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tWe study 
onne
tions between orthogonal hyper
ubes and n-ary operations and quasi-groups. 1. Introdu
tionThe notion of a Latin square is well known in 
ombinatorial analysis. Apermutation 
ube is a generalization of a Latin square to higher dimensions;see [5℄ beginning on page 181. A hyper
ube is an even more general ob-je
t. All of these obje
ts and their 
orresponding orthogonal sets have manyappli
ations in various areas in
luding a�ne and proje
tive geometries, de-sign of experiments, error-
orre
ting and error-dete
ting 
oding theory, and
ryptology, as well as in the theory of (t, m, s)-nets; see for example [7℄.It is known that a binary quasigroup is an algebrai
 equivalent of aLatin square. In parti
ular, the multipli
ation table of a �nite quasigroup
ontaining n elements gives a Latin square of order n, and 
onversely, aLatin square of order n determines a quasigroup 
ontaining n elements.The algebrai
 approa
h is useful for resear
h on Latin squares and setsof mutually orthogonal Latin squares. In this arti
le we 
onsider 
onne
-tions between hyper
ubes (sets of orthogonal hyper
ubes) and algebrai

n-ary operations (orthogonal sets of su
h operations). We re
all some use-ful but little-known results with respe
t to orthogonal n-ary operations, andestablish some of their 
onne
tions with orthogonal hyper
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74 G. B. Belyavskaya and G. L. Mullenintrodu
e a more general version of orthogonality for n-ary operations (hy-per
ubes) in order to distinguish the known types of orthogonality in the
ombinatorial and algebrai
 approa
hes. We also establish some 
riterionfor orthogonality of n-ary operations.2. d-dimensional hyper
ubes and d-ary operationsFor d > 2, a d-dimensional hyper
ube (brie�y, a d-hyper
ube) of order nis an n × n × · · · × n
︸ ︷︷ ︸

d

array with nd points based upon n distin
t symbols.Su
h a d-hyper
ube has type j with 0 6 j 6 d− 1 if, whenever any j of the
d 
oordinates are �xed, ea
h of the n symbols appears nd−j−1 times in thatsubarray (see [8℄).A hyper
ube is a generalization of a Latin square, whi
h in the 
aseof squares of order n, is an n × n array in whi
h n distin
t symbols arearranged so that ea
h symbol o

urs on
e in ea
h row and 
olumn. A Latinsquare is a 2-dimensional hyper
ube of type 1.Before we establish some 
onne
tions between d-hyper
ubes and (al-gebrai
) d-ary operations, we re
all some ne
essary de�nitions and resultsfrom [3℄. By x

j
i we will denote the sequen
e xi, xi+1, . . . , xj , i 6 j. If j < i,then x

j
i is the empty sequen
e. Let Q be a �nite or in�nite set, d > 2 apositive integer, and let Qd denote the d-th Cartesian power of the set Q.We begin by re
alling the de�nition of a binary operation. A binaryoperation on a set Q is a mapping A : Q2 → Q de�ned by A(x, y) → zand in this 
ase we write A(x, y) = z. A set Q with a binary operation

A de�ned on Q is 
alled a binary quasigroup (Q, A) if for any two givenelements a, b ∈ Q, the equations A(a, x) = b and A(y, a) = b ea
h hasexa
tly one solution.If a set Q has order n then a binary operation A is said to be of order nand 
an be given by an n × n multipli
ation table with elements of Q andwith a bordered row and a bordered 
olumn. In su
h a table the element
c ∈ Q is lo
ated at the interse
tion of the row a and the 
olumn b (i.e. inthe position (a, b)) if A(a, b) = c.Example 1. In Table 1 are given the multipli
ation tables of two binaryoperations A and B de�ned on the set Q = {1, 2, 3, 4}. The operation B isa quasigroup operation. The unbordered part of its multipli
ation table isa Latin square of order 4.
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A 1 2 3 4 B 1 2 3 4

1 1 1 2 3 1 1 2 3 4
2 4 2 1 4 2 3 1 4 2
3 2 1 3 4 3 4 3 2 1
4 3 2 4 1 4 2 4 1 3Table 1: Multipli
ation tables of operations A and BA d-ary operation A (brie�y, a d-operation) on a set Q is a mapping

