
Quasigroups and Related Systems 14 (2006), 133 − 146Ations of a subgroup of the modular groupon an imaginary quadrati �eldMuhammad Ashiq and Qaiser MushtaqAbstratThe imaginary quadrati �elds are de�ned by the set {a + b
√
−n : a, b ∈ Q} and aredenoted by Q(

√
−n), where n is a square-free positive integer. In this paper we haveproved that if α = a+

√
−n

c
∈ Q∗(

√
−n) = {a+

√
−n

c
: a, a

2
+n

c
, c ∈ Z, c 6= 0}, then n doesnot hange its value in the orbit αG, where G =< u, v : u3 = v3 = 1 >. Also we showthat the number of orbits of Q∗(

√
−n) under the ation of G are 2[d(n) + 2d(n + 1)− 6]and 2[d(n) + 2d(n + 1) − 4] aording to n is odd or even, exept for n = 3 for whihthere are exatly eight orbits. Also, the ation of G on Q∗(

√
−n) is always intransitive.1. IntrodutionIt is well known [6] that the modular group PSL(2, Z), where Z is the ring ofintegers, is generated by the linear-frational transformations x : z −→ −1

zand y : z −→ z−1
z

and has the presentation < x, y : x2 = y3 = 1 > .Let v = xyx, and u = y. Then (z)v = −1
z+1 and thus u3 = v3 = 1. So thegroup G =< u, v > is a proper subgroup of the modular group PSL(2, Z)

[1]. The algebrai integer of the form a+ b
√

n, where n is square free, formsa quadrati �eld and is denoted by Q(
√

n). If n > 0, the �eld is a alled realquadrati �eld, and if n < 0, it is alled an imaginary quadrati �eld. Theintegers in Q(
√

1) are simply alled the integers. The integers in Q(
√
−1)are alled Gaussian integers, and the integers in Q(

√
−3) are alled Eisen-stein integers. The algebrai integers in an arbitrary quadrati �eld do not2000 Mathematis Subjet Classi�ation: 05C25, 11E04, 20G15Keywords: Imaginary quadrati �eld, linear frational transformation, extension �eld,oset diagram.



134 M. Ashiq and Q. Mushtaqneessarily have unique fatorization. For example, the �elds Q(
√
−5) and

Q(
√
−6) are not uniquely fatorable. All other quadrati �elds Q(

√
n) with

n 6 7 are uniquely fatorizable.A number is said to be square free if its prime deomposition ontainsno repeated fators. All primes are therefore trivially square free.Let F be an extension �eld of degree two over the �eld Q of rationalnumbers. Then any element x ∈ F − Q is of degree two over Q and is aprimitive element of F . Let F (x) = x2 + bx + c, where b, c ∈ Q, be theminimal polynomial of suh an element x ∈ F. Then 2x = −b ±
√

b2 − 4cand so F = Q(
√

b2 − 4c). Here, sine b2 − 4c is a rational number l

m
= lm

m2with l, m ∈ Z, we obtain F = Q(
√

lm) with l, m ∈ Z. In fat it is possibleto write F = Q(
√

n) , where n is a square free integer.The imaginary quadrati �elds are usually denoted by Q(
√
−n), where

n is a square free positive integer. We shall denote the subset
{

a +
√
−n

c
: a,

a2 + n

c
, c ∈ Z, c 6= 0

}by Q∗(
√
−n). The imaginary quadrati �elds are very useful in di�erentbranhes of mathematis. For example, [3] the Bianhi groups are thegroups PSL

2
(On), where On is the ring of integers of the imaginary quadratinumber �eld Q(

√
−n). Also it is known that On is an Eulidean ring if andonly if n = 1, 2, 3, 7 or 11.In [2, 4], many properties of Q(

√
n) have been disussed. Here we disusssome fundamental results of G =< u, v : u3 = v3 = 1 > on Q∗(

√
−n).2. Coset diagramsWe use oset diagrams, as de�ned in [4] and [5], for the group G and studyits ation on the projetive line over imaginary quadrati �elds. The osetdiagrams for the group G are de�ned as follows. The three yles of thetransformation u are denoted by three unbroken edges of a triangle per-muted anti-lokwise by u and the three yles of the transformation v aredenoted by three broken edges of a triangle permuted anti-lokwise by v.Fixed points of u and v, if they exist, are denoted by heavy dots. Thisgraph an be interpreted as a oset diagram with the verties identi�edwith the osets of Stabv1

