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Ranks of nets

G. Eric Moorhouse

Abstract

Let N be a k-net of prime order p. We find bounds on the p-rank of (the point-line
incidence matrix of) N for k € {3,4}, and observe connections between the p-rank and
certain structural properties of A/. Implications for the study of finite projective planes
are described.

1. Loops and 3-nets of prime order

Let (L, *) be a loop of prime order p. The 3-net N' = N(L) coordinatized
by L is the point-line incidence system having p? points L? = L x L, and
3p lines given by

{a} x L for a € L (the lines “x = a”);
L x {b} for b € L (the lines “y = b”); and
{(z,y) € L? :xxy = ¢} for c € L (the lines “z xy = ¢”).

The point-line incidence matrix of N is the p? x 3p matrix with rows
and columns indexed by points and lines of A respectively; and having
entries 0 and 1 corresponding to non-incident and incident point-line pairs
respectively. We have

Theorem 1.1. (Main Theorem [5]) The p-rank of the incidence matriz
of N equals 3p—3 if L is associative, and 3p—2 otherwise.

Our original proof [5], still the simplest proof available, uses loop theory.
(Here for simplicity we consider only loops and nets of prime order, although
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more arbitrary finite orders were considered in [5].) We reproduce this proof
below; and we indicate three alternative proofs of the same result. Our
(currently unrealized) goal is a generalization of Theorem 1.1 to k-nets for
k = 3,4,...,p+1; possibly using techniques from nonassociative algebra,
or possibly by generalizing some of the other techniques described in this
paper. The desired generalization of this result is

Conjecture 1.2. [5] Let N be any k-net of prime order p, and let N” be
any (k—1)-subnet of N obtained by deleting one of the k parallel classes
of lines of N'; here k € {2,3,...,p+1}. Then the p-rank of the incidence
matriz of N exceeds that of N’ by at least p—k+1.

The significance of Conjecture 1.2 lies in the fact [5] that this would im-
ply that every projective plane of prime order is Desarguesian, thereby set-
tling one of the most celebrated currently open problems in finite geometry.
Extensions of this method to other finite orders would yield restrictions on
the possible orders of finite projective planes, beyond the restrictions avail-
able through the Bruck-Ryser Theorem [2]. We believe that these finite geo-
metric questions are worthy of the attention of researchers in nonassociative
algebra. Indeed, Belousov [1] attributes the origins of quasigroup theory to
the study of finite projective planes. (I am grateful to V.V. Goldberg for
bringing this reference to my attention during our Mile High Conference.)

In Section 2, we describe the p-rank of a net in terms recognizable to
researchers of webs. This leads to a reformulation of our main result The-
orem 1.1 in equivalent terms as Theorem 2.3. In Sections 3, 4, 5 and 6
we provide proofs of this main result using loop theory, group theory, finite
field theory, and number theory (specifically, exponential sums) respectively.
Each of these approaches suggests different possibilities for generalization
to k-nets. Finally in Section 7 we describe some recent progress towards
Conjecture 1.2 in the case of 4-nets.

2. Nets and planes of prime order

Consider a field F' = F,, of prime order p, and let k > 2. For every J C
{1,2,...,k} we consider the projection F* — FI/I defined by

(a1,a2,...,a;) — (a;j 1 j € J).
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We simply write m; = 73y, 7 = 7y 53, and we denote J' = {1,2,...,k}\J
so that in particular

Fi/(al,ag, e ,ak) = (al,ag, ey Ag—1, Q441 - - .,ak).

A k-net of order p is a subset N’ C F* such that for all i # j in

{1,2,...,k}, the map N' 19, P2 s bijective. The members of N are called
points, and the lines of N are the fibres

Nnx (a)={veN:m@w) =a}

fori € {1,2,...,k},a € F. For every J C {1,2,...,k} of cardinality at
least 2, clearly 7;(N) is a |J|-net of order p; we call this a |J|-subnet
of N. In particular for each i € {1,2,...,k}, we have that 7y (N) is
a (k—1)-subnet of N, obtained by simply deleting from A the i-th par-
allel class of lines. An isomorphism of nets ¢ : N — N’ is a map of
the form (a1, az,...,ax) — (a1(as)); @2(as)), - k(agr))) for some
a1, 09,...,ar € Sym(F) and o € Si; this simply says that the corre-
sponding point-line incidence structures are isomorphic.

