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Intuitionistic (S, T)-fuzzy Lie ideals of Lie algebras

Muhammad Akram

Abstract

In this paper we introduce the notion of an intuitionistic (S, T')-fuzzy Lie
ideal of a Lie algebra and investigate some related properties. Nilpotency
of intuitionistic (S, T)-fuzzy Lie ideals is introduced. Intuitionistic (S,T')-
fuzzy of adjoint representation of Lie algebras is introduced and the relation
between this representation and nilpotent intuitionistic (S, T')-fuzzy Lie ide-
als is discussed. Killing form in the intuitionistic (S, T')-fuzzy case is defined
and some of its properties are studied.

1. Introduction

Lie algebras were first discovered by Sophus Lie (1842-1899) when he at-
tempted to classify certain "smooth" subgroups of general linear groups.
The groups he considered are now called Lie groups. By taking the tangent
space at the identity element of such a group, he obtained the Lie algebra
and hence the problems on groups can be reduced to problems on Lie alge-
bras so that it becomes more tractable. Lie algebra is applied in different
domains of physics and mathematics, such as spectroscopy of molecules,
atoms, nuclei, hadrons, hyperbolic and stochastic differential equations.
After the introduction of fuzzy sets by L. Zadeh [14], various notions
of higher-order fuzzy sets have been proposed. Among them, intuitionistic
fuzzy sets, introduced by K. Atanassov [2, 3], have drawn the attention of
many researchers in the last decades. This is mainly due to the fact that
intuitionistic fuzzy sets are consistent with human behavior, by reflecting
and modeling the hesitancy present in real-life situations. In fact, the fuzzy
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sets give the degree of membership of an element in a given set, while in-
tuitionistic fuzzy sets give both a degree of membership and a degree of
non-membership. As for fuzzy sets, the degree of membership is a real
number between 0 and 1. This is also the case for the degree of nonmem-
bership, and furthermore the sum of these two degrees is not greater than
1. Fuzzy and anti fuzzy Lie ideals in Lie algebras have been studied in
|1, 4,7, 8,9, 12].

In this paper, we introduce the notion of an intuitionistic (S, T")-fuzzy
Lie ideal of a Lie algebra and investigate some of related properties. Nilpo-
tency of intuitionistic (S,T')-fuzzy Lie ideals is introduced. Intuitionistic
(S, T)-fuzzy of adjoint representation of Lie algebras is introduced and the
relation between this representation and nilpotent intuitionistic (S, T)-fuzzy
Lie ideals is proved. Killing form in the intuitionistic (.S, 7)-fuzzy case is
defined and some of its properties are studied.

2. Preliminaries

A Lie algebra is a vector space L over a field F' (equal to R or C) on which
L x L — L denoted by (z,y) — [z,y] is defined satisfying the following
axioms:

(L1) [z,y] is bilinear,
(Lg) [x,z] =0for all x € L,
(L3) [[=,y], 2]+ [y, 2], 2] + [[z, z], y] = 0 for all z,y, z € L (Jacobi identity).

In this paper by L will be denoted a Lie algebra. We note that the
multiplication in a Lie algebra is not associative, i.e., it is not true in general
that [[z,y], z] = [z, [y, z]]. But it is anti commutative, i.e., [x,y] = —[y, z].

A subspace H of L closed under [, ]| will be called a Lie subalgebra.
A subspace I of L with the property [I, L] C I will be called a Lie ideal
of L. Obviously, any Lie ideal is a subalgebra. Let v be a fuzzy set on L,
ie,amapy:L — [0,1. A fuzzy set v: L — [0,1] is called a fuzzy Lie
subalgebra of L if

(a) y(z+y) = min{y(z),v(y)},
(b) y(ax) = y(x),

(¢) v([z,y]) = min{y(x),v(y)}
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hold for all z,y € L and o € F. A fuzzy subset v : L — [0, 1] satisfying
(a), (b) and

(d) ~([z,9]) = v(2)

is called a fuzzy Lie ideal of L. The addition and the commutator [, | of L
are extended by Zadeh’s extension principle [15], to two operations on I*
in the following way:

(1 ® A)(2) = sup{min{u(y), A(2)} [y, 2 € L, y + 2 = x},

< A > (2) = sup{min{pu(y), \(2)} |y, 2 € L, [y, 4] = a},

where p, A are fuzzy sets on I” and x € L. The scalar multiplication ax for
a € F and z € L is extended to an action of the field F on I” denoted by
® as follows for all p € I, o € F and = € L:

pla=tr) if a #0,
(a@u)(z)y=<¢ 1 if a=0, z=0,
0 ifa=0, z#0.

The two operations of the field F can be extended to two operations on It
in the same way. The operations are denoted by @ and o as well [15]. The
zeros of L and F' are denoted by the same symbol 0. Obviously 0 ® u = 1g
for every p € I and every pu € I, where 1, is the fuzzy subset taking 1 at
x and 0 elsewhere.

