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New fuzzy subquasigroups

Muhammad Akram and Wieslaw A. Dudek

Abstract. In this paper we introduce new generalized fuzzy subquasigroups and study
some of their important properties. We characterize these generalized subquasigroups by
their level subsets. Some characterization of the generalized fuzzy subquasigroups are
also established.

1. Introduction

During the last decade, there have been many applications of quasigroups
in di�erent areas, such as cryptography, modern physics [9], coding theory,
cryptology and geometry. In 1965, Zadeh [13] introduced the notion of a
fuzzy subset of a set as a method for representing uncertainty. Since then it
has become a vigorous area of research in di�erent mathematical domains.
Rosenfeld inspired the fuzzi�cation of algebraic structures and introduced
the notion of fuzzy subgroups. Das [4] characterized fuzzy subgroups by
their level subgroups. Murali [8] proposed a de�nition of a fuzzy point be-
longing to a fuzzy subset under a natural equivalence on a fuzzy set. The
idea of quasi-coincidence of a fuzzy point with a fuzzy set, which is men-
tioned in [10] played a vital role to generate some di�erent types of fuzzy
subgroups. A new type of fuzzy subgroups, (∈,∈ ∨q)-fuzzy subgroups, was
introduced in earlier paper Bhakat and Das [3] by using the combined no-
tions of belongines and quasi-coincidence of fuzzy point and fuzzy set. In
fact, (∈,∈ ∨q)-fuzzy subgroup is an important and useful generalization of
Rosenfeld's fuzzy subgroup. On the other hand, Akram and Dudek applied
this concept to subquasigroup in [2] and studied some of its properties. In
this paper using general form of the concept of quasi-coincidence of a fuzzy
point with a fuzzy subset, the notion of an (∈,∈ ∨ qm)− fuzzy subquasi-
group is introduced and some of its important properties are investigated.
We characterize these generalized subquasigroups by their level subsets.
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Some characterization of the generalized fuzzy subquasigroups are estab-
lished. Some recent results obtained by Akram-Dudek [2] are extended and
strengthened.

2. Preliminaries

A groupoid (G, ·) is called a quasigroup if for any a , b ∈ G each of the
equations a · x = b, x · a = b has a unique solution in G. A quasigroup may
be also de�ned as an algebra (G, ·, \, /) with three binary operations ·, \, /
satisfying the following identities:

(x · y)/y = x, x \ (x · y) = y,

(x/y) · y = x, x · (x \ y) = y.

Such de�ned quasigroup is called an equasigroup.
A nonempty subset S of a quasigroup G = (G, ·, \, /) is called a sub-

quasigroup if it is closed with respect to these three operations.
In this paper G always denotes an equasigroup (G, ·, \, /); G always

denotes a nonempty set.
A mapping µ : G → [0, 1] is called a fuzzy set in G. For any fuzzy set µ

in G and any t ∈ [0, 1], we de�ne the set

U(µ; t) = {x ∈ G | µ(x) > t},

which is called the upper t-level of µ.

De�nition 2.1. A fuzzy set µ in a set G of the form

µ(y) =

{
t ∈ (0, 1] for y = x,

0 for y 6= x,

is said to be a fuzzy point with support x and value t and is denoted by xt.

We say that a fuzzy point xt belong to a fuzzy set µ and write xt ∈ µ,
if µ(x) > t. A fuzzy point xt is quasicoincident with a fuzzy set µ, if
µ(x) + t > 1. In this case we write xtqµ.

• xt ∈ ∨qµ means that xt ∈ µ or xtqµ,

• xt ∈ ∧qµ means that xt ∈ µ and xtqµ.
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De�nition 2.2. A fuzzy set µ in G is called an (∈,∈∨q)-fuzzy subquasigroup

of G, if it satis�es the following condition:

xt1 , yt2 ∈ µ =⇒ (x ∗ y)min{t1,t2} ∈ ∨qµ

for all x, y ∈ G, t1, t2 ∈ (0, 1] and ∗ ∈ {·, \, /}.