(G), the stabilizer of some vertex v1 of the graph,or as 1-skeleton of the over of the fundamental omplex of the presentation



Ations of a subgroup of the modular group 135whih orresponds to the subgroup Stabv1
(G). Let αG denote the orbit of

α in an ation of G on Q∗(
√
−n).For instane, in the ase of G ating on the projetive line over the �eld

Q∗(
√

n), a fragment of a oset diagram will look as follows:

(1) If k 6= 1, 0,∞ then of the verties k, ku, ku2 of a triangle, in a osetdiagram for the ation of G on any subset of the projetive line, onevertex is negative and two are positive.

(2) If k 6= −1, 0,∞ then of the verties k, kv, kv2 of a triangle, in a osetdiagram for the ation of G on any subset of the projetive line, one



136 M. Ashiq and Q. Mushtaqvertex is positive and two are negative.

Theorem 1. If α = a+
√
−n

c
∈ Q∗(

√
−n), then n does not hange its valuein αG.Proof. Let α = a+

√
−n

c
and b = a

2+n

c
. Sine (α)u = α−1

α
= 1 − 1

α
=

1 − c

a+
√
−n

= b−a+
√
−n

b
. Therefore, the new values of a and c for (α)u are

b−a and b respetively. The new value of b for (α)u is (b−a)2+n

b
= −2a+b+c.Now (α)v = −1

α+1 = −c

a+c+
√
−n

= −a−c+
√
−n

b+c+2a
. Therefore the new values of aand c for (α)v are −a − c and 2a + b + c respetively. The new value of

b for (α)v is (−a−c)2+n

2a+b+c
= c. Similarly, we an alulate the new values of

a, b and c for (α)u2, (α)v2, (α)uv, (α)u2v, (α)vu, (α)uv2, (α)vu2 and (α)v2uas follows:
α a b c

(α)u b − a −2a + b + c b

(α)v −a − c c 2a + b + c

(α)u2 c − a c −2a + b + c

(α)v2 −a − b 2a + b + c b

(α)uv a − 2b b −4a + 4b + c

(α)u2v 3a − b − 2c −2a + b + c −4a + b + 4c

(α)vu a + 2b 4a + b + 4c c

(α)v2u 3a + 2b + c 4a + 4b + c 2a + b + c

(α)uv2 3a − 2b − c −4a + 4b + c −2a + b + c

(α)vu2 3a + b + 2c 2a + b + c 4a + b + 4cTable 1From the above information we see that all the elements of αG are in
Q∗(

√
−n). That is, n does not hange its value in αG.



Ations of a subgroup of the modular group 137As we know from [5] the real quadrati irrational numbers are �xedpoints of the elements of PSL(2, Z) =< x2 = y3 = 1 > exept for thegroup theoreti onjugates of x, y±1 and (xy)n. Now we want to see thatwhen imaginary quadrati numbers are �xed points of the elements of G.3. Existene of �xed points in Q∗(
√
−3)Remark 1. Let (z)u = z. Then z−1

z
= z gives z2 − z + 1 = 0. Thus z =

1±
√
−3

2 ∈ Q∗(
√
−3). Similarly, (z)v = z implies −1

z+1 = z. So, z2 + z + 1 = 0gives z = −1±
√
−3

2 ∈ Q∗(
√
−3).Theorem 2. The �xed points under the ation of G on Q∗(

√
−n) exist onlyif n = 3.Proof. Let g be a linear-frational transformation in G. Then, (z)g anbe taken as az+b

cz+d
where ad − bc = 1. Let az+b

cz+d
= z whih yields us thequadrati equation cz2 + (d − a)z − b = 0. It has the imaginary roots onlyif (d − a)2 + 4bc < 0 or (d + a)2 − 4(ad − bc) < 0 or (a + d)2 < 4. That is,

a + d = 0,±1.If a + d = 0 then g is an involution. But there is no involution in G.Now, if a + d = ±1 then as (trace(g))2 = det(g), order of g will be threeand hene it is onjugate to the linear frational transformations u±1 and
v±1. Sine the �xed points of the linear frational transformations u and
v (by Remark 1) are 1±