Let L be a Lie algebra. A fuzzy subset v of L is called an anti fuzzy Lie
1deal of L if the following axioms are satisfied:

(AF1) y(z +y) < max(y(z),7(y)),
(AFy) ~(ax) < y(2),
(AF3) ~([z,y]) <~(x)
for all z,y € L and o € F.
A t-norm is a mapping 7" : [0,1] x [0, 1] — [0, 1] such that
() T(z,1) ==,

(TQ) T(xa y) = T(ya x)a
(T3) T(z,T(y,2)) = T(T(x,y), 2),
(Ty) T(x,y) < T(x,z) whenever y < z,
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where z,y,z € [0,1]. Replacing 1 by 0 in condition (77), we obtain the
concept of s-norm S.

A mapping A = (ua,Aa) : L — [0,1] x [0,1] is called an intuitionistic
fuzzy set (IFS, in short) in L if pa(z) + Aa(z) < 1, for all z € L, where
the mappings pa : L — [0,1] and A4 : L — [0,1] denote the degree of
membership (namely pa(z)) and the degree of non-membership (namely
Aa(z)) of each element z € L to A respectively. In particular, 0. and 1.
denote the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole
set in a set L defined by 0.(z) = (0,1) and 1..(z) = (1,0) for each z € L
respectively.

3. Intuitionistic (5, 7)-fuzzy Lie ideals

Definition 3.1. An intuitionistic fuzzy set A = (ua,Aa) on L is called
an intuitionistic fuzzy Lie ideal of L with respect to the t-norm 7T and the
s-norm S (shortly, intuitionistic (S,T")-fuzzy Lie ideals of L) if
(1) pa(z+y) = T(pa(z), paly)) and Aa(z +y) < S(Aa(z), Aaly)),
(2) palaz) = pa(z) and Aa(ax) < Aa(z),
(3) nallz,y]) 2 pa(z) and Aa([z, y]) < Aa(z)
is satisfied for all z,y € L and o € F.

From (2) it follows that
(4) pa(0) = pa(z) and Aa(0) < Aa(z),
(5) pa(=z) =pa(z) and Aa(—z) = Aa(z)
for all x € L.

Example 3.2. Let ®2 = {(x,y) |, 7,y € R} be the set of all 2-dimensional
real vectors. Then R? with the bracket [, ] defined as usual cross product,
ie., [z,y] = x X y, is a real Lie algebra. We define an intuitionistic fuzzy
set A= (pua,Na): L — [0,1] x [0, 1] as follows:

mp ifz=y=0, mo if z=y=0,

meo otherwise, myq otherwise,

pa(z,y) = { Aa(z,y) = {

where my > mg and my, mg € [0,1]. Let T be a t-norm which is defined by
T(xz,y) = max{x+y— 1,0} and S an s-norm which is defined by S(z,y) =
min{x +y, 1} for all z,y € [0,1]. Then by routine computation, we see that
A = (pa,A4) is an intuitionistic (S, T')-fuzzy Lie ideal of L.
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The following proposition is obvious.
Proposition 3.3. If A is an intuitionistic (S,T)-fuzzy Lie ideal of L, then
(1) pallz,y]) = S(pa(x), pay)),
(i) Aa(lz,y]) <T(Aa(z), Aa(y))
forall x,y € L. Ul

Theorem 3.4. Let Go C G1 C G2 C ...G, = L be a chain of Lie ideals of
a Lie algebra L. Then there exists an intuitionistic (S,T')-fuzzy Lie ideal A
of L for which level subsets U(ua, ) and L(Aa, B) coincide with this chain.

Proof. Let {ay |k =0,1,...,n} and {Bx |k =0,1,...,n} be finite decreas-
ing and increasing sequences in [0, 1] such that a;+5; < 1,fori =0,1,...,n.
Let A = (pa,Aa) be an intuitionistic fuzzy set in L defined by 14 (Go) = ao,
)\A(GO) = o, ,uA(Gk \ Gk—l) = oy, and )\A(Gk \ Gk—l) =0 for 0 <k < n.
Let z,y € L. If x,y € Gy, \ Gg—1, then = + y, az, [z,y] € Gy and
> ap = T(pa(r), na(y)),

Aa(@ +y) < Br = S(Aa(@)), Aay)),
:1:)7 )‘A(all) < ﬁk - )\A(ZE),
ap = pa(z), Aa(lz,y]) < Bk = Aa(z).
Fori > j,if x € G; \ Gi—1 and y € G; \ Gj_1, then pa(x) = a; = pa(y),
Aa(z) = Bj = Aa(y) and z + y, ax, [z,y] € G;. Thus

pa(@+y) = i =T(pa(x), pa(y)),

Az +y) < B = S(Aa(z)), Aa(y)),
> o = pa(z), Malax) < Bj = a(z),
> a; = pa(z), Aallz,y]) < Bj = Aa(z).