3. New fuzzy subquasigroups

Let m be an element of [0, 1) unless otherwise speci�ed. By xtqmµ, we
mean µ(x) + t + m > 1, t ∈ (0, 1−m

2 ]. The notation xt ∈ ∨qmµ means that
xt ∈ µ or xtqmµ.

De�nition 3.1. A fuzzy set µ in G is called an (∈,∈∨qm)-fuzzy subquasi-

group of G, if
xt1 , yt2 ∈ µ =⇒ (x ∗ y)min{t1,t2} ∈ ∨qmµ

for all x, y ∈ G, t1, t2 ∈ (0, 1] and ∗ ∈ {·, \, /}.

We note that di�erent types of fuzzy subquasigroups can be constructed
for di�erent values of m ∈ [0, 1). Hence an (∈,∈∨qm)-fuzzy subquasigroup
with m = 0 is called an (∈,∈∨q)-fuzzy subquasigroup.

Example 3.2. Let G = {0, a, b, c} be a quasigroup with the following
multiplication table:

· 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

(i) Consider a fuzzy set µ de�ned by

µ(x) =


0.7 if x = 0,
0.8 if x = a,

0.4 if x = b,

0.4 if x = c.

If m = 0.2, then U(µ; t) = G for all t ∈ (0, 0.4]. Hence µ is an (∈,∈ ∨q0.2)�
fuzzy subquasigroup of G.
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(ii) Now consider a fuzzy set

µ(x) =


0.45 if x = 0,
0.41 if x = a,

0.41 if x = c,

0.49 if x = b.

In this case for m = 0.04 we have

U(µ; t) =


G if t ∈ (0, 0.4],
{0, b} if t ∈ (0.4, 0.45],
{b} if t ∈ (0.45, 0.48].

Since {b} is not a subquasigroup of G, so U(µ; t) is not a subquasigroup
for t ∈ (0.45, 0.48]. Hence µ is not an (∈,∈∨q0.04)-fuzzy subquasigroup of
a quasigroup G. �

Proposition 3.3. Every (∈,∈)-fuzzy subquasigroup is an (∈,∈ ∨qm)-fuzzy
subquasigroup.

Proof. Straightforward.

The converse statement may not be true.

Example 3.4. Consider the (∈,∈ ∨q0.2)-fuzzy subquasigroup of G de�ned
in Example 3.2. Then µ is not an (∈,∈)-fuzzy subquasigroup of G since
a0.71 ∈ µ and a0.75 ∈ µ, but (a ∗ a)min{0.71,0.75} = 00.71∈µ. �

Theorem 3.5. A fuzzy set µ in G is an (∈,∈ ∨qm)-fuzzy subquasigroup of

G if and only if

µ(x ∗ y) > min
{

µ(x), µ(y),
1−m

2

}
(1)

holds for all x, y ∈ G.

Proof. Let µ be an (∈,∈ ∨qm)-fuzzy subquasigroup of G. Assume that (1)
is not valid. Then there exist x′, y′ ∈ G such that

µ(x′ ∗ y′) < min
{

µ(x′), µ(y′),
1−m

2

}
.
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If min(µ(x′), µ(y′)) < 1−m
2 , then µ(x′ ∗ y′) < min(µ(x′), µ(y′)). Thus

µ(x′ ∗ y′) < t 6 min{µ(x′), µ(y′)} for some t ∈ (0, 1].

It follows that x′t ∈ µ and y′t ∈ µ, but (x′∗y′)t∈µ, a contradiction. Moreover,
µ(x′ ∗ y′) + t < 2t < 1 − m, and so (x′ ∗ y′)tqmµ. Hence, consequently
(x′ ∗ y′)t∈ ∨qmµ, a contradiction.

