko and A. I. Deriyenko

For a = 2 and the same σ we obtain the second prolongation Q ′
σ,2(∗):

∗ 1 2 3 4 5 6

1 6 2 3 4 5 1
2 2 3 4 6 1 5
3 3 6 5 1 2 4
4 4 5 1 2 6 3
5 5 1 2 3 4 6
6 1 4 6 5 3 2

ω1 = ϕ1σ1 = (16.25.34.),
ω2 = σ2 = (12.35.4.6.),
ω3 = ϕ3σ3 = (13.465.2.),
ω4 = ϕ4σ4 = (14.236.5.),
ω5 = ϕ5σ5 = (15.264.3.),
ω6 = σσ2 = (1.24563.).

From Theorem 2.5 in [3] it follows that these two prolongations are not
isotopic, as α(1) 6= 2.

Observe by the way, that for the automorphism α we have α (2) = 3,
α (3) = 5, α (5) = 4, α (4) = 2, which, by Corollary 3.3, means that for this
quasigroup Q ′

σ,2
∼= Q ′

σ,3
∼= Q ′

σ,5
∼= Q ′

σ,4. The isomorphism Q ′
σ,k → Q ′

σ,α(k)
for k = 2, 3, 4, coincides with α. �

4. Prolongations by quasicomplete mappings

The method of prolongations of quasigroups having at least one quasicom-
plete mapping was proposed in [4].

LetQ (·) be an arbitrary �nite quasigroup with a quasicomplete mapping
σ. Then def (σ) = d and for some a ∈ Q there are two di�erent elements
a1, a2 of Q such as σ̄ (a1) = σ̄ (a2) = a. Choosing one of these elements
(for example a1) we obtain the prolongation Q ′

a1
(◦) of Q(·) de�ned by:

x ◦ y =



x · y x, y ∈ Q, y 6= σ (x) ,
q x ∈ Q− {a1}, y = σ (x) ,
a x = a1, y = σ (x) ,

σ̄ (x) x ∈ Q− {a1, a2}, y = q,
σ̄σ−1 (y) y = q, y 6= σ (a1) , y 6= σ (a2) ,

q x = a1, y = q or x = q, y = σ (a1) ,
a x = a2, y = q or x = q, y = σ (a2) ,
d x = y = q.

(17)

Replacing a1 by a2 we obtain the second prolongation of Q(·) which may
not be isotopic to the �rst.

This construction is a generalization of the previous constructions. Pro-
longations of Q(·) obtained by these three constructions are not isotopic in
general (for details see [4]).
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Theorem 4.1. Let Q (·) = {ϕ1, ϕ2, . . . , ϕn} be a quasigroup with a qua-

sicomplete mapping σ. The quasigroup Q ′ (◦) = {ψ1, ψ2, . . . , ψn, ψq} coin-

cides with the prolongation of Q (·) obtained by the formula (17) if and only

if 
ψi = ϕiσi for i 6= a, q, d,
ψd = ϕdε,
ψa = ϕaσa1 or ϕaσa2 ,
ψq = σσa2 or σσa1 ,

(18)

where σi =
(
q, σ̄−1 (i)

)
for i 6∈ {d, a1, a2}, σd = ε, σa1 = (q, a1) and σa2 =

(q, a2).

Proof. The proof of this theorem is similar to the proof of Theorem 2.1.

Theorem 4.2. Let T = (α, β, γ) be an autotopism of a quasigroup Q (·)
with a quasicomplete mapping σ. If βσα−1 = σ, σ̄ (a1) = σ̄ (a2) = a and

γ (a) = a, then prolongations Q ′
a1

(◦) and Q ′
a2

(∗) induced by σ are isotopic.

Proof. The proof of this theorem is similar to the proof of Theorem 3.2.

Example 4.3. Consider the quasigroup Q (·), where

· 1 2 3 4 5 6

1 1 2 3 4 5 6
2 2 3 1 5 6 4
3 3 1 2 6 4 5
4 4 6 5 1 3 2
5 5 4 6 2 1 3
6 6 5 4 3 2 1

ϕ1 = (1.23.4.5.6.),
ϕ2 = (12.3.465.),
ϕ3 = (13.2.456.),
ϕ4 = (14.2635.),
ϕ5 = (15.2436.),
ϕ6 = (16.2534.).

The permutation σ = (1425.3.6) is a quasicomplete mapping of this
quasigroup,

σ̄ =
(

1 2 3 4 5 6
4 6 2 6 5 1

)
, σ̄−1 =

(
1 2 4 5 6 6
6 3 1 5 2 4

)
,

def (σ) = 3, a = 6, a1 = 2, a2 = 4, and σ1 = (7, 6), σ2 = (7, 3), σ3 = ε,
σ4 = (7, 1), σ5 = (7, 5), σa1 = (7, 2), σa2 = (7, 4).

Then Q ′
a1

(◦) = {ψ1, ψ2, . . . , ψ7} and Q ′
a2

(∗) = {ω1, ω2, . . . , ω7}, where
ψi = ϕiσi for i = 1, 2, 4, 5,
ψ3 = ϕ3ε,
ψ6 = ϕ6σa1 ,
ψ7 = σσa2 ,


ωi = ϕiσi for i = 1, 2, 4, 5,
ψ3 = ϕ3ε,
ω6 = ϕ6σa2 ,
ω7 = σσa1 .
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It is not di�cult to verity that T = (α, β, γ), where α = (15.24.36.),
β = (14.25.36.) and γ = (12.45.3.6.) is an autotopism of a quasigroup
Q(·). For this autotopism we have βσα−1 = σ, γ (6) = 6, which means
that prolongations Q ′

a1
(◦) and Q ′

a2
(∗) are isotopic. This isotopism has

the form T = (α, β, γ), where α = (15.24.36.7.), β = (14.25.36.7.) and
γ = (12.45.3.6.7.). �
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