So, A = (pa,Aa) is an intuitionistic (S, 7T)-fuzzy Lie ideal of a Lie alge-
bra L and all its nonempty level subsets are Lie ideals. Since Im(us) =
{ag,a1,...,an}, Im(Aa) = {00, b1, - .., Bn}, level subsets of A form chains:

U(pa,on) CU(pa 1) C ... CU(pa,an) =1L

and

L(Aa;B0) € L(Aa,p1) C ... C L(Aa, Bn) = L,
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respectively. Indeed,
U(pa,ao) = {z € L|pa(z) = ao} = Go,
L(Aa, Bo) = {z € L] Aa(z) < fo} = Go.
We now prove that
U(pa,ar) = Gr = L(Aa, ) for 0 < k < n.

Clearly, Gy, C U(ug,ar) and G, € L(Aa,Bk). If © € U(pa,ag), then
pa(x) = ap and so x ¢ G; for i > k. Hence

,LLA(SU) € {aovalv e 7ak}7

which implies x € G; for some ¢ < k. Since G; C Gy, it follows that = € Gp.
Consequently, U(pa, ax) = Gy, for some 0 < k < n. Now if y € L(A\4, Bk),
then Ag(x) < Bk and so y ¢ G; for j < k. Thus

Aa(z) € {Bo, B, .-, Bk}

which implies z € G; for some j < k. Since G; C Gy, it follows that
y € G. Consequently, L(A4, Br) = Gy, for some 0 < k < n. This completes
the proof. O

Definition 3.5. Let f: Ly — Lo be a homomorphism of Lie algebras. Let
A = (ua,Aa) be an IFS of Ly. Then we can define an IFS f~1(A) of Ly by

FUA)@) = A (@) = (alf (2), Aa(f(2)) ¥ o € Ly,
Proposition 3.6. Let f : L1 — Lo be an epimorphism of Lie algebras.

Then A is an intuitionistic (S, T)-fuzzy Lie ideal of Lo if and only if f~(A)
is an intuitionistic (S, T)-fuzzy Lie ideal of L.

Proof. Straightforward. O
Definition 3.7. Let f : Ly — Lo be a homomorphism of Lie alge-

bras. Let A = (pa,A4) be an intuitionistic fuzzy set of L;. Then IFS
F(A) = (f(ua), f(A4)) in Ly is defined by

Fua) () = { sup{pa(t) |t € Lu, f(t) =y}, if £ (y) £0 |

0, otherwise,

FOW @) = { inf{Aa(t) | £ € Ly, f(£) =y}, i f2y) £0,

1, otherwise.
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Definition 3.8. Let L and Ly be any sets and f : Ly — Lo any function.
Then, we call an intuitionistic fuzzy set A = (ua, Aa) of L1 f-invariant if

f(z) = f(y) implies A(z) = A(y), i.e., pa(x) = paly), Aa(x) = Aa(y) for
x,y € L.

Theorem 3.9. Let f: L1 — Lo be an epimorphism of Lie algebras. Then
A= (pa,Aa) is an f-invariant intuitionistic (S, T)-fuzzy Lie ideal of Ly if
and only if f(A) is an intuitionistic (S, T)-fuzzy ideal of Lo.

Proof. Let x,y € Ly. Then there exist a,b € Ly such that f(a) = «x,
f(b) =yand z+y = f(a+b), ax = af(a). Since A is f-invariant, by
straightforward verification, we have

Hence f(A) is an intuitionistic (S, T')-fuzzy Lie ideal of Lo.
Conversely, if f(A) is an intuitionistic (S, T')-fuzzy Lie ideal of Lo, then
for any z € Ly

FHf(pa))(@) = f(pa)(f () = sup{pa(t) | t € Ly, f(t) = f(2)}
=sup{pa(t) | t € L1, ut) = pa(x)} = pa(z),
FHFQ)) (@) = fAa)(f(2)) = inf{Aa(t) | ¢ € Ly, f(t) = f(2)}
=inf{Aa(t) | t € L1, \t) = Aa(x)} = Aa(x).
Hence f~1(f(A)) = A is an intuitionistic (S, T)-fuzzy Lie ideal. O

Lemma 3.10. Let A = (uua, Aa) be an intuitionistic (S,T)-fuzzy Lie ideal
of a Lie algebra L and let © € L. Then pa(x) =t, Aa(z) = s if and only if
z € U(pa,t), x ¢ U(pa,s) and x € L(Aa,s), x ¢ L(Aa,t), for all s > t.

Proof. Straightforward. O
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Definition 3.11. A Lieideal A of Lie algebra L is said to be characteristic if
f(A) = A, forall f € Aut(L), where Aut(L) is the set of all automorphisms
of a Lie algebra L. An intuitionistic (S,T")-fuzzy Lie ideal A = (14, A4) of
a Lie algebra L is called characteristic if pa(f(z)) = pa(x) and Aa(f(z)) =
Aa(z) for all x € L and f € Aut(L).

Theorem 3.12. An intuitionistic (S,T)-fuzzy Lie ideal is characteristic if
and only if each its level set is a characteristic Lie ideal.