On the other hand, if min{µ(x′), µ(y′)} > 1−m
2 , then µ(x′) > 1−m

2 ,
µ(y′) > 1−m

2 and µ(x′ ∗ y′) < 1−m
2 . Thus x′1−m

2

∈ µ and y′1−m
2

∈ µ, but

(x′ ∗ y′) 1−m
2
∈µ. Also

µ(x′ ∗ y′) +
1−m

2
<

1−m

2
+

1−m

2
= 1−m,

i.e., (x′ ∗ y′) 1−m
2

qmµ. Hence (x′ ∗ y′) 1−m
2
∈ ∨qmµ, a contradiction. So (1) is

valid.
Conversely, assume that µ satis�es (1). Let x, y ∈ G and t1, t2 ∈ (0, 1]

be such that xt1µ and yt2 ∈ µ. Then

µ(x ∗ y) > min
{

µ(x), µ(y),
1−m

2

}
> min

{
t1, t2,

1−m

2

}
.

Assume that t1 6 1−m
2 or t2 6 1−m

2 . Then µ(x ∗ y) > min{t1, t2}, which
implies that (x∗y)min{t1,t2} ∈ µ. Now suppose that t1 > 1−m

2 and t2 > 1−m
2 .

Then µ(x ∗ y) > 1−m
2 , and thus

µ(x ∗ y) + min{t1, t2} >
1−m

2
+

1−m

2
= 1−m,

i.e., (x ∗ y)min{t1,t2}qmµ. Hence (x ∗ y)min{t1,t2} ∈ ∨qmµ, and consequently,
µ is an (∈,∈∨qm)-fuzzy subquasigroup of G.

Theorem 3.6. A fuzzy set µ of G is an (∈,∈∨qm)-fuzzy subquasigroup of

G if and only if each nonempty level set U(µ; t), t ∈ (0, 1−m
2 ], is a subquasi-

group of G.

Proof. Assume that a fuzzy set µ is an (∈,∈ ∨q)-fuzzy subquasigroup of G.
Let t ∈ (0, 1−m

2 ] and x, y ∈ U(µ; t). Then µ(x) > t and µ(y) > t. It follows
from (1) that

µ(x ∗ y) > min
{

µ(x), µ(y),
1−m

2

}
> min

{
t,

1−m

2

}
= t,



112 M. Akram and W. A. Dudek

so that x ∗ y ∈ U(µ; t). Hence U(µ; t) is an (∈,∈ ∨qm)-fuzzy subquasigroup
of G.

Conversely, suppose that the nonempty set U(µ; t) is a subquasigroup
of G for all t ∈ (0, 1−m

2 ]. If the condition (1) is not true, then there exists
a, b ∈ G such that µ(a ∗ b) < min{µ(a), µ(b), 1−m

2 }. Hence we can take
t ∈ (0, 1] such that µ(a ∗ b) < t1 < min{µ(a), µ(b), 1−m

2 }. Then t ∈ (0, 1−m
2 ]

and a, b ∈ U(µ; t). Since U(µ; t) is a subquasigroup of G, it follows that
a ∗ b ∈ U(µ; t), so µ(a ∗ b) > t. This is a contradiction. Therefore the
condition (1) is valid, and so µ is an (∈,∈ ∨qm)-fuzzy subquasigroup of
G.

Theorem 3.7. Let µ be a fuzzy set of a quasigroup G. Then the nonempty

level set U(µ; t) is a subquasigroup of G for all t ∈ (1−m
2 , 1] if and only if

max
{

µ(x ∗ y),
1−m

2

}
> min{µ(x), µ(y)}

for all x, y ∈ G.

Proof. Suppose that U(µ; t) 6= ∅ is a subquasigroup of G. Assume that
max{µ(x ∗ y), 1−m

2 } < min{µ(x), µ(y)} = t for some x, y ∈ G, then t ∈
(1−m

2 , 1], µ(x ∗ y) < t, x ∈ U(µ; t) and y ∈ U(µ; t). Since x, y ∈ U(µ; t),
U(µ; t) is a subquasigroup of G, so x ∗ y ∈ U(µ; t), a contradiction.

The proof of the second part of Theorem is straightforward.

Theorem 3.8. Let µ be an (∈,∈ ∨qm)-fuzzy subquasigroup of G. If it

satis�es µ(x) < 1−m
2 for all x ∈ G, then it is a fuzzy subquasigroup of G.