A : Qd → Q de�ned by A(xd
1) → xd+1, and in this 
ase we write A(xd

1) =
xd+1. Thus a 1-ary (unary) operation is simply a mapping from Q into Q.A d-groupoid (Q, A) of order n is a set Q with one d-ary operation Ade�ned on Q, where |Q| = n. An i-invertible d-operation A de�ned on Q isa d-operation with the property that the equation

A(ai−1
1 , x, ad

i+1) = ad+1has a unique solution for ea
h �xed d-tuple (ai−1
1 , ad

i+1, ad+1) of Qd.A d-ary quasigroup (or simply a d-quasigroup) is a d-groupoid (Q, A)su
h that the d-operation A is i-invertible for ea
h i = 1, 2, . . . , d. Thus a
1-ary quasigroup (Q, A) = (Q, α), where α is a permutation on Q.Another equivalent de�nition of a d-quasigroup is the following. A d-aryquasigroup is a d-groupoid su
h that in the equality

A(xd
1) = xd+1ea
h set of d elements from xd+1

1 uniquely de�nes the (d + 1)-th element.Sometimes a quasigroup d-operation A is itself 
onsidered as a d-quasigroup.The d-operation Ei, 1 6 i 6 d, on Q with Ei(x
d
1) = xi is 
alled the

i-th proje
tion (or the i-th sele
tor) of arity d. Let 1 6 i1, i2, . . . , ij 6 d,
ai1 , ai2 , . . . , aij ∈ Q, and A be a d-operation on Q. Fixing in A values of jvariables xi1 , xi2 , . . . , xij , we obtain

A(xi1−1
1 , ai1 , x

i2−1
i1+1, ai2 , . . . , x

ij−1
ij−k, aij , x

d
ij+1) =

Aā(x
i1−1
1 , xi2−1

i1+1, . . . , x
ij−1
ij−k, x

d
ij+1) = B(yd−j

1 ),where ā = (ai1 , ai2 , . . . , aij ), if we rename the remaining d − j variables inthe following way:
(xi1−1

1 , xi2−1
i1+1, . . . , x

d
ij+1) = (yi1−1

1 , yi2−1
i1

, ..., yd
ij

) = (yd−j
1 ).



76 G. B. Belyavskaya and G. L. MullenThen B is a (d− j)-ary operation, whi
h is 
alled the (d− j)-ary retra
t of
A, de�ned by the positions i1, i2, . . . , ij with the elements ai1 , ai2 , . . . , aij inthese positions.Let H be a d-dimensional hyper
ube based on a set Q of order n. If weintrodu
e a system of 
oordinates by d dire
tions x1, x2, ..., xd with valuesfrom Q, we obtain naturally the multipli
ation table of a d-ary operation
AH on Q de�ned in the following way:

AH(a1, a2, ..., ad) = ad+1if in the position (a1, a2, ..., ad) of H, we pla
e the element ad+1.Conversely, the multipli
ation table of a d-ary operation A is a d-dimensional
ube HA (with a system 
oordinates) su
h that the element ad+1 is situatedin the position (a1, a2, ..., ad) if A(a1, a2, ..., ad) = ad+1.Example 2. The ternary operation A(x, y, z) given on the set Q = {1, 2, 3, 4}with the multipli
ation table in Table 3 
orresponds to the 3-dimensionalhyper
ube in Table 2. For example, if x = 2, y = 3, z = 2, then A(x, y, z) =
A(2, 3, 2) = 2.