√
−3

2 and −1±
√
−3

2 respetively, therefore, the rootsof the quadrati equation cz2 + (d − a)z − b = 0 belong to the imaginaryquadrati �eld Q∗(
√
−3). If two elements of G are onjugate, then theirorresponding determinants are also equivalent.4. Orbits of Q∗(

√
−n)De�nition 1. If α = a+

√
−n

c
∈ Q∗(

√
−n) is suh that ac < 0 then αis alled a totally negative imaginary quadrati number and totally positiveimaginary quadrati number if ac > 0.As b = a

2+n

c
, therefore, bc is always positive. So, b and c have samesign. Hene an imaginary quadrati number α = a+

√
−n

c
∈ Q∗(

√
−n) istotally negative if either a < 0 and b, c > 0 or a > 0 and b, c < 0. Similarly

α = a+
√
−n

c
∈ Q∗(

√
−n) is totally positive if either a, b, c > 0 or a, b, c < 0.



138 M. Ashiq and Q. MushtaqTheorem 3.
(i) If α is a totally negative imaginary quadrati number then (α)u and

(α)u2 are both totally positive imaginary quadrati numbers.
(ii) If α is a totally positive imaginary quadrati number then (α)v and

(α)v2 are both totally negative imaginary quadrati numbers.Proof. (i) Let α = a+
√
−n

c
be a totally negative imaginary quadrati num-ber. Here there are two possibilities: either a < 0 and b, c > 0 or a > 0 and

b, c < 0.Let a < 0 and b, c > 0. We an easily tabulate the following information.
α a b c

(α)u b − a −2a + b + c b

(α)u2 c − a c −2a + b + cFrom the above information, we see that the new values of a, b and c for
(α)u and (α)u2 are positive. Therefore, (α)u and (α)u2 are totally positiveimaginary quadrati numbers.Now, let a > 0 and b, c < 0. Then the new values of a, b and c for
(α)u and (α)u2 are negative. Therefore, (α)u and (α)u2 are totally positiveimaginary quadrati numbers.

(ii) Let α = a+
√
−n

c
be a totally positive imaginary quadrati number.Here there are two possibilities: either a, b, c > 0 or a, b, c < 0.Let a, b, c > 0. Then one an easily tabulate the following information.

α a b c

(α)v −a − c c 2a + b + c

(α)v2 −a − b 2a + b + c bFrom the above information, we see that the new value of a for (α)vand (α)v2 is negative and the new values of b and c for (α)v and (α)v2 arepositive. Therefore, (α)v and (α)v2 are totally negative imaginary quadratinumbers.Now, let a, b, c < 0. Then the new value of a for (α)v and (α)v2 is positiveand the new values of b and c for (α)v and (α)v2 are negative. Therefore,
(α)v and (α)v2 are totally negative imaginary quadrati numbers.Theorem 4.

(i) If α = a+
√
−n

c
where c > 0 then the numerator of every element in

αG is also positive.
(ii) If α = a+

√
−n

c
where c < 0 then the numerator of every element in



Ations of a subgroup of the modular group 139the orbit αG is also negative.Proof. (i) Sine α = a+
√
−n

c
with c > 0, therefore, b is also positive. As

b and c always have the same sign. Using this fat we an easily see fromthe information given in Table 1 that every element in αG has positivenumerator.
(ii) Sine α = a+

√
−n

c
with c < 0, therefore, b is also negative. As band c always have the same sign. Using this fat we an easily see fromthe information given in Table 2 that every element in αG has negativenumerator.For α = a+

√
−n

c
∈ Q∗(

√
−n), we de�ne ‖α‖ = |a| .Theorem 5.