Proof. Let x, y ∈ G and t1, t2 ∈ (0, 1] be such that xt1 ∈ µ and yt2 ∈ µ.
Then µ(x) > t1 and µ(y) > t2. It follows from Theorem 3.5 that

µ(x ∗ y) > min
{

µ(x), µ(y),
1−m

2

}
= min{µ(x), µ(y)} = min{t1, t2},

so (x ∗ y)min{t1,t2} ∈ µ. Hence µ is a fuzzy subquasigroup of G.

Theorem 3.9. If 0 6 m < n < 1, then each (∈,∈∨qm)-fuzzy subquasigroup

of G is an (∈,∈∨qn)-fuzzy subquasigroup of G.

Proof. Let µ be an (∈,∈ ∨qm)-fuzzy subquasigroup of G and let x,y ∈ G.
Then

µ(x ∗ y) > min
{

µ(x), µ(y),
1−m

2

}
> min

{
µ(x), µ(y),

1− n

2

}
.
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Thus from Theorem 3.5, it follows that µ is an (∈,∈∨qn)-fuzzy subquasi-
group of G.

Note that an (∈,∈∨qn)-fuzzy subquasigroup may not be an (∈,∈∨qm)-
fuzzy subquasigroup for 0 6 m < n < 1.

Example 3.10. Let G = {0, a, b, c} be a quasigroup de�ned in Example
3.2. Consider a fuzzy set

µ(x) =


0.42 if x = 0,
0.4 if x = a,

0.4 if x = c,

0.48 if x = b.

If n = 0.16, then

U(µ; t) =

{
G for t ∈ (0, 0.4],
{0, b} for t ∈ (0.4, 0.42].

Since G and {0, b} are subquasigroups of G, so U(µ; t) is a subquasigroup
for t ∈ (0.4, 0.42]. Hence µ is an (∈,∈∨q0.16)-fuzzy subquasigroup of G.

If m = 0.04, then

U(µ; t) =

{
G for t ∈ (0, 0.4],
{b} for t ∈ (0.4, 0.48].

Since {b} is not a subquasigroup of G, so U(µ; t) is not a subquasigroup for
t ∈ (0.4, 0.48]. Hence µ is not an (∈,∈∨q0.04)-fuzzy subquasigroup of G. �

Theorem 3.11. A nonempty subset M of G is a subquasigroup of G if and

only if its characteristic function is an (∈,∈∨qm)-fuzzy subquasigroup of G.

Proof. Let M be a subquasigroup of G. Then χM (x) = 1 for x ∈ M and
χM (x) = 0 for x 6∈ M . Thus U(µM ; t) = M for all t ∈ (0, 1−m

2 ]. Hence, by
Theorem 3.6, χM is an (∈,∈ ∨qm)-fuzzy subquasigroup of G.

Conversely, suppose that µM is an (∈,∈∨qm)-fuzzy subquasigroup of G.
Then

µ(x ∗ y) > min
{

χM (x), χM (y),
1−m

2

}
= min

{
1,

1−m

2

}
=

1−m

2

for x, y ∈ G. Since m ∈ [0, 1), it follows that χM (x ∗ y) = 1, so x ∗ y ∈ M .
Hence M is a subquasigroup of G.
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Corollary 3.12. For every subquasigroup M of G and every t ∈ (0, 1−m
2 ]

there exists an (∈,∈∨qm)-fuzzy subquasigroup µ of G such that U(µ; t) = M .

Proof. Indeed, χM is this (∈,∈∨qm)-fuzzy subquasigroup.

Theorem 3.13. The intersection of any family of (∈,∈ ∨qm)-fuzzy sub-

quasigroups of G is an (∈,∈ ∨qm)-fuzzy subquasigroup of G.

Proof. Let µ =
⋂

i∈Λ µi for some (∈,∈∨qm)-fuzzy subquasigroups µi of G.
Then

µ(x ∗ y) = supi∈Λ µi(x ∗ y) > supi∈Λ min{µi(x), µi(y), 1−m
2 }

= min{supi∈Λ µi(x), supi∈Λ µi(y), 1−m
2 }

= min{
⋂

i∈Λ µi(x),
⋂

i∈Λ µi(y), 1−m
2 } = min{µ(x), µ(y), 1−m

2 }.