Proof. Let an intuitionistic (S5, T")-fuzzy Lie ideal A = (pa,Aa) be charac-
teristic, t € Im(ua), f € Aut(L), © € U(pua,t). Then pa(f(x)) = pa(z) >
t, which means that f(x) € U(ua,t). Thus f(U(pa,t)) € U(pa,t). Since
for each x € U(ua,t) there exists y € L such that f(y) = = we have
pa(y) = pa(f(y)) = pa(z) > t, whence we conclude y € U(ua,t). Conse-
quently z = f(y) € f(U(pa,t)). Hence f(U(pa,t)) = U(pa,t). Similarly,
F(L(Xa,s)) = L(Aa, s). This proves that U(pa,t)-and L(A4a, s) are charac-
teristic.

Conversely, if all levels of A = (ua,\a) are characteristic Lie ideals of
L, then for z € L, f € Aut(L) and pa(z) =t < s = Aa(x), by Lemma
3.10, we have © € U(ua,t), x ¢ U(pua,s) and © € L(Aa,s), ¢ ¢ L(Aa,t).
Thus f(z) € f(U(pa,t)) = U(pa,t) and f(z) € f(L(Aa,s)) = L(Aa,s),
Le., pa(f(x)) = t and Aa(f(2)) < s. For pa(f(x)) = t1 > ¢, Aa(f(2)) =
s1 < s we have f(z) € U(ua,t1) = f(U(pa,t1)), f(x) € L(Aa,s1) =
f(L(Aa,s1)), whence x € U(pa,t1), x € L(pa, s1). This is a contradiction.
Thus pa(f(z)) = pa(z) and Aa(f(z)) = Aa(z). So, A = (na,Aa) is
characteristic. O

Using the same method as in the proof of Theorems 4.6 in [5] we can
prove the following theorem.

Theorem 3.13. Let {Co | a € A C [0, 3]} be a collection of Lie ideals of a
Lie algebra L such that L = J,cp Ca, and for every o, 3 € A, a < 3 if and
only if Cg C Cqo. Then an intuitionistic fuzzy set A = (ua, Aa) defined by

pa(zr) =sup{la € Az € Cyp} and Ma(z) =inf{a e Az e C,}
is an intuitionistic (S, T)-fuzzy Lie ideal of L. O

Theorem 3.14. Let A = (4, ) be an intuitionistic (S, T)-fuzzy Lie ideal
of Lie algebra L. Define a binary relation ~ on L by

x~y—— pa(x —y) =pa(0) and Aa(z —y) = Aa(0).

Then ~ is a congruence on L.
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Proof. The reflexivity and symmetry is obvious. To prove transitivity let
z ~yand y ~ z. Then pa(z —y) = pa(0), pa(y —2) = pa(0) and
Az —y) = 24(0), Aa(y — z) = Aa(0), by (5). Thus
pa(e —z) = palr —y+y—2z) = T(pa(z —y), paly — 2)) = pa(0),
Az —z) =Aalz —y+y—2) <SQAalz —y), aly — 2)) = A0),

whence, by (4), we conclude z ~ z.
If 21 ~ y; and a2 ~ yo, then

pa((z1 +22) — (y1 +y2)) = pal(z1 — y1) + (22 — y2))
> T(pa(z1 —y1), palze —y2)) = pa(0),
Aa((z1 +22) — (y1 +y2)) = Aa((@1 — y1) + (22 — v2))

< SAa(z1 —y1), Aa(ze — y2)) = Aa(0),

pa((axr —ayr) = pa(a(rr —y1)) = pa(zr —y1) = p(0),

A((ary —ayr) = Aa(a(rr —y1)) < Aa(zr — 1) = Aa(0),
pa([r1, ze] — [y1,42]) = pa([r1 — ], [v2 — y2]) = pa(zr — y1) = pa(0),
— [y, 92]) = Aa([z1 — y1], [22 — 2]) < Aa(w1 —y1) = Aa(0).
Now, applying (4), it is easily to see that x1 +x2 ~ y1 + Y2, ax1 ~ ay; and
[z1, z2] ~ [y1,y2]. So, ~ is a congruence. O

Aa([r1, 2]

4. Nilpotency of intuitionistic (S,7)-fuzzy Lie ideals

Definition 4.1. Let A = (4, 4) € I*, an intuitionistic fuzzy subspace
of L generated by A will be denoted by [A]. It is the intersection of all
intuitionistic fuzzy subspaces of L containing A. For all x € L, we define:

[al(x) = sup{min pa(z;) : |z = Zaiaji,ai € Fx; € L},

[Aa](z) = inf{max A 4(x;) |z = Zaixi7ai € Fyx; € L}.

Definition 4.2. Let f : L1 — Lo be a homomorphism of Lie algebras which
has an extension f : I”t — T2 defined by:

F(ra)(y) = sup{pa(z),z € f'(y)},

fAa)(y) = inf{da(z),z € fH(y)},

for all A = (pua,Aa) € I*', y € Ly. Then f(A) is called the homomorphic
image of A.
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The following two propositions are obvious.

Proposition 4.3. Let f : L1 — Lo be a homomorphism of Lie algebras
and let A = (ua, Aa) be an intuitionistic (S, T)-fuzzy Lie ideal of L1. Then
(1) f(A) is an intuitionistic (S, T)-fuzzy Lie ideal of Lo,

(1) f([A]) 2 [F(A)].