(i) Let α be a totally negative imaginary quadrati number. Then
‖(α)u‖ > ‖α‖ and ∥

∥(α)u2
∥

∥ > ‖α‖ , and
(ii) Let α be a totally positive imaginary quadrati number. Then

‖(α)v‖ > ‖α‖ and ∥

∥(α)v2
∥

∥ > ‖α‖ .Proof. (i) Let α be a totally negative imaginary quadrati number. Theneither, a < 0 and b, c > 0 or a > 0 and b, c < 0. Let us take a < 0 and
b, c > 0. Then, by Theorem 3(i) (α)u and (α)u2 both are totally positiveimaginary quadrati numbers. Thus, ‖(α)u‖ = |b − a| > |a| = ‖α‖ , and
∥

∥(α)u2
∥

∥ = |c − a| >= |a| = ‖α‖ . Similarly, we have the same result for
a > 0 and b, c < 0.

(ii) Let α be a totally positive imaginary quadrati number. Theneither, a, b, c > 0 or a, b, c < 0. Let us take a, b, c > 0. Now, using theinformation given in Table 1, we an easily see that ‖(α)v‖ = |−a − c| =
|a + c| > |a| = ‖α‖ and ∥

∥(α)v2
∥

∥ = |−a − b| = |a + b| > |a| = ‖α‖ . Simi-larly, we have the same result for a, b, c < 0.Theorem 6. Let α be a totally positive or negative imaginary quadratinumber. Then there exists a sequene α = α1, α2, . . . , αm suh that αi is al-ternately totally negative and totally positive number for i = 1, 2, 3, . . . , m−1and ‖αm‖ = 0 or 1.Proof. Let α = α1 be a totally positive imaginary quadrati number. Then,by Theorem 3(i), (α)u or (α)u2 is a totally negative imaginary quadratinumber. If (α)u is a totally negative imaginary quadrati number, then put
α2 = (α)u and by Theorem 5(i), ‖(α1)‖ > ‖α2‖. Now if (α)u2 is a totally



140 M. Ashiq and Q. Mushtaqnegative imaginary quadrati number, then put α2 = (α)u2. In this asewe have also ‖(α1)‖ > ‖α2‖.Now if (α)u a is totally negative imaginary quadrati number, then
(α)uv or (α)uv2 is a totally positive imaginary quadrati number. If (α)uvis a totally positive imaginary quadrati number, put (α)uv = α3 and so byTheorem 5(ii) ‖(α)uv‖ < ‖(α)u‖ < ‖α‖ or ‖α3‖ < ‖α2‖ < ‖α1‖ and ontin-uing in this way we obtain an alternate sequene α1, α2, . . . , αm of totallypositive and totally negative numbers suh that ‖α1‖ > ‖α2‖ > ‖α3‖ >

. . . > ‖αm‖. Sine ‖α1‖ , ‖α2‖ , ‖α3‖ , . . . , ‖αm‖ is a dereasing sequene ofnon negative integers, therefore, it must terminate and that happens onlywhen ultimately we reah at an imaginary quadrati number αm = a′+
√
−n

csuh that ‖αm‖ = |a′| = 0 or 1. It an be shown diagrammatially as:

Theorem 7. There are exatly eight orbits of Q∗(
√
−n) under the ationof the group G when n = 3.Proof. As we have seen in Theorem 6, we get a dereasing sequene of nonnegative integers ‖α1‖ , ‖α2‖ , ‖α3‖ , . . . , ‖αm‖ suh that ‖α1‖ > ‖α2‖ >

‖α3‖ > . . . > ‖αm‖ whih must terminate and that happens only whenultimately we reah at an imaginary quadrati number αm = a′+
√
−3

c
suhthat ‖αm‖ = |a′| = 0 or 1.If αm = 1±

√
−3

2 or −1±
√
−3

2 then beause ±1±
√
−3

2 are the �xed pointsof u and v, therefore, we annot reah at an imaginary quadrati numberwhose norm is equal to zero. So in this ase there are four orbits, namely
1+

√
−3

2 G, 1−
√
−3

2 G, −1+
√
−3

2 G and −1−
√
−3

2 G of Q∗(
√
−3).Now, if we reah at an imaginary quadrati number αm = a′+

√
−3

c
suhthat ‖αm ‖ = |a′| = 0 then αm =

√
−3
c

. Sine αm =
√
−3
c

∈ Q∗(
√
−3),therefore, c = ±1,±3. That is, αm =

√
−3
1 ,

√
−3
3 ,

√
−3
−1 , and √

−3
−3 .