An affine plane of order p is simply a (p+1)-net of order p. The Desar-
guesian affine plane is the (p+1)-net

D = {(a,b,a+b,a+2b,...,a+(p—1)b) : a,b € F}.

A Desarguesian net is any subnet of D. A Desarguesian 3-net is known
simply as a cyclic 3-net. Every cyclic 3-net of order p is isomorphic to
{(a,b,a+Db) : a,b e F}.

Denote by V = V(N) the vector space consisting of all k-tuples
(f1, f2,---, fr) of functions F' — F such that

filar) + fa(a2) + -+ fr(ag) =0

for all (ay,as,...,ax) € N. Also denote by Vo = Vo(N) < V the sub-
space consisting of all (fi, fa,..., fr) € V satisfying the additional condi-
tion f1(0) = f2(0) = --- = f(0) = 0. The map ¥V — F¥, (f1, fa, ..., fi) —
(f1(0), f2(0), ..., fx(0)) induces an isomorphism from V/Vy to a (k—1)-
dimensional subspace of F¥; thus dim(V) = dim(V,) + k — 1, and so we
may focus our attention on Vy rather than on V itself. Since V may be
interpreted as the right null space of the point-line incidence matrix A of
N, this gives
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Proposition 2.1. The p-rank of the incidence matriz A of N is given by
rank, A = pk —dimV = (p—1)k + 1 — dim ).

Rephrasing our conjectured bounds for the rank of A in terms of the
nullity gives

Conjecture 2.2. We have:
(i) dimm (V)< k-1.
(i4) dim(Vo) < 3(k—1)(k—2), and equality holds iff N is Desargquesian.

Statement (7) is equivalent to Conjecture 1.2, and the first assertion of
(73) is implied by (7). If either (i) or (i7) holds then every plane of prime
order is Desarguesian. As indication that V) is more natural to consider
than the row or column space of A itself, we observe that in the case of
webs, the corresponding incidence map has infinite rank, whereas the null
space V is finite-dimensional. Indeed the bound dim(Vy) < 3(k—1)(k—2)
holds for k-webs, with equality attainable in the case of algebraic webs;
see [3,4]. We rephrase the Main Theorem as

Theorem 2.3. Let N be a 3-net of order p. Then dim(Vy) < 1. Moreover,
equality holds iff N is cyclic, in which case Vy is spanned by a triple (f, g, h)
wn which the maps f,g,h : F'— F are permutations.

3. First proof of main theorem (using loop theory)

Let N' C F3 be a 3-net of prime order p, in the notation of Section 2, and
suppose (f,g,h) € Vo(N) is nonzero. To within an isomorphism of nets, we
have

N ={(z,y,x*y): 2,y € F}

where (z,y) — x xy € F is a loop operation on F' with identity 0. By
definition we have

h
(y) + h(x*xy) =0 forall x,y € F.

This implies that f(z) = g(xz) = —h(z) for all z € F and that f is a
nonzero homomorphism from the loop (F,*) to the cyclic group (F,+) of
order p. These two loops are therefore isomorphic, so AV is cyclic. Moreover
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every such homomorphism has the form cf for some ¢ € F, so Vy(N) is
1-dimensional. The result follows.
The same argument actually yields the stronger result

Theorem 3.1. 5] Let L be a loop of order n = p"m where gcd(p,m) = 1.
Then the p-rank of the incidence matriz of the 3-net N'(L) equals 3p—2—e
where e € {0,1,2,...,r}. We have |K| = p® where K C L is the largest
normal subloop such that the quotient loop L/K is an elementary abelian
D-group.

