
Quasigroups and Related Systems 13 (2005), 229 − 236A�ne regular dodeahedron in GS�quasigroupsZdenka Kolar�Begovi¢ and Vladimir VoleneAbstratThe onept of the a�ne regular dodeahedron is de�ned in any GS�quasigroup bymeans of twelve ARP relation whih are valid for �ve out of twenty points. A number ofstatements about the onnetion of the orresponding verties of the dodeahedron willbe proved. Quaternary relations Par, GST , DGST an be found in these statements.The theorem of the unique determination of the a�ne regular dodeahedron by meansof its four verties whih satisfy ertain onditions will be proved. The geometrialinterpretation of all mentioned onepts and relations will be given in the GS�quasigroup
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GS�quasigroups are de�ned in [2℄. In [3℄, [1℄ and [4℄ di�erent geometristrutures in GS�quasigroups are de�ned and investigated. In this papersome new "geometri" onepts in the general GS�quasigroup will be de-�ned.A quasigroup (Q, ·) is said to be GS�quasigroup if it is idempotent andif it satis�es the (mutually equivalent) identities

a(ab · c) · c = b, a · (a · bc)c = b.If C is the set of all points in Eulidean plane and if groupoid (C, ·)is de�ned so that aa = a for any a ∈ C and for any two di�erent points
a, b ∈ C we de�ne ab = c if the point b divides the pair a, c in the ratio ofgolden setion. In [2℄ it is proved that (C, ·) is a GS�quasigroup. We shalldenote that quasigroup by C(1
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a = 0 and b = 1. The �gures in this quasigroup C(1

2
(1 +
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5)) an be usedfor illustration of �geometrial� relations in any GS�quasigroup.2000 Mathematis Subjet Classi�ation: 20N05Keywords: GS�quasigroup, a�ne regular dodeahedron.



230 Z.Kolar�Begovi¢ and V.VoleneFrom now on let (Q, ·) be any GS�quasigroup. The elements of the set
Q are said to be points. The points a, b, c, d are said to be the verties ofa parallelogram and we write Par(a, b, c, d) if the identity a · b(ca · a) = dholds. In [2℄ numerous properties of the quaternary relation Par on the set
Q are proved. Let us mention just the following lemma whih we shall useafterwards.Lemma 1. From Par(a, b, c, d) and Par(c, d, e, f) follows Par(a, b, f, e).In [3℄ the onept of the GS�trapezoid is de�ned and explored. Thepoints a, b, c, d suessively are said to be the verties of the golden setiontrapezoid and it is denoted by GST(a, b, c, d) if the identity a · ab = d · dcholds. In [3℄ di�erent haraterizations of that relation are investigated, weshall mention the following lemmas.Lemma 2.GST (a1, b1, b2, a2),GST (a2, b2, b3, a3),. . .,GST (an−1, bn−1, bn, an)
⇒ GST (an, bn, b1, a1).Lemma 3. GST (a, b, c, d), GST (a, b, c′, d′) ⇒ GST (d, c, c′, d′).Lemma 4. Any two of the three statements GST (a, b, c, d), GST (a′, b, c, d′),Par(a, a′, d′, d) imply the remaining statement.Lemma 5. Any two of the three statements GST (a, b, c, d), GST (a, b′, c′, d),Par(b, b′, c′, c) imply the remaining statement.In [3℄ it is proved that any two of the �ve statements
GST (a,b,c,d), GST (b,c,d,e), GST (c,d,e,a), GST (d,e,a,b), GST (e,a,b,c) (1)imply the remaining statements.In [4℄ the onept of the a�ne regular pentagon is de�ned. The points
a, b, c, d, e suessively are said to be the verties of the a�ne regular pen-tagon and it is denoted by ARP (a, b, c, d, e) if any two (and then all �ve)of the �ve statements (1) are valid. In [4℄ the next properties of the a�neregular pentagon are proved.Lemma 6. A�ne regular pentagon is uniquely determined by any three ofits verties.Lemma 7. If the statement GST (a, b, c, d) is valid then there is one andonly one point e suh that the statement ARP (a, b, c, d, e) is valid.



A�ne regular dodeahedron in GS�quasigroups 231The onept of the DGS�trapezoid is introdued in [1℄. Points a, b, c, dare said to be the verties of the double golden setion trapezoid or shorterDGS�trapezoid and we write DGST(a, b, c, d) if the equality ab = dc holds.In [1℄ it is proved the next onnetion between GS�trapezoids and DGS�trapezoids in GS�quasigroups.Lemma 8. Any two of the three statements GST (a, e, f, d), GST (e, b, c, f)and DGST (a, b, c, d) imply the remaining statement.1. A�ne regular dodeahedron in GS�quasigroupsDe�nition 1. We shall say that the points a1, a2, a3, a4, a5, b1, b2, b3, b4, b5,

c1, c2, c3, c4, c5, d1, d2, d3, d4, d5 are the verties of an a�ne regular dodea-hedron and we shall write
ARD(a1, a2, a3, a4, a5, b1, b2, b3, b4, b5, c1, c2, c3, c4, c5, d1, d2, d3, d4, d5)if the following twelve statements are valid (Figure 1)

ARP (a1, a2, a3, a4, a5), ARP (d1, d2, d3, d4, d5)

ARP (a3, b3, c1, b4, a4), ARP (d3, c3, b1, c4, d4),

ARP (a4, b4, c2, b5, a5), ARP (d4, c4, b2, c5, d5),

ARP (a5, b5, c3, b1, a1), ARP (d5, c5, b3, c1, d1),

ARP (a1, b1, c4, b2, a2), ARP (d1, c1, b4, c2, d2),

ARP (a2, b2, c5, b3, a3), ARP (d2, c2, b5, c3, d3).
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Figure 1.