Ations of a subgroup of the modular group 141Now, if α =
√
−3
1 , we an easily alulate the new values of a, b, and cas:

α 0 3 1

(α)u 3 4 3

(α)v −1 1 4

(α)u2 1 1 4

(α)v2 −3 4 3Hene from the above table, we see that √
−3, 1+

√
−3

4 and −1+
√
−3

4 liein αG.Similarly, if α =
√
−3
−1 , then −

√
−3, −1+

√
−3

−4 and 1+
√
−3

−4 lie in αG, if
α =

√
−3
3 , then √

−3
3 , 1+

√
−3

1 and −1+
√
−3

1 lie in αG, and if α =
√
−3
−3 , then

√
−3
−3 , 1+

√
−3

−1 and −1+
√
−3

−1 lie in αG.Thus, √
−3
1 ,

√
−3
−1 ,

√
−3
3 , and √

−3
−3 lie in four di�erent orbits. Hene thereare exatly eight orbits of Q∗(

√
−n) for n = 3.Remark 2.1. If α = a+

√
−n

c
∈ Q∗(

√
−n) then Stabα(G) is non-trivial only if n = 3.Partiularly, if α = ±1±
√
−3

2 then Stabα(G) ∼= C3.2. In Q∗(
√
−3), there are four elements of norm zero, namely √

−3
1 ,

√
−3
−1 ,

√
−3
3 , and √

−3
−3 .3. In Q∗(

√
−3), there are twelve elements of norm one, namely ±1±

√
−3

2 ,
±1±

√
−3

4 , and ±1±
√
−3

1 .Theorem 8. Let α ∈ Q∗(
√
−n), where n 6= 3. Then

(i) if α =
√
−n, then √

−n,
1+

√
−n

n+1 and −1+
√
−n

n+1 lie in αG,

(ii) if α =
√
−n

n
, then √

−n

n
,

1+
√
−n

1 and −1+
√
−n

1 lie in αG,

(iii) if α =
√
−n

2 , where n is even and l1 = n

2 , then α is the only elementof norm zero in αG,

(iv) if α =
√
−n

n1
, where k1 = n

n1
and n1 6= 1, 2 or n, then α is the onlyelement of norm zero in αG, and

(v) if α = 1+
√
−n

c1
, where 1 + n = c1c2 and c1 6= 1 or n + 1, then α isthe only element of norm one in αG.Proof. (i) If α =

√
−n, then, we an easily tabulate the following informa-tion.
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α 0 n 1

(α)u n n + 1 n

(α)v −1 1 n + 1

(α)u2 1 1 n + 1

(α)v2 −n n + 1 nHene from the above table, we see that √−n,
1+

√
−n

n+1 and −1+
√
−n

n+1 liein αG.

(ii) If α =
√
−n

n
, then we an alulate the new values of a, b, and c as:

α 0 1 n

(α)u 1 n + 1 1

(α)v −n n n + 1

(α)u2 n n n + 1

(α)v2 −1 n + 1 1Hene from the above table, we see that √
−n

n
,

1+
√
−n

1 and −1+
√
−n

1 liein αG.

(iii) If α =
√
−n

2 , then we an alulate the new values of a, b, and c as:
α 0 l1 2

(α)u l1 l1 + 2 l1
(α)v −2 2 l1 + 2

(α)u2 2 2 l1 + 2

(α)v2 −l1 l1 + 2 l1Hene from the above table, we see that α is the only element of normzero in αG.

(iv) Let α =
√
−n

n1
, where k1 = n

n1
and n1 6= 1 or n, then

α 0 k1 n1

(α)u k1 n1 + k1 k1

(α)v −n1 n1 n1 + k1

(α)u2 n1 n1 n1 + k1

(α)v2 −k1 n1 + k1 k1Hene from the above table, we see that α is the only element of normzero in αG.