Proposition 4.4. If A and B are intuitionistic (S,T)-fuzzy Lie ideals in
L, then [A, B] is an intuitionistic (S, T)-fuzzy Lie ideal of L.

Theorem 4.5. Let Ay, As, By, By be intuitionistic (S, T)-fuzzy Lie ideals
in L such that A1 C Ay and By C Bs, then [Ay, B1] C [Ag, Ba].

Proof. Indeed,
< iy, iy > (2) = sp{T (ua, (@), 15, (8)) | @b € Ly, [a,b] = 2}
> sup{T (e, (), i, (1)) | a,b € Lo, [a,b] = o}
=< A, 1B, > (),
K A4y, A, > () = inf{S(A4,(a), B, (b)) | a,b € Ly, ]a,b] =z}
< inf{S(Aa,(a), Ap,(b)) | a,b € Li,[a,b] = x}
=< Ay, A, > (7).

Hence [A1, B1] C [A2, Ba]. O

Let A = (ua, Aa) be an intuitionistic (S, T')-fuzzy Lie ideal in L. Putting
A=A, A' = [A Ag], A2=[AA], ..., A" =]A, A"}
we obtain a descending series of an intuitionistic (S,T')-fuzzy Lie ideals
A"DA' D A’D ... DA™ D ...
and a series of intuitionistic fuzzy sets B" = (u}, Ay) such that
= sup{i(2) |0 £ 5 € L}, N = imf{N}(2)[0 £ 2 € L}.

Definition 4.6. An intuitionistic (S, 7T)-fuzzy Lie ideal A = (ua,\4) is
called nilpotent if there exists a positive integer n such that B" = 0..

Theorem 4.7. A homomorphic image of a nilpotent intuitionistic (S,T)-
fuzzy Lie ideal is a nilpotent intuitionistic (S, T)-fuzzy Lie ideal.
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Proof. Let f: L1 — Lo be a homomorphism of Lie algebras and let A =
(A, Aa) be a nilpotent intuitionistic (S, T)-fuzzy Lie ideal in L;. Assume
that f(A) = B. We prove by induction that f(A™) 2 B" for every natural
n. First we claim that f([A, A]) D [f(A), f(A)] = [B, B]. Let y € Lo, then

f(K pa, pa >)(y) = sup{< pa, pa >)(z) | f(z) =y}

= sup{sup{7T'(na(a), pa(b)) | a,b € Ly, [a,b] =z, f(z) = y}}

= sup{T'(ua(a), pa(b)) | a,b € Ly, [a,b] = z, f(x) = y}

= sup{T'(a(a), pa(b)) | a,b € L1, [f(a), f(b)] = x}

= sup{T'(pa(a), pa()) | a,b € Ly, f(a) = u, f(b)] = v, [u,v] = y}
Zsup{T'( sup pala), sup pa(b)) | [u,v] =y}

acf~1(u) bef~1(v)
= sup{T'(f(pa)(u), f(pa)()) | [u,v] =y} =< f(pa), f(na) > (v),

F(K X4, 20 >2)(y) = inf{ < Aa, Aa ) (2) | f(2) =y}
)

= inf{inf{S(Aa(a),A\a(b)) | a,b € Li,[a,b] =z, f(x) =y}}
= inf{S(Aa(a), a()) | a,b € L1,a,b] =z, f(x) =y}

= inf{S(Aa(a),Aa(b)) | a,b € L1, [f(a), f(b)] = «}
inf{S(Aa(a),Aa(b)) | a,b € L1, f(a) = u, f(b)] = v, [u,v] =y}

r_q AA<a>,b€mf A) | fuv] =y}

Thus

F(IA A 2 f(€ A, A>) 2K f(A), f(A) >=[f(4), f(A)].
For n > 1, we get

F(A™) = F([A, A1) 2 [F(A), f(A"™H)] 2 [B,B" '] = B".

Let m be a positive integer such that A™ = 0. Then for 0 # y € Lo we
have

g (y) < f(i)(y) = F(0)(y) = sup{0(a) | f(z) = y} = 0,

Ap(y) =2 fNE)(y) = f()(y) = inf{1(a) [ f(z) =y} = 1.
Thus B™ = 0. This completes the proof. O
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Let A = (pua, Aa) be an intuitionistic (S, T')-fuzzy Lie ideal in L. Putting
A =4 AD =140 4O AC) = AW gD AR = [A(=D) | 4]
we obtain series

AO c AW cA@ ... caA ...

of intuitionistic (S, T)-fuzzy Lie ideals and a series of intuitionistic fuzzy
sets B(") = (,ugL), )\g)) such that

ug) = sup{,ugb)(x) |0 #x € L}, )\g) = inf{)\ff)(ac) |0 #x € L}.

Definition 4.8. An intuitionistic (S, T)-fuzzy Lie ideal A = (4, \4) is
called solvable if there exists a positive integer n such that B = 0.

Theorem 4.9. A nilpotent intuitionistic (S, T)-fuzzy Lie ideal is solvable.