232 Z.Kolar�Begovi¢ and V.VoleneLet ARD(a1, a2, a3, a4, a5, b1, b2, b3, b4, b5, c1, c2, c3, c4, c5, d1, d2, d3, d4, d5) bevalid further.For eah i ∈ {1, 2, 3, 4, 5} the verties ai and di, respetively bi and ciare alled the opposite verties.Theorem 1. 30 statements of the form Par(a2, a5, c3, c4) are valid
(Figure 2).
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Figure 2.Proof. The given statement follows from GST (a2, a1, b1, c4) andGST(a5, a1, b1, c3) aording to Lemma 4. 2For opposite verties of the ARD the following statement is valid.Theorem 2. If x and x′, respetively y and y′ are opposite verties of theARD then Par(x, y, x′, y′) is valid.Proof. It is su�ient to prove that, along with the standard symbols, forexample the statements Par(a1, b1,d1, c1) (Figure 3) and Par(a1, a3, d1, d3)are valid (Figure 4). As GST(a2, a1, b1, c4) is valid and aording to The-orem 1 Par(a2, b3, d5, c4) too, so by Lemma 4 GST(b3, a1, b1, d5) followswhih together with GST(b3, c1, d1, d5), based on Lemma 5, impliesPar(a1, c1,d1, b1).Aording to Theorem 1 we have Par(a1, a3, c5, c4) and Par(c5, c4, d3, d1)from whih by Lemma 1 Par(a1, a3, d1, d3) follows.
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Figure 3. Figure 4.Theorem 3. 60 statements of the form GST (b3, a1, b1, d5) are valid (seeFigure 5).
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Figure 5.Proof. The statement is proved in the proof of the previous theorem.Theorem 4. 60 statements of the form GST(b1, a1, a3, b3) are valid (seeFigure 6).
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Figure 6.Proof. The statements follow from GST(b2, a2, a1, b1) and GST(b2, a2, a3, b3)aording to Lemma 3.Theorem 5. 60 statements of the form DGST (a3, a1, b1, d4) are valid (seeFigure 7).
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A�ne regular dodeahedron in GS�quasigroups 235Proof. Aording to Theorem 4 GST(a3, a2, c4, d4) is valid whih togetherwith GST(a2, a1, b1, c4) aording to Lemma 8 results in DGST(a3, a1, b1, d4).It is possible to prove that the a�ne regular dodeahedron is uniquelydetermined by its four independent verties i.e. verties whih are not inthe relation Par, GST or DGST. We shall prove only the following theorem.Theorem 6. For any points a1, a2, a5, b1 the points a3, a4, b2, b3, b4, b5,

c1, c2, c3, c4, c5, d1, d2, d3, d4, d5 are uniquely determined so that
ARD(a1, a2, a3, a4, a5, b1, b2, b3, b4, b5, c1, c2, c3, c4, c5, d1, d2, d3, d4, d5)is valid.Proof. Let a3, a4, b5, c3, b2, c4 be suh points that ARP(a1, a2, a3, a4, a5),ARP(a5, b5, c3, b1, a1) and ARP(a1, b1, c4, b2, a2) and then let the points
b4, c2,b3,c5 be suh points that ARP(a4,b4,c2,b5,a5) and ARP(a2,b2,c5,b3,a3)are valid.From GST(b4, a4, a5, b5), GST(b5, a5, a1, b1), GST(b1, a1, a2, b2) andGST(b2, a2, a3, b3) aording to Lemma 2 GST(b3, a3, a4, b4) follows. A-ording to Lemma 7 there is the point c1 suh that ARP(a3, b3, c1, b4, a4)is valid, and then aording to Lemma 6 there are suh points d3, d4 thatARP(d3, c3, b1, c4, d4) is valid. From GST(c2, b5, a5, a4), GST(a4, a5, a1, a2),GST(a2, a1, b1, c4) and GST(c4, b1, c3, d3) aording to Lemma 2 the state-ment GST(d3, c3, b5, c2) follows. In the same way from GST(c5, b2, a2, a3),GST(a3, a2, a1, a5), GST(a5, a1, b1, c3) and GST(c3, b1, c4, d4) the state-ment GST(d4, c4, b2, c5) follows. Therefore aording to Lemma 7 thereare suh points d2, d5 that ARP(d2, c2, b5, c3, d3) and ARP(d4, c4, b2, c5, d5)are valid. From GST(d5, d4, c4, b2), GST(b2, c4, b1, a1), GST(a1, b1, c3, b5)and GST(b5, c3, d3, d2) aording to Lemma 2 GST(d2, d3, d4, d5) follows soaording to Lemma 7 there is suh a point d1 that ARP(d1, d2, d3, d4, d5)is valid.With the repeated appliation of Lemma 2 from GST(d2, c2, b5, c3),GST(c3, b5, a5, a1), GST(a1, a5, a4, a3), GST(a3, a4, b4, c1) follows GST(c1,

b4, c2, d2), from GST(d1, d2, d3, d4), GST(d4, d3, c3, b1), GST(b1, c3, b5, a5)and GST(a5, b5, c2, b4) follows GST(b4, c2, d2, d1), from GST(d5, c5, b2, c4),GST(c4, b2, a2, a1), GST(a1, a2, a3, a4), GST(a4, a3, b3, c1) follows GST(c1,

b3, c5, d5), and from GST(d1, d5, d4, d3), GST(d3, d4, c4, b1), GST(b1, c4, b2,

a2) and GST(a2, b2, c5, b3) follows GST(b3, c5, d5, d1) so that we have the�nal statements ARP(d1, c1, b4, c2, d2), ARP (d5, c5, b3, c1, d1).
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