(v) Let α = 1+
√
−n

c1
, where 1 + n = c1c2 and c1 6= 1 or n + 1, then thenew values of a, b, and c an be alulated as:
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α 1 c2 c1

(α)u c2 − 1 −2 + c1 + c2 c2

(α)v −1 − c1 c1 2 + c1 + c2

(α)u2 c1 − 1 c1 −2 + c1 + c2

(α)v2 −1 − c2 2 + c1 + c2 c2If c1 = 2, then ∥

∥(α)u2
∥

∥ = 1 implies that (α)u2 = 1+
√
−n

c2
. If c1 = −2,then ‖(α)v‖ = 1 implies that (α)v = 1+

√
−n

c2
. That is, 1+

√
−n

2 and 1+
√
−n

(n+1

2
)lie in the same orbit, and 1+

√
−n

−2 and 1+
√
−n

−(n+1

2
)
lie in the same orbit.Now if c1 6= 1, 2 or n+1

2 , n + 1, that is, c2 6= n + 1, n+1
2 or 1, then 1+

√
−n

c1lie in αG.Example 1. By using Theorem 8, the orbits of Q∗(
√
−14) are:

(i)
√
−14, 1+

√
−14

15 and −1+
√
−14

15 lie in √
−14G,

(ii)
√
−14
−1 , 1+

√
−14

−15 and −1+
√
−14

−15 lie in √
−14
−1 G,

(iii)
√
−14
14 , 1+

√
−14

1 and −1+
√
−14

1 lie in √
−14
14 G,

(iv)
√
−14
−14 , 1+

√
−14

−1 and −1+
√
−14

−1 lie in √
−14
−14 G,

(v)
√
−14
2 lies in √

−14
2 G,

(vi)
√
−14
−2 lies in √

−14
−2 G,

(vii)
√
−14
7 lies in √

−14
7 G,

(viii)
√
−14
−7 lies in √

−14
−7 G,

(ix) 1+
√
−14

3 lies in 1+
√
−14

3 G,

(x) −1+
√
−14

3 lies in −1+
√
−14

3 G,

(xi) 1+
√
−14

−3 lies in 1+
√
−14

−3 G,

(xii) −1+
√
−14

−3 lies in −1+
√
−14

−3 G,

(xiii) 1+
√
−14

5 lies in 1+
√
−14

5 G, .

(xiv) −1+
√
−14

5 lies in −1+
√
−14

5 G,

(xv) 1+
√
−14

−5 lies in 1+
√
−14

−5 G, and
(xvi) −1+

√
−14

−5 lies in −1+
√
−14

−5 G.So, there are sixteen orbits of Q∗(
√
−n).Remark 3.

1. If α = a+
√
−n

c
∈ Q∗(

√
−n), then αG ontains the onjugates of the ele-



144 M. Ashiq and Q. Mushtaqments of αG. Sine α = a+
√
−n

c
and α = a−

√
−n

c
lie in two di�erentorbits, therefore, αG and αG are always disjoint.

2. The elements of norm zero and one in Q∗(
√
−n), play a vital role toidentify the orbits of Q∗(

√
−n).De�nition 2. If n is a positive integer then d(n) denotes the arithmetifuntion de�ned by the number of positive divisors of n.For example, d(1) = 1, d(2) = 2, d(3) = 2, d(4) = 3, d(5) = 2 and

d(6) = 4.Theorem 9. If n 6= 3, then the total number of orbits of Q∗(
√
−n) underthe ation of G are:

(i) 2 [d(n) + 2d(n + 1) − 6] if n is odd, and
(ii) 2 [d(n) + 2d(n + 1) − 4] if n is even.Proof. First suppose that n is odd, that is n + 1 is even. Let the divisorsof n are ±1, ±n1, ±n2, ±, . . . ,±n and the divisors of n + 1 are ±1, ±2,

±m1, ±m2, ±, . . . , ± (n+1)
2 , ±(n+1). Then by Theorem 8(i), there exist twoorbits of Q∗(

√
−n) orresponding to the divisors ±1 of n and ±(n + 1) of

n + 1. By Theorem 8(ii), there exist two orbits of Q∗(
√
−n) orrespondingto the divisors ±n of n and ±1 of n + 1. By Theorem 8(v), there existsfour orbits of Q∗(