Proof. Tt is enough to prove that A™ C A” for all positive integers n. We
prove it by induction on n and by the use of Theorem 4.5:

AD Z (4, 4] =AY, A®@ = (A0 40 C (4, AD)] = 42,
A(n) _ [A(n—l)’A(n—l)] - [A, A(n—l)} C [A, A(n—l)] — A"
This completes the proof. O

Definition 4.10. Let A = (ua,Aa) and B = (up, Ag) be two intuitionistic
(S, T)-fuzzy Lie ideals of a Lie algebra L. The sum A @ B is called a direct
sumif ANB =0..

Theorem 4.11. The direct sum of two nilpotent intuitionistic (S,T)-fuzzy
Lie ideals is also a nilpotent intuitionistic (S, T)-fuzzy Lie ideal.

Proof. Suppose that A = (ua,A4) and B = (up, Ag) are two intuitionistic
(S, T)-fuzzy Lie ideals such that AN B = 0.. We claim that [A, B] = 0.
Let z(# 0) € L, then

L pa, pp > (z) = sup{T'(pa(a), pp (b)) | la,b] = z} < T(pa(z), pp(z)) =0
and

<L A, A > (x) = inf{S(Aa(a), (D)) | [a,b] = x} > S(Aa(z),A\p(z)) = 1.
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This proves our claim. Thus we obtain [A™, B"] = 0. for all positive
integers m, n. Now we again claim that (A ® B)" C A™ & B" for positive
integer n. We prove this claim by induction on n. For n =1,

(AeB)'=[AeB,Ae B C[A,Ale[A Bl @ [B,A®|B,B = Ao B
Now for n > 1,
(AeB)"=[A®B,(AeB)"'|C[A® B,A" & B"]
cA AN lA B e B, A e [B,B" 1] = A"¢ B™.

Since there are two positive integers p and ¢ such that AP = B = 0., we
have (A @ B)PT4 C APT4 @ BPHY = (.. O

In a similar way we can prove the following theorem.

Theorem 4.12. The direct sum of two solvable intuitionistic (S,T)-fuzzy
Lie ideals is a solvable intuitionistic (S, T)-fuzzy Lie ideal.

Definition 4.13. For any x € L we define the function adz : L — L putting
adz(y) = [z,y]. It is clear that this function is a linear homomorphism with
respect to y. The set H(L) of all linear homomorphisms from L into itself is
made into a Lie algebra by defining a commutator on it by [f, g] = fog—gof.
The function ad : L — H (L) defined by ad(x) = adz is a Lie homomorphism
(see [6]) which is called the adjoint representation of L.

The adjoint representation adz : L — L is extended to adx : I* — IF
by putting
adz(v)(y) = sup{y(a) : [x,a] = y}
for all v € I* and y € L.

Theorem 4.14. Let A = (ua, Aa) be an intuitionistic (S, T)-fuzzy Lie ideal
in a Lie algebra L. Then A™ C [A,)] for any n > 0, where an intuitionistic
fuzzy subset [An] = ([na,], [Na,]) is defined by

[a,](x) =sup{pa(a)|[z1, [z, [ .., [Tn,a]...]]] =2, x1,...,2, € L},

A4, |(x) = inf{\a(a) | [z1, [x2,[. - -, [Tn,a] .. ]]] =2, x1,...,2, € L}.
Proof. It is enough to prove that < A, A"~! > C [A4,]. We prove it by
induction on n. For n=1 and x € L, we have

< s pia > (2) = sup{T(a(a), pa(®)) | [or ] = o}
= sup{pa(b) [[a,b] = x,a € L} = [pa,](2),
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KL A, Aa > () =inf{S(ua(a), pa(b))|a,b] =z}
<inf{Aa(b) : [a,b] = z,a € L} = [Aa,](2).
For n > 1,
S pandi > @) = sw{T(ua(e), i 0) o] = o)
= sup{T(na(a), [pa(b), pj~ (b)])l[% b] = x}
> sup{T(pa(a), sup{<< A, 12> (b)) [ b= aibi}) | [a,b] = o}
= sup{T'(pa(a),sup{[pa, ,](b:) [0 = 3_ aibi}) | [a, b] = x}
= sup{T'(na(a), [pa,_,](0:)) | 2o aila,bi] =}
=z sup{T'(pa(a), sup{pa,_ (i) [bs = 32 Bici}) | 30 ila, bi] = =}
= sup{T'(pa(a), pa,_,(ci)) | 2o vila, ci] =}
= sup{T'(pa(a), sup{pa(di)) | [x1, [z2, [ .., [wn—1,di] ... ]I] = ci} | 2o vila, o] = =}
= sup{T'(pa(a), pa(di)) | Yo vila, [w1, [z2, [, [wn—1,di] .. ]]] = 2}
z sup{pa, (di) | 2o vila, [z1, [x2, [ [wn—1, di] . )] = 2} 2 [pa,](2),

a

<A N> (2 ) inf{S(/\A(a),)\Z_l(b)) | [a,b] = x}

= inf{S(Aa(a), Aa(0), X572 (®)])| [a,0] = z}

< inf{S(A4(a), 1nf{<< A, N2> (0) |b =Y aib}) | [a, 0] = x}
< inf{S(Aa(a),inf{[Aa,_,](b:) |b =3 aibi}) | [a,b] = x}