Hence, by Theorem 3.5, µ is an (∈,∈∨qm)-fuzzy subquasigroup of G.

The union of two (∈,∈∨qm)-fuzzy subquasigroups of G is not an (∈,∈
∨qm)-fuzzy subquasigroup, in general.

Example 3.14. Let G be as in Example 3.2. Consider two fuzzy sets:

µ(x) =


0.6 if x = 0,
0.7 if x = a,

0.3 if x = b,

0.3 if x = c,

and ν(x) =


0.4 if x = 0,
0.5 if x = b,

0.3 if x = a,

0.3 if x = c.

For m = 0.2 we have

U(µ; t) =

{
G if t ∈ (0, 0.3],
{0, a} if t ∈ (0.4, 0.4],

U(ν; t) =

{
G if t ∈(0, 0.3],
{0, b} if t ∈ (0.3, 0.4].

Since G, {0, a} and {0, b} are subquasigroups of G, µ and ν are (∈,∈∨q0.2)-
fuzzy subquasigroups by Theorem 3.6.

The union µ ∪ ν has the form

(µ ∪ ν)(x) =


0.6 if x = 0,
0.7 if x = a,

0.5 if x = b,

0.3 if x = c.
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For m = 0.2 we have

U(µ ∪ ν; t) =

{
G if t ∈ (0, 0.3],
{0, a, b} if t ∈ (0.3, 0.4].

Since {0, a, b} is not a subquasigroup, µ ∪ ν is not an (∈,∈ ∨q0.2)-fuzzy
subquasigroup of G. �

Theorem 3.15. The union of ordered family of (∈,∈∨qm)-fuzzy subquasi-

groups of G is an (∈,∈∨qm)-fuzzy subquasigroup of G.

Proof. Let {µi | i ∈ Λ} be an ordered family of (∈,∈∨qm)-fuzzy subquasi-
groups of G, i.e., µi ⊆ µj or µj ⊆ µi for all i, j ∈ Λ. Then for µ :=

⋃
i∈Λ µi

we have

µ(x ∗ y) = infi∈Λ µi(x ∗ y) > infi∈Λ min{µi(x)), µi(y), 1−m
2 }

= min{infi∈Λ µi(x), infi∈Λ µi(y), 1−m
2 }

= min{
⋃

i∈Λ µi(x),
⋃

i∈Λ µi(y), 1−m
2 } = min{µ(x), µ(y), 1−m

2 }.

It is easy to see that

inf
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
6

⋃
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
.

Suppose that

inf
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
6=

⋃
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
.

Then there exists s such that

inf
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
< s <

⋃
i∈Λ

min
{

µi(x), µi(y),
1−m

2

}
.

Since µi ⊆ µj or µj ⊆ µi for all i, j ∈ Λ, there exists k ∈ Λ such that s <

min
{

µk(x), µk(y), 1−m
2

}
. On the other hand, min

{
µi(x), µi(y), 1−m

2

}
> s

for all i ∈ Λ, a contradiction. Hence

infi∈Λ min
{

µi(x), µi(y), 1−m
2

}
= min

{⋃
i∈Λ µi(x),

⋃
i∈Λ µi(y), 1−m

2

}
= min

{
µ(x), µ(y), 1−m

2

}
.

Theorem 3.5 completes the proof.
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Theorem 3.16. For any �nite strictly increasing chain of subquasigroups

of G there exists an (∈,∈ ∨qm)-fuzzy subquasigroup µ of G whose level sub-

quasigroups are precisely the members of the chain with µ 1−m
2

= G0 ⊂ G1 ⊂
. . . ⊂ Gn = G.

Proof. Let {ti | ti ∈ (0, 1−m
2 ], i = 1, . . . , n} be such that 1−m

2 > t1 > t2 >
t3 > . . . > tn. Consider the fuzzy set µ de�ned by

µ(x) =

{
1−m

2 if x ∈ G0,

tk if x ∈ Gk \Gk−1, k = 1, . . . , n

Let x, y ∈ G be such that x ∈ Gi \Gi−1 and y ∈ Gj \Gj−1, where 1 6 i, j 6
n. When i > j, then x ∈ Gi, y ∈ Gi, so x ∗ y ∈ Gi. Thus

µ(x ∗ y) > ti = min{ti, tj} = min
{

µ(x), µ(y),
1−m

2

}
.