Table 2: A 3-hyper
ube of order 4
x = 1 1 2 3 4 x = 2 1 2 3 4

1 1 2 3 4 1 2 2 1 3
2 2 2 1 1 2 3 4 4 1
3 3 4 2 2 3 1 2 2 2
4 4 3 2 1 4 4 1 1 3

x = 3 1 2 3 4 x = 4 1 2 3 4

1 1 2 3 4 1 1 1 1 1
2 3 4 1 2 2 2 2 2 2
3 2 3 4 1 3 3 3 3 3
4 3 4 2 3 4 4 4 4 4Table 3: A 3-operation 
orresponding to the 3-hyper
ube in Table 2



Orthogonal hyper
ubes and n-ary operations 77Remark 1. Below we 
onsider a hyper
ube H with a �xed system of 
o-ordinates. In this 
ase exa
tly one d-operation AH 
orresponds to thishyper
ube.Proposition 1. A d-hyper
ube H (a d-operation AH) de�ned on a set Qof order n has type j with 0 6 j 6 d−1 if and only if for any (d− j)-retra
t
B(yd−j

1 ) of the 
orresponding d-operation AH , the equation B(yd−j
1 ) = ahas exa
tly nd−j−1 solutions for ea
h a ∈ Q.Proof. Assume H is a d-hyper
ube of type j and a d-operation AH 
orre-sponds to H. Then every element of Q appears nd−j−1 times in a subarraywhenever any j of the 
oordinates i1, i2, . . . , ij and elements ai1 , ai2 , . . . , aijon these pla
es are �xed. This implies that in the respe
tive (d− j)-retra
t

B(yd−j
1 ) of AH de�ned by these positions and these elements, ea
h element

a of Q arises nd−j−1 times so that the equation B(yd−j
1 ) = a has exa
tly

nd−j−1 solutions. The 
onverse is evident.Corollary 1. A d-hyper
ube H has type j = d − 1 if and only if the d-operation AH 
orresponding to H is a d-quasigroup.Proof. By Proposition 1 a d-hyper
ube H has type j = d−1 if and only if forany (d−j) = (d−(d−1)) = 1-retra
t the equation AH(ai−1
1 , x, ad

i+1) = ad+1has nd−(d−1)−1 = 1 solution for any 1 6 i 6 d and for any �xed d-tuple
(ai−1

1 , ad
i+1, ad+1) ∈ Qd. This implies that the d-operation AH is i-invertiblefor ea
h i = 1, 2, . . . , d. Thus AH is a d-quasigroup.Note that in the 
ase when a d-hyper
ube H has type j = d − 1, itis a d-dimensional permutation 
ube of order n (see [5, p. 181℄), that isa d-dimensional n × n × · · · × n matrix of n elements with the propertythat every 
olumn (that is, every sequen
e of n elements parallel to anedge of the 
ube) 
ontains a permutation of the elements. In parti
ular, atwo-dimensional permutation 
ube is simply a Latin square of order n.We now re
all some useful information from [1℄ (for the d = 2 
ase, see[2℄). Let < A1, A2, . . . , Ad > (brie�y, < Ad

1 >) be a d-tuple of d-operationsde�ned on a set Q. This d-tuple de�nes the unique mapping θ̄ : Qd → Qdin the following way:
θ̄ : (xd

1) → (A1(x
d
1), A2(x

d
1), . . . , Ad(x

d
1)),(or brie�y, θ̄ : (xd

1) → (Ad
1)(x

d
1)).



78 G. B. Belyavskaya and G. L. MullenConversely, any mapping Qd into Qd uniquely de�nes a d-tuple < Ad
1 >of d-operations on Q: if θ̄(xd

1) = (yd
1), then we de�ne Ai(x

d
1) = yi for all i =

1, 2, . . . , d. Thus we obtain θ̄ = (Ad
1), where θ̄(xd

1) = (Ad
1)(x

d
1) = (Ad

1(x
d
1)).If C is a d-operation on Q and θ̄ is a mapping Qd into Qd, then the oper-ation Cθ̄ de�ned by the equality Cθ̄(xd