< inf{S(Aa(a), [Aa,_,](b:)) | X2 aila, bi] = x}

< inf{S(Aa(a), 1nf{)\An (e bi =3 Bici}) | OO aila, bi] = x}
(Aa(a), A
(Aa(a),
(@), A

< inf{S(Aa(a), Aa,_, (c) | Xovila, ci] = x}
< inf{S(Aa(a 1nf{)\A( ) |z, (22, |- [Tn—1,di] - )] = e} | Do vile, ¢ = 2}
<inf{S(Aa(a), Aa(d)) | Xovila, [x1, [z, [ [on—1,di] .. ]]]] = =}
< inf{da, (di) [ Xovila, [0, w2, [ [on—1, di] - ]]] = 2} < [Aa, )(2).
This complete the proof. 0

Theorem 4.15. If for an intuitionistic (S,T)-fuzzy Lie ideal A = (pa, Aa)
there exists a positive integer n such that

(adw1 o adxgy o -+ -0 adry)(pa) =0,
(aaacl oadryo---o aﬁxn)()\A) =1,
forall x1,...,x, € L, then A is nilpotent.
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Proof. For x1,...,x, € L and z(# 0) € L, we have
(adwio---oadx,)(pa)(x) = sup{ua(a) | [z1, [x2, [ .., [2n,a] ...]]] = 2} = 0,

(adxyo---oadr,)(Aa)(z) = inf{Aa(a)|[z1, [2,[..., [2n,a]...]]] = 2} = 1.

Thus [4,] = 0~. From Theorem 4.14, it follows that A™ = 0.. Hence
A = (pa,Aa) is a nilpotent intuitionistic (S,T")-fuzzy Lie ideal. O

5. The intuitionistic (S, T)-fuzzy Killing form

The mapping K : L x L — F defined by K(z,y) = Tr(adzoady), where Tr
is the trace of a linear homomorphism, is a symmetric bilinear form which is
called the Killing form. It is not difficult to see that this form satisfies the
identity K([z,y],z) = K(z,[y, 2]). The form K can be naturally extended
to K : I™*L — IF defined by putting

K(pa)(8) = sup{pa(z, y) | Tr((adz o ady)) = B},
K(Aa)(8) = inf{Aa(z,y) | Tr((ad o ady)) = B}

The Cartesian product of two intuitionistic (S, T)-fuzzy sets A = (pua, Aa)
and B = (up, Ap) is defined as

(pa x pp)(x,y) = T(pa(z), uB(y)),
(Aa x Ap)(z,y) = S(Aa(z), AB(y))-

Similarly we define

K(pa x pg)(8) = sup{T(pa(z), pp(y)) | Tr((adz o ady)) = 5},
K(Aa x Ag)(B) = inf{S(Aa(x),\(y)) | Tr((adx o ady)) = }.

Proposition 5.1. Let A = (ua,Aa) be an intuitionistic (S,T)-fuzzy Lie
1deal of Lie algebra L. Then

() Lnfory) = Lus @ 1oy,
(“) 1~(az) =a0l.;
foralz,ye L, a€F.

Proof. Straightforward. O
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Theorem 5.2. Let A= (ua,Aa) be an intuitionistic (S, T)-fuzzy Lie ideal
of Lie algebra L. Then K(piax1(aq)) = a©K(uax1y) and K K(Ma X 0(az)) =
a®K(Aa x0,) forallz € L, a € F.

Proof. If a =0, then for 8 = 0 we have
R(jua x 16)(0) = sup{T (), lo(y)) | Tr(adz o ady) = 0}
> T(pa(0),10(0)) =0,
K (A x 00)(0) = inf{S(Aa(z),00(y)) : Tr(adx o ady) = 0}
< 5(Xa(0),00(0)) =1
For 8 # 0 Tr((adz o ady) = 3 means that x # 0 and y # 0. So,
K(pa x 10)(8) = sup{T(pa(x), 1o(y)) | Tr((adz o ady) = B} =0,
K(Ma x 00)(B) = inf{S(Aa(z),00(y)) | Tr((adx o ady) = B} = 1.
If a # 0, then for arbitrary 5 we obtain
K(p1a % 1aa)(8) = sup{T(114(9), Low(2)) | Tr((ady o adz) = B}

= sup{T'(pa(y),a © 1 ( )| Tr((ady o adz) = B}

= sup{T(pa(y), Lo(a™"2)) | aTr((ady o ad(a™"2)) = B}
= sup{T(pa(y), Lo(a™"2)) | Tr((ady o ad(a™'2)) = o~ 3}
= K(pa x 1a)(a7'f) = a © K(na x 12)(B),

K (A x 000)(8) = Inf{S(Aa(y), Oaa(2)) | Tr((ady o adz) = B}
= S a(0),0 @ 04(2)) | Tr(ady o ad) = 5}
— mf{S(Aa(y), 0.(a~'2)) | aTr((ady o ad(a™'2)) = B}
— mf{S(Aa(y), 0.(a~'2)) | Tr((ady o ad(a™'2)) = a1}

=KAax1)(a 1) =a® K(Aa x 0,)(B).
This completes the proof. ]
Theorem 5.3. Let A = (uua, Aa) be an intuitionistic (S, T)-fuzzy Lie ideal

of a Lie algebra L. Then K(pa X 1(z4y)) = K(pa X 1) & K(pa x 1) and
K( AXO(xﬂJ)) K( AXO)@K( AxO)forallx,yeL.