4. Second proof of main theorem
(using permutation groups)

An alternative proof of Theorem 3.1 is obtained by considering the left
multiplication group of L. More generally, let ) be a set of size || =n =
p"m where ged(p,m) = 1, and let G be a group permuting € transitively.
Let H < G be the stabilizer of a point which we denote 1 € €). For each
k > 0, denote by C* the vector space over F consisting of all functions
QFtl — F. Then G acts on C* via

o (xo,z1,. .., xp) = f(af, af,... 2)

for g € G, f € C*, z; € Q. Consider the F-linear map 9 = 9y, : C¥ — Ck+1
defined by

k+1
Of) @0,z wpr) = Y (DM (o, @, w1, T, T
i=0
for f € C* z; € Q. Note that 9 is G-equivariant: 9(f9) = (9f)9. The
image B! = 0C° < C! consists of all functions d¢(wg, 71) = ¢(w0) — ¢(71)
for some ¢ : 2 — F. Consider the subspace of G-invariants given by

(BYEC ={feB': f9=fforall ge G}

In the following, Hom(G/K, F') denotes the vector space over F' consisting
of homomorphisms from the multiplicative group G/K to the additive group
of F.

Lemma 4.1. (BY)¢ = Hom(G/K,F) where K is the smallest normal
subgroup of G containing H such that G/K is an elementary abelian p-
group. In particular, dim (BY)% =e € {0,1,2,...,7} where |G/K| = p°.
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Proof. For each ¢ : G/K — F, define $Z Q — F by (;AS(lg) = ¢(Kg) for
g € G. Note that 4/5 € CY is well-defined since K contains H. We claim that
the map

0: Hom(G/K,F) — (B)®, ¢— 0¢

is an isomorphism of vector spaces over F'. Certainly if ¢ € Hom(G/K, F)
then

~

0¢(1,1%) = ¢(Kug) — ¢(Kvg) = ¢(Ku) + ¢(Kg) — ¢(Kv) — ¢(Kg)
= $(Ku) — ¢(Kv) = 0(1",1")

for all u,v,g € G. Since G is transitive on €2, this implies that 85 c (BHYC.
If 0¢p = 0 then ¢p(Kg) = ¢(K) =0 for all g € G, i.e. ¢ =0 so 6 is injective.
Finally, given f € (BY)Y, define ¢(Kg) = f(19,1). Since f € (BY)Y we
have

0=0f(19" 1" 1) = f(1", 1) — F(19" 1) + F(19",1M)
= f(1",1) = f(19", 1) + f(19,1)
= ¢(Kh) — ¢(Kgh) + ¢(Kg)

for all g,h € G so that ¢ € Hom(G/K, F) satisfying ¢ = f and 0 is
surjective. ]

Now suppose (L, *) is a loop of order n = p"m where gcd(p,m) = 1.
Let 1 € L be the identity, and let G be the left multiplication group of L;
ie. G < Sym(L) is generated by the permutations = — a *x, a € L. We

show that the map (f,g,h) — 9f gives an isomorphism Vy(N) =, (BHYE.
For (f,g,h) € Vo(N) we have

f(@)+9y) +h(zxy)=0

for all z,y € L and so f(z) = g(x) = —h(x) and

Of(a*xz,axy) = flaxx)— flaxy)
= f(a) + f(z) — f(a) — f(y) = f(z) — f(y)

so that df € (BY)Y. If 9f = 0 then f(z) = 0f(x,1) =0. Alsoif ¢ : L — F
such that 9¢ € (B')Y then we easily check that (f, f, —f) € Vo(N) where
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f(x) = 00(x,1) = ¢(x) — o(1):

@)+ f(y) = flzxy) = 06(x,1) + 0(y, 1) — Op(z * y,1)
= 0¢p(x,1) — dp(x xy,1) + 0p(x x y, x)
= 0*(xxy,z,1) = 0.

Theorem 3.1 follows.

5. Third proof of main theorem (using finite fields)

We require the following well-known result, whose proof is included for
completeness. As before we fix F' = [F, where p is prime, and we use the
convention that 0° = 1.