√
−n) orresponding to the divisors ±2, ±(n+1

2 ) of n + 1.Now we are left with 2d(n) − 4 and 4d(n + 1) − 16. Thus total orbits are
2d(n)−4+4d(n+1)−16+8 = 2d(n)+4d(n+1)−12 = 2[d(n)+2d(n+1)−6].Now if n is even, then the total orbits are [2d(n)−4]+[4d(n+1)−8]+4 =
2d(n) + 4d(n + 1) − 8 = 2[d(n) + 2d(n + 1) − 4].Example 2. Now, by using Theorem 9,

(i) the orbits of Q∗(
√
−14) are:

2[d(n) + 2d(n + 1)− 4] = 2[d(14) + 2d(15)− 4] = 2[4 + 8− 4] = 16,and
(ii) the orbits of Q∗(

√
−15) are:

2[d(n)+2d(n+1)− 6] = 2[d(15)+2d(16)− 6] = 2[4+10− 6] = 16.Theorem 10. There are 2d(n) elements of Q∗(
√
−n) of norm zero underthe ation of G.Proof. As we have seen in Theorem 6, we get a dereasing sequene of non-negative integers ‖α1‖ , ‖α2 ‖ , ‖α3 ‖ , . . . , ‖αm ‖ suh that ‖α1 ‖ > ‖α2 ‖ >

‖α3 ‖ > . . . > ‖αm ‖ whih must terminate and that happens only when



Ations of a subgroup of the modular group 145ultimately we reah at an imaginary quadrati number αm = a′+
√
−n

c
suhthat ‖αm ‖ = |a′| = 0. Thus αm =

√
−n

c
. Sine αm =

√
−n

c
∈ Q∗(

√
−n),therefore, c must be a divisor of n. Hene there are 2d(n) elements of

Q∗(
√
−n) of norm zero under the ation of G.Theorem 11. There are 4d(n+1) elements of Q∗(

√
−n) of norm one underthe ation of G.Proof. As we have seen in Theorem 6, there exists a dereasing sequeneof non-negative integers ‖α1‖ , ‖α2 ‖ , ‖α3 ‖ , . . . , ‖αm ‖ suh that ‖α1 ‖ >

‖α2 ‖ > ‖α3 ‖ > . . . > ‖αm ‖ whih must terminate and that happens onlywhen ultimately we reah at an imaginary quadrati number αm = a′+
√
−n

csuh that ‖αm ‖ = |a′| = 1. Then αm = ±1+
√
−n

c
, where b = a

2+n

c
= 1+n

c
,that is, c must be a divisor of n + 1. Hene there are 4d(n + 1) elements of

Q∗(
√
−n) of norm one under the ation of G.Corollary. The ation of G on Q∗(

√
−n) is intransitive.Proof. If n is even, then the minimum value of n in Q∗(

√
−n) is two. So,by Theorem 9, the total number of orbits are 2[d(n) + 2d(n + 1) − 4] =

2[2 + 2(2) − 4] = 4. So, the ation of G on Q∗(
√
−n) must be intransitive.Now, if n is odd, then the minimum value of n in Q∗(

√
−n) is �ve, when

n 6= 3. So, by Theorem 10, the total number of orbits are 2[d(n) + 2d(n +
1)−6] = 2[2+2(4)−6] = 8. So, the ation of G on Q∗(

√
−n) is intransitive.Aording to Theorem 7, there are exatly eight orbits of Q∗(

√
−n)when n = 3 under the ation of the group G. Hene the proof.Referenes[1℄ M. Ashiq and Q. Mushtaq: Finite presentation of a linear-frational group,Algebra Colloquium 12 (2005), 585 − 589.[2℄ M. Aslam, Q. Mustaq, T. Maqsood and M. Ashiq: Real quadratiirrational numbers and the group < x, y : x2 = y6 = 1 >, Southeast AsianBull. Math. 27 (2003), 409 − 415.[3℄ A. W. Mason: Free quotients of subgroups of the Bianhi groups whose ker-nels ontain many elementary matries, Math. Pro. Camb. Phil. So. 116(1994), 253 − 273.[4℄ Q. Mushtaq: Modular group ating on real quadrati �elds, Bull. Austral.Math. So. 37 (1988), 303 − 306.
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