Proof. Indeed,
K (114 % 1(a13))(8) = sup{T (14 (2), Loy (w)) | Tr((adz o adu) = 5}

=sup{pa(2) | Tr(adz o ad(z+y)) = S}
=sup{pa(z) | Tr(adz o adx) + Tr(adz o ady) = [}
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=sup{T'(pna(z),T(1z(v),1,(w))) | Tr(adz o adv) + Tr(adz o adw) = (3}
sup{T'(sup{T(pa(z),1,(v)) | Tr(adz o adv) = 1},

sup{T'(pa(z), 1y(w)) [ Tr(adz 0 adw) = fa} | b1 + f2 = )}
= sup{T'(K(pa x 1)(1), K(pa x 1,)(B2)) | b1 + B2 = 3}
= K(pa x 1) & K(pa x 1,)(9),

K (A4 % 0(314))(8) = inf{S(Aa(2), 0p1y(u)) | Tr((adz o adu) = (}

= inf{\4(2) | Tr(adz o ad(x + y)) = 5}

= inf{\a(2) | Tr(adz o adx) + Tr(adz o ady) + (3}

= inf{S(Aa(z), S(0z(v),0,(w))) | Tr(adz o adv) + Tr(adz o adw) = [}

= inf{S(inf{S(Aa(2),05(v)) | T'r(adz o adv) = (1},

inf{S(Aa(2), 0y(w) | Tr(adz o adw) = B} | 61 + o = B))
— E{S(R (% 0,)(B1), K(a x 0,)(B2)) | B1 + B2 = B}
=K(Aa x 0;) ® K(Aa x 0,)(3).

This completes the proof. O]

As a consequence of the above two theorems we obtain

Corollary 5.4. For each intuitionistic (S, T)-fuzzy Lie ideal A = (pa, Aa)
and all x,y € L, o, 3 € F we have

K(pa X Liagipy) = O K(pa x 1) @ 8O K(pa x 1),

K(Aa x O(a$+ﬁy)) =a®KMax0,)®B0 K\ x 0y).

References

[1] M. Akram: Anti fuzzy Lie ideals of Lie algebras, Quasigroups and Related
Systems 14 (2006), 123 — 132.

[2] K. T. Atanassov: Intuitionistic fuzzy sets, Fuzzy Sets and Systems 20
(1986), 87 — 96.

[3] K. T. Atanassov: New operations defined over the intuitionistic fuzzy sets,
Fuzzy Sets and Systems 61 (1994), 137 — 142.

[4] B. Davvaz: Fuzzy Lie algebras, Intern. J. Appl. Math. 6 (2001), 449 — 461.

[5] W. A. Dudek: Intuitionistic fuzzy approach to n-ary systems, Quasigroups
and Related Systems 13 (2005), 213 — 228.



218

M. Akram

6]
7
8]
9

[10]

[11]

12]

[13]

[14]
[15]

J. E. Humphreys: Introduction to Lie Algebras and Representation Theory,
Springer, New York 1972.

A. K. Katsaras and D. B. Liu: Fuzzy vector spaces and fuzzy topological
vector spaces, J. Math. Anal. Appl. 58 (1977), 135 — 146.

Q. Keyun, Q. Quanxi and C. Chaoping : Some properties of fuzzy Lie
algebras, J. Fuzzy Math. 9 (2001), 985 — 989.

C. G. Kim and D. S. Lee: Fuzzy Lie ideals and fuzzy Lie subalgebras,
Fuzzy Sets and Systems 94 (1998), 101 — 107.

B. Schweizer and A. Sklar: Statistical metric spaces, Pacific J. Math. 10
(1960), 313 — 334.

B. Schweizer and A. Sklar: Associative functions and abstract semigroups,
Publ. Math. Debrecen 10 (1963), 69 — 81.

S. E. Yehia: Fuzzy ideals and fuzzy subalgebras of Lie algebras, Fuzzy Sets
and Systems 80 (1996), 237 — 244.

S. E. Yehia: The adjoint representation of fuzzy Lie algebras, Fuzzy Sets
and Systems 119 (2001), 409 — 417.

L. A. Zadeh: Fuzzy sets, Information Control 8 (1965), 338 — 353.

L. A. Zadeh: The concept of a lingusistic variable and its application to
approximate reasoning, Part 1, Information Sci. 8 (1975), 199 — 249.

Received March 30, 2007
Punjab University College of Information Technology
University of the Punjab
Old Campus
P. O. Box 54000,
Lahore
Pakistan
E-mail: m.akram@pucit.edu.pk