Proposition 5.1. Let f : FF — F, and for every r > 0, write Ofp =
Y acr f(@)" € F. Then

(a) The map f is a permutation of F, if and only if

O'f70:O'f’1:"‘:O'f7p_2:0 and O-f)p_lz_]ﬂ

(b) We have o,y=0;y = =0;, ,=0,if and only if |f(F)| equals

either 1 or p.

7p72

Proof. First suppose that the map f is a permutation of F, so that O, =
Y qcra’. Clearly ojp=p=0€Fando,, ; =p-1=-1¢€F. Now
suppose 1 < r < p—2. For every ¢ € {1,2,...,p — 1} we have oy, =
Yaer(ca) =3 cpa” =0, since the map a — ca is a permutation of F.
Now the polynomial o, X" — 0, € F[X] has p—1 > r zeroes in the field

F, so Opr= 0 as required.

In the general case, for every a € F, let n, = !ffl(a) , 80 that Opp =
> acr @ Mg . The linear system
(11 1 1 1 17 no | [0
o1 2 - p—2 p—1 ny 0
01 22 . (p—2% (p—1)7? ny 0
0 1 2072 oo (p=2)P72 (p—1)P"2 | | my s 0
L0 1 27t o (p=2)P7t (p—1)Pt | | mpy | | -1 ]
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over Q has a unique solution, since the coefficient matrix is a nonsingular
Vandermonde matrix. We have seen that ng =n; =--- =n, 1 =1is a
solution, so (a) follows. Moreover the linear system

11 1 - 1 1] ZO (0]
01 2 -  p=2 p—1 ! 0
01 22 - (p-2?  (p-1)? "ol _lo
0 1 2072 ... (p=2)P~2 (p—1)P2 Np—2 0
L T npe L Y
has as its general solution ng = ny = --- = n,_1 since the coefficient matrix
has rank p—1. Since ng +ny +ng + .-+ + ny—1 = p, we have either (i)
ng =mny =--- =mn,_1 = 1, or (ii) one of the ng’s is p and the others are
zero. Conclusion (b) follows. O

Let N be a 3-net of odd prime order p, i.e. a set of p? triples (z,y, z) € F3
such that each point (z,y,2) € N is uniquely determined by any two of its
coordinates. We have rank, N' = 3p—2—dim ), where Vy is the set of all
triples (f, g, h) of functions F' — F such that f(0) = ¢g(0) = h(0) = 0 and

f(x)+g(y)+h(z) =0 forall (z,y,2) € N.

We must show that dimVy < 1, and that equality holds iff the 3-net N\ is
cyclic.

Suppose (f,g,h) € Vy is nonzero. Using always the convention that
0 = 1, we see that 0p0=040=0po = 0. Note that for all » > 0 and all
(x,y,2) € N, we have

M = (1Y (0) 7t ot

S
s=0

by the Binomial Theorem. Summing over all p triples (z,y, z) € N with a
fixed value of y gives

py = (=1 Z (Z) 0rrs9(y)’ (5.1)

forallr >0,y e F.
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Summing (5.1) over all y € F' gives

" /r
0= Z (3) Orrs0qs (5.2)

s=0

for all » > 0.

Theorem 5.2. We have

o o — o — 0, forr=0,1,2,...,p—2, and
fr = %er O T 1 for v = p—1.

Proof. As previously noted, the result holds for » = 0. Assume the con-
clusion of the Theorem holds for all » € {0,1,...,t} where t < p—2, and
we will verify the conclusion in the case r = t+1. Applying (5.1) in the
case r = t+1, we have o, = (—1)t+1af’t+1. Similarly, we obtain
Opp = (=)o, and o, = (=1)"o, .. Clearly the conclu-
sion Op1i1 = Ogir1 = Oppyr = 0 follows if t is even, but we proceed to
obtain the same conclusion regardless of the parity of ¢.

We consider first the case t < %(p—3). Applying (5.2) for r = 2t+2

yields

2t4-2

B 2t+2 (242

0=> s ) 0ret2=s9%,s T \ 4o )Oftr1%g 41
s=0

Since 2t+2 < p, this implies that 0114199141
the previous paragraph yields Opii1 = Ogii1
conclusion holds for r = t+1 as well.