When i < j, then x ∈ Gj , y ∈ Gj , so x ∗ y ∈ Gj . Thus

µ(x ∗ y) > tj = min{ti, tj} = min
{

µ(x), µ(y),
1−m

2

}
.

Hence µ is an (∈,∈ ∨qm)-fuzzy subquasigroup of G.

De�nition 3.17. For any fuzzy set µ in G and t ∈ (0, 1], we de�ne two
sets

[µ]t = {x ∈ G |xt ∈ ∨qm µ}

and
Q(µ; t) = {x ∈ G |xtqmµ}.

It is clear that [µ]t = U(µ; t) ∪Q(µ; t).

Example 3.18. Let G = {0, a, b, c} be a quasigroup which is given in
Example 3.2. Consider fuzzy sets

µ(x) =


0.67 if x = 0,
0.56 if x = a,
0.47 if x = b,
0.41 if x = c,

ν(x) =


0.60 if x = 0,
0.05 if x = a,
0.50 if x = b,
0.06 if x = c.

(1) When m = 0.6, then U(µ; t) = G and Q(µ; t) = G for all t ∈ (0, 0.2].
Thus [µ]t = G for all t ∈ (0, 0.2]. Hence [µ]t is an (∈,∈ ∨q0.6)-fuzzy
subquasigroup of G.
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(2) When m = 0.8, then U(ν; t) = G and Q(ν; t) = {0, b} for all t ∈
(0, 0.1]. Thus [ν]t = G for all t ∈ (0, 0.1]. Hence [ν]t is an (∈,∈ ∨q0.8)-
fuzzy subquasigroup of G. �

Problem 1. Prove or disprove that each nonempty [µ]t is an (∈,∈ ∨qm)-
fuzzy subquasigroup of G.

Problem 2. Find a simple characterization of [µ]t.

An (∈,∈ ∨qm)-fuzzy subquasigroup of a quasigroup G is proper if Imµ
has at least two elements. Two (∈,∈ ∨qm)- fuzzy subquasigroups of G are
equivalent if they have the same family of level subquasigroups. Otherwise,
they are said to be non-equivalent.

Theorem 3.19. Let µ be a proper (∈,∈ ∨qm)-fuzzy subquasigroup µ of

G having at least two values t1, t2 < 1−m
2 . If all [µ]t, t ∈ (0, 1−m

2 ], are

subquasigroups, then µ can be decomposed into the union of two proper non-

equivalent (∈,∈ ∨qm)-fuzzy subquasigroups of G.

Proof. Let µ be a proper (∈,∈ ∨qm)-fuzzy subquasigroup of G with values
1−m

2 > t1 > t2 > . . . > tn, where n > 2. Let G0 = [µ] 1−m
2

and Gk = [µ]tk
for k = 1, 2, . . . , n. Then µ 1−m

2
= G0 ⊂ G1 ⊂ . . . ⊂ Gn = G is the chain of

(∈,∈ ∨qm)-subquasigroups.
Consider two fuzzy sets λ1, λ2 6 µ de�ned by

λ1(x) =

{
t1 if x ∈ G1,

tk, if x ∈ Gk \Gk−1, k = 2, 3, . . . , n,

λ2(x) =


µ(x) if x ∈ G0,

t2, if x ∈ G2 \G0,

tk, if x ∈ Gk \Gk−1, k = 3, . . . , n.

Then λ1 and λ2 are (∈,∈ ∨qm)-fuzzy subquasigroups of G with

G1 ⊂ G2 ⊂ . . . ⊂ Gn

and

G0 ⊂ G2 ⊂ . . . ⊂ Gn

being respectively chains of (∈,∈ ∨qm)-fuzzy subquasigroups. Obviously
µ = λ1 ∪ λ2. Moreover, λ1 and λ2 are non-equivalent since G0 6= G1.
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