1) = C(θ̄(xd
1)) is also a d-operation.Let Cθ̄ = D and θ̄ = (Ad

1), then D(xd
1) = C(Ad

1(x
d
1)) or brie�y, D = C(Ad

1).If θ̄ = (Bd
1) and ϕ̄ = (Ad

1) are mappings Qd into Qd, then
ϕ̄θ̄ = (Ad

1)θ̄ = (Aiθ̄)
d
i=1 = (A1θ̄, A2θ̄, . . . , Adθ̄).If θ̄ = (Bd

1) is a permutation on Qd, then Bi = Eiθ̄ and Biθ̄
−1 = Bi(B

d
1)−1 =

Ei, i = 1, 2, . . . , d.De�nition 1. (
f. [1℄) A d-tuple < Ad
1 > of di�erent d-operations on Q is
alled orthogonal if the system {Ai(x

d
1) = ai}

d
i=1 has a unique solution forall ad

1 ∈ Qd.The d-tuple < Ed
1 > of sele
tors of arity d is the identity permutationon Qd and is orthogonal.There is a 
lose 
onne
tion between orthogonal d-tuples of d-operationson Q and permutations on Qd by virtue of the following:Proposition 2. (
f. [1℄) A d-tuple < Ad

1 > of d-operations is orthogonal ifand only if the mapping θ̄ = (Ad
1) is a permutation on Qd.Some properties of d-operations 
an be expressed by means of orthogo-nality. For exampleProposition 3. (
f. [1℄) A d-operation A is i-invertible (1 6 i 6 d) ifand only if the d-tuple < Ei−1

1 , A, Ed
i+1 > is orthogonal (or equivalently, themapping (Ei−1

1 , A, Ed
i+1) is a permutation).Proposition 4. (
f. [1℄) A d-operation A is a d-quasigroup if and only ifthe d-tuple < Ei−1, A, Ed

i+1 > is orthogonal for all i = 1, 2, . . . , d.De�nition 2. (
f. [9℄). Two d-operations A and B on a set Q are said tobe of one-type if there exists a permutation ϕ̄ on Qd su
h that A = Bϕ̄.It is easy to 
he
k that this relation is an equivalen
e relation.De�nition 3. (
f. [9℄) A d-operation A de�ned on a set Q is 
alled 
ompleteif it is one-type with the sele
tor E1 (or with the sele
tor Ei for some
i = 1, 2, . . . , d), that is A = E1ϕ̄ for some permutation ϕ̄ on Qd.



Orthogonal hyper
ubes and n-ary operations 79For d = 2 these de�nitions were given in [2℄. A 
omplete d-operationis always a 
omponent of a permutation ϕ̄: if ϕ̄ = (B1, B2, . . . , Bd) and
A = E1ϕ̄, then A = B1. The 
onverse is also true: if a d-operation A is a
omponent of some permutation, then it is 
omplete (see [9℄). So, we haveProposition 5. A d-operation A 
an be embedded in an orthogonal d-tupleif and only if it is 
omplete.From De�nition 3 it follows that the 
ompleteness of a d-operation A oforder n de�ned on Q implies that ea
h of the n elements appears as a valueof A exa
tly nd−1 times, that is the equation A(xd

1) = a has nd−1 solutionsfor any a ∈ Q. Now we 
an reformulate Proposition 1 as follows.Proposition 6. A d-hyper
ube H of order n has type j with 0 6 j 6 d−1 ifand only if any (d− j)-retra
t of the respe
tive d-operation AH is 
omplete.Indeed, in this 
ase ea
h of the n elements appears n(d−j)−1 times.Corollary 2. A d-hyper
ube H has type j = 0 if and only if the respe
tive
d-operation AH is 
omplete.3. Orthogonal d-hyper
ubes and orthogonal d-operationsTwo d-hyper
ubes H1 and H2 of order n are orthogonal if when super-imposed, ea
h of the n2 ordered pairs appears nd−2 times, and a set of
s > 2, d-hyper
ubes is orthogonal if every pair of distin
t d-hyper
ubes isorthogonal (see [6℄, [8℄). This notion of orthogonality for d-hyper
ubes leadsnaturally to the notion of orthogonality for d-operations.De�nition 4. Two d-operations A and B of order n de�ned on a set Q aresaid to be orthogonal if the pair of equations A(xd

1) = a and B(xd
1) = b hasexa
tly nd−2 solutions for any elements a, b ∈ Q.De�nition 5. A set Σ = {A1, A2, . . . , As} of d-operations, with s > 2, is
alled orthogonal if every pair of distin
t d-operations from Σ is orthogonal.It is easy to see that two d-hyper
ubes H1 and H2 are orthogonal ifand only if the respe
tive d-operations AH1

and AH2
are orthogonal. Aset of (pairwise) orthogonal d-operations 
orresponds to a set of (pairwise)orthogonal d-hyper
ubes.In [1℄ another 
on
ept of an orthogonal set of d-ary operations was given.



80 G. B. Belyavskaya and G. L. MullenDe�nition 6. (
f. [1℄) A set {A1, A2, . . . , As}, s > d, of d-operations is
alled orthogonal if every d-tuple of these d-operations is orthogonal (seeDe�nition 1).We point out that a similar notion for sets of d-hyper
ubes to be d-orthogonal was 
onsidered in [8℄. In order to distinguish distin
t notions oforthogonality of d-operations and of d-hyper
ubes we give the followingDe�nition 7. A k-tuple < A1, A2, . . . , Ak >, 1 6 k 6 d, of distin
t d-operations de�ned on a set Q is 
alled orthogonal if the system
{Ai(x

d
1) = ai}

k
i=1has exa
tly nd−k solutions for any ak

1 ∈ Qk.For k = 1 we say that a d-operation A is itself orthogonal (the same Ais 
omplete).De�nition 8. A set Σ = {A1, A2, . . . , As} of d-operations is 
alled k-wiseorthogonal, 1 6 k 6 d, s > k, if every k-tuple Ai1 , Ai2 , . . . , Aik of distin
t
d-operations of Σ is orthogonal.A k-wise orthogonal set of d-hyper
ubes 
orresponds to a k-wise or-thogonal set of d-operations. A 1-wise orthogonal set of d-operations is anyset of 
omplete operations. Taking into a

ount De�nition 8 we 
on
ludethat an orthogonal set of d-operations (or d-hyper
ubes) from De�nition 5(De�nition 6) is a 2-wise orthogonal set (a d-wise orthogonal set).Theorem 1. If a set Σ = {A1, A2, . . . , As}, s > k, of d-operations of order
n de�ned on a set Q is k-wise orthogonal with 1 6 k 6 d, then the set Σ is
l-wise orthogonal for any l with 1 6 l < k.Proof. Let Σ be a k-wise orthogonal set of d-operations. Consider any k,
d-operations from Σ. Let these be denoted by A1, A2, . . . , Ak. Then thesystem

{A1(x
d
1) = a1, . . . , Ak(x

d
1) = ak} (1)has nd−k solutions; that is every k-tuple ak

1 ∈ Qk appears nd−k times, sin
e
Σ is k-wise orthogonal. Fix l, d-operations Ai1 , Ai2 , . . . , Ail from Ak

1. Thenthe system
{Ai1(x

d
1) = ai1 , Ai2(x

d
1) = ai2 , . . . , Ail(x

d
1) = ail} (2)



Orthogonal hyper
ubes and n-ary operations 81must have nd−k solutions for every �xed (k− l)-tuple from the nk−l, (k− l)-tuples of elements aj1 , aj2 , . . . , ajk−l
whi
h 
orrespond to the remaining d-operations of Ak

1 in (1). Thus the system (2) has nd−k·nk−l = nd−l solutions.It follows that any l-tuple (ai1ai1 , . . . , ail) ∈ Ql appears nd−l times and theset Σ is l-wise orthogonal sin
e we 
an take any k-tuple of d-operations in
(1).A 
ombinatorial interpretation of this proof may be made along thefollowing lines. If d-hyper
ubes H1, H2, . . . , Hk of order n de�ned on a set
Q are k-orthogonal (that is by their superimposing every k-tuple of elementsappears exa
tly nd−k times), then by superimposing any l, 1 6 l 6 k, ofthem, ea
h l-tuple of elements must appear nd−k times for ea
h of the nk−ldistin
t (k − l)-tuples of Qk−l.Theorem 2. A d-operation A has type j with 0 6 j 6 d − 1 if and only ifthe set Σ = {A, Ed

1} is (j + 1)-wise orthogonal.Proof. Let A be a d-operation of type j. By Theorem 1 any (j + 1)-tupleof distin
t sele
tors is orthogonal sin
e the d-tuple < Ed
1 > is orthogonal.Consider a (j + 1)-tuple of d-operations from Σ, whi
h 
ontains the d-operation A, and the respe
tive of equations

{A(xd
1) = a1, Ei1(x

d
1) = a2, . . . , Eij (x

d
1) = aj+1}. (3)This system 
orresponds to the (d − j)-retra
t of A de�ned by the pla
es

i1, i2, . . . , ij and elements a2, . . . , aj+1 on these pla
es and has nd−j−1 =
nd−(j+1) solutions for any a1 ∈ Q by Proposition 1. Thus, the set Σ is
(j + 1)-wise orthogonal.Conversely, if a set Σ is (j + 1)-wise orthogonal, then system (3) has
nd−(j+1) solutions for any distin
t i1, i2, . . . , ij ∈ {1, 2, . . . , d} and any
a2, . . . , aj+1 ∈ Q. This implies that every element a1 appears in ea
h (d−j)-retra
t of A exa
tly nd−j−1 times, that is, A has type j by Proposition 1.We note that if j = d − 1, this result redu
es to Proposition 4. FromTheorems 1 and 2 we haveCorollary 3. A d-operation of type j with 0 6 j 6 d− 1 has type j1 for all
j1 with 0 6 j1 < j.We now provide a method to 
onstru
t orthogonal d-tuples of d-operations(and by Theorem 1, a k-wise orthogonal set with d, d-operations, 2 6 k <

d), using properties of d-operations.



82 G. B. Belyavskaya and G. L. MullenLet A1, A2, ..., Ad be d-operations de�ned on a set Q and assume thatthe operation Ai, 1 6 i 6 d, is (d− i + 1)-invertible. Re
ursively de�ne thefollowing d-operations:
B1(x

d
1) = A1(x

d
1),

B2(x
d
1) = A2(x

d−1
1 , B1(x

d
1)),

B3(x
d
1) = A3(x

d−2
1 , B1(x

d
1), B2(x

d
1)),

. . . . . . . . . . . . . . . . . . . . . . . .

Bi(x
d
1) = Ai(x

d−(i−1)
1 , B1(x

d
1), B2(x

d
1), ..., Bi−1(x

d
1)),

. . . . . . . . . . . . . . . . . . . . . . . . .

Bd(x
d
1) = Ad(x

d−(d−1)
1 , B1(x

d
1), B2(x

d
1), ..., Bd−1(x

d
1)).







(4)

Theorem 3. The d-tuple < B1, B2, ..., Bd > de�ned by (4) is orthogonal.Proof. Consider the system of equations {Bi(x
d
1) = ai}

d
i=1 and substitutethe values of B1, B2, ..., Bd−1 into the last equation:

Bd(x
d
1) = Ad(x1, a1, a2, ..., ad−1) = ad.From this equation we obtain a unique x1 = b1 sin
e the d-operation Bd is

d − d + 1=1-invertible. Now substitute this value of x1 and the values of
B1, B2, ..., Bd−2 into the (d − 1)-th equation:

Bd−1(b1, x
d
2) = Ad−1(b1, x2, a1, a2, ..., ad−2)from whi
h we obtain a unique x2 = b2 by virtue of the d− (d− 1)+ 1 = 2-invertibility of Ad−1. In the same way at the last step we would obtain

B1(b1, b2, ..., bd−1, xd) = A1(b1, b2, ..., bd−1, xd) = a1when
e we obtain a unique xd = bd using the d-invertibility of A1.Thus, the given system has a unique solution x1 = b1, x2 = b2, ..., xd =
bd and the d-tuple < B1, B2, ..., Bd > is orthogonal.The above theorem generalizes Theorem 2 of [4℄, in whi
h all d-opera-tions Ai, 1 6 i 6 d , are parastrophes [3℄ of one d-quasigroup.As a parti
ular 
ase we 
an take A1 = A2 = · · · = Ad = A where
A is an arbitrary d-quasigroup (it is, by de�nition, i-invertible for any i,
1 6 i 6 d). Then all of the d-operations Bi,i 6 d, are expressed by meansof the d-quasigroup A:
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B1(x

d
1) = A(xd

1),

B2(x
d
1) = A(xd−1

1 , A(xd
1)),

B3(x
d
1) = A(xd−2

1 , A(xd
1), A(xd−1

1 , A(xd
1))),

. . . . . . . . . . . . . . . . . . . . . . . .

Bd(x
d
1) = A(x1, B1(x

d
1), B2(x

d
1), ..., Bd−1(x

d
1)),where ea
h Bi is determined by A.We shall illustrate this situation when

B1(x, y, z) = A(x, y, z) = x + y + z(mod n), n > 4.In this 
ase
B2(x, y, z) = A(x, y, A(x, y, z))

= x + y + (x + y + z) = 2x + 2y + z (mod n),

B3(x, y, z) = A(x, A(x, y, z), A(x, y, A(x, y, z)))

= x + (x + y + z) + (2x + 2y + z) = 4x + 3y + 2z (mod n).By Theorem 1 the 3-tuple < B1, B2, B3 > of 3-operations is orthogonal. Inthis example all of these 3-operations are 3-quasigroups if n is not divisibleby 2 or 3; otherwise B2 or B3 is not a 3-quasigroup.For the ternary 
ase we 
an prove the stronger statement than in theabove theorem.Proposition 7. Let A be a 3-quasigroup and Σ = {B1, B2, B3, B4} be a setof 3-operations where
B1(x, y, z) = A(x, y, z),

B2(x, y, z) = A(x, y, B1(x, y, z)),
B3(x, y, z) = A(x, B1(x, y, z), B2(x, y, z)),

B4(x, y, z) = A(B1(x, y, z), B2(x, y, z), B3(x, y, z)).Then Σ is a 3-wise orthogonal set.Proof. Orthogonality of the 3-tuple < B1, B2, B3 > follows from the abovetheorem.For the triple < B1, B3, B4 > we have the system
{B1(x, y, z) = a, B3(x, y, z) = b, B4(x, y, z) = c}.From the third equation taking into a

ount the �rst one and the form of

B2 we obtain A(a, A(x, y, a), b) = c, when
e it follows that
A(x, y, a) = (2)A(a, c, b) = d0, (5)



84 G. B. Belyavskaya and G. L. Mullenwhere (2)A is the 2-th inverse 3-quasigroup for A (by the de�nition
A(xd

1) = xd+1 ⇐⇒ (i)A(xi−1
1 , xd+1, x

d
i+1) = xi, 1 6 i 6 d [3]).Using (5) and the �rst equation of the system in the se
ond one we obtain

A(x, a, A(x, y, a)) = A(x, a, d0) = b and so we obtain a unique x = x0.Substituting x0 in (5) we obtain a unique y = y0. Finally from the �rstequation we have A(x0, y0, z) = a and z = z0.Consider the 3-tuple < B2, B3, B4 > and the 
orresponding system
{B2(x, y, z) = a, B3(x, y, z) = b, B4(x, y, z) = c}.Using the �rst and the se
ond equations in the third: A(A(x, y, z), a, b) = cwhen
e it follows that

A(x, y, z) = (1)A(c, a, b) = d1. (6)Then from the se
ond with the �rst equation we have A(x, d1, a) = b and
x = x0. Now use the �rst equation: A(x0, y, d1) = a, when
e we obtain
y = y0. Finally from (6), using x0 and y0, we obtain a unique z = z0.4. Complete k-tuples of d-operations and embeddingsFrom Proposition 5 it follows that a 
omplete d-operation (De�nition 3) 
analways be extended, or 
ompleted, to an orthogonal d-tuple of d-operations.We shall show that any orthogonal k-tuple (1 6 k < d) of d-operations 
anbe embedded in an orthogonal d-tuple of d-operations.We �rst generalize the 
on
ept of a 
omplete d-operation in the followingway. As was indi
ated above, any mapping Qd into Qd uniquely de�nes a d-tuple < B1, B2, . . . , Bd > su
h that ϕ̄(xd

1) = (B1(x
d
1), B2(x

d
1), . . . , Bd(x

d
1)),or brie�y, ϕ̄ = (B1, B2, . . . , Bd). Moreover, by Proposition 2 ϕ̄ is permuta-tion on Qd if and only if the d-tuple < B1, B2, . . . , Bd > is orthogonal.De�nition 9. A k-tuple < A1, A2, . . . , Ak >, 1 6 k 6 d, of distin
t d-operations given on a set Q is 
alled 
omplete if there exists a permutation

ϕ̄ = (B1, B2, . . . , Bd) on Qd su
h that
(A1, A2, . . . , Ak)(x

d
1) = (E1, E2, . . . , Ek)ϕ̄(xd

1) (7)where Ei, i = 1, 2, ..., k, is the i − th sele
tor of arity d on Q.For k = 1 we obtain the de�nition of a 
omplete d-operation.Theorem 4. A k-tuple of d-operations (1 6 k 6 d) is orthogonal if andonly if it is 
omplete.



Orthogonal hyper
ubes and n-ary operations 85Proof. Let < Ak
1 > be an orthogonal k-tuple of d-operations. We will showthat it is 
omplete. De�ne a mapping ϕ̄ on Qd in the following way

ϕ̄(x1, x2, . . . , xd)(ak
1
) = (ak

1, y
d
k+1),where (x1, . . . , xd)(ak

1
) denotes all nd−k 
olle
tions of 
oordinates su
h that

(A1, A2, . . . , Ak)(x1, x2, . . . , xd)(ak
1
) = (a1, a2, . . . , ak), (8)and where yd

k+1 runs through all di�erent nd−k, (d − k)-tuples from Qd−k(arbitrarily asso
iated to the distin
t 
olle
tions (x1, x2, . . . , xd)(ak
1
) for a�xed (ak

1)), when (8) holds.It is easy to see that ϕ̄(xd
1) is a permutation on Qd sin
e (ak

1, y
d
k+1) 6=

(bk
1, y

d
k+1) if ak

1 6= bk
1 (there is an i su
h that ai 6= bi) and (ak

1, y
d
k+1) 6=

(ak
1, z

d
k+1) if yd

k+1 6= zd
k+1 by the de�nition of ϕ̄. In this 
ase

(A1, A2, . . . , Ak)(x
d
1) = (E1, E2, . . . , Ek)ϕ̄(xd

1).Conversely, assume that a k-tuple < Ak
1 > of d-operations is 
ompleteso that equality (7) holds. Then (A1, A2, . . . , Ak)(x

d
1) = (E1, E2, . . . , Ek)

(B1, B2, . . . , Bd)(x
d
1) = (B1B2, . . . , Bk)(x

d
1). Hen
e, Ai = Bi, i = 1, 2, . . . , k,and the permutation ϕ̄ has the form

ϕ̄ = (A1, . . . , Ak, Bk+1, . . . , Bd).By Proposition 2 the d-tuple < Ak
1, B

d
k+1 > of d-operations is orthogonaland be
ause of Theorem 1, the k-tuple < Ak

1 > is also orthogonal.Remark 2. Let < Ak
1 > be a k-tuple of d-operations on Q. This k-tuplede�nes a mapping θ̄k: Qd in Qk in the following way:
θ̄k(x

d
1) = (A1, A2, ..., Ak)(x

d
1).Conversely, any mapping θ̄k: Qd into Qk de�nes a k-tuple < Ak

1 > of
d-operations on Q: if θ̄k(x

d
1) = (yk

1 ), then we de�ne Ai(x
d
1) = yi for all

i = 1, 2, ..., k.Consider the following notion: ε̄k(x
d
1) = (E1, E2, ..., Ek)(x

d
1), where Eiis the i-th sele
tor on Q. Then De�nition 9 and Theorem 4 imply that a

k-tuple < Ak
1 > is orthogonal if and only if for the mapping θ̄k there existsa permutation ϕ̄ on Qd su
h that

θ̄k(x
d
1) = ε̄kϕ̄(xd

1). (9)Thus, any k-tuple of orthogonal d-operations given on a set Q is de�nedby some permutation on Qd by (9) and 
onversely, any permutation on Qdgives a k-tuple of orthogonal d-operations given on Q for ea
h k, 2 6 k 6 d.



86 G. B. Belyavskaya and G. L. MullenCorollary 4. Any orthogonal k-tuple < Ak