Next consider the case %(p—l) < t < p—2. Multiplying both sides of
(5.1) by g(y)?*t37P and setting r = p—1 yields

= 0. Combining this with
= 04441 = 0. Thus the

p—1
_ p—1 _
19T =" < >0f,p_1_sg(y)s+2t+3 P

s=0 s
p—t—2 e 1
- 2t+3—
= Z ( s )vap—l—sg(y)s+ e,
s=0

Note that 2t+3—p > 2, so all exponents are non-negative. Now observe
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that 2t+3—p < t and sum over y € F' to obtain

p—t—2

_ _ p-1
0=0y, 10,0t43-—p = Z ( s )Ofp—1-s%gs+2t+3-p
s=0

_ (P
= \p—t—2) T rt+1% 41

Since the latter binomial coefficient is not divisible by p, we obtain
014105441 =0 This yields 0141 = 04141 = Opppq =0 a8 before.
Applying (5.1) for r = p—1 gives Opp-1 = Opp_1; and similarly,
Opp1 = Oyp 1+ By assumption, (f,g,h) € Vy is nonzero; therefore by
Proposition 5.1 we have Opp1 = Ogp1 = Oppq = —1 and each of the
maps f,g,h is a permutation of F. We may assume that f(z) = g(z) =
—h(x) =z for all z € F'; otherwise relabel the lines in each parallel class so
that this is the case. Since f(x)+ g(y) + h(z) = 0 for all (z,y,2) € N, we
obtain N' = {(x,y,z+y) : 2,y € F} and so the 3-net NV is cyclic. O

6. Fourth proof of main theorem

(using exponential sums)

Let F' = F, where p is prime, and let ( € C be a primitive p-th root of
unity. We have a well-defined map

e: F—Z[, aw—(*

satisfying e(a + b) = e(a)e(b) for all a,b € F. Each function f : FF — F
gives rise to an exponential sum

Sp=_elf(a)) € Z[¢].

a€F

Now suppose N is a 3-net of order p, and let (f,g,h) € Vo(N). Summing
¢f@+9®) = =) over all (a,b,c) € N gives SpS; = Sy, and similarly
SgSh = Sif and Sth = 579 Thus
|S¢12 = |Sg[* = |Shl* = 5754

Now if [S¢| = [Sy| = |Sh| = p then f,g,h : F — F are constant functions,
but then the condition f(0) = ¢g(0) = h(0) = 0 forces (f, g,h) = (0,0,0).

Otherwise we must have Sy = S, = 5, = 0, so that f,g,h: F — F are
permutations. After permuting labels, we may assume that
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Now
0= f(a)+g(b) +h(c)=a+b—c
for all (a,b,c) € NV, i.e.
N ={(a,b,a+b) : a,b € F}
which is the cyclic 3-net of order p. O

7. 4-nets of prime order

Let N be a 4-net of prime order p, and let (f,g,h,u) € V(N). In the
notation of Section 6, we sum the quantity ¢/(@)+9W) = ¢=h=)-u®) gyer all
(z,y,2,t) € N to obtain S§Sy = SpSy. It is not hard to check that either

1551 = [Sgl = [Shl = [Sul >0

or at least three of the exponential sums {S¢, Sy, Sp,S,} vanish, in which
case the corresponding members of { f, g, h, u} are permutations. With some
further investigation we have shown

Theorem 7.1. [8] Let N be a 4-net of order p. Then:
(i) The number of cyclic 3-subnets of N is 0, 1, 3 or 4.
(11) N has four cyclic 3-subnets iff N is Desarguesian.

(i3i) Suppose N has at least one cyclic 3-subnet. Then N has rank at least
4p—3, and equality holds iff N is Desarguesian.

We remark that (i) and (i7) are best possible in the sense that there
exist (necessarily non-Desarguesian) 4-nets of prime order p having 0, 1 or
3 cyclic subnets. Examples of these for p = 7,11 are found at [6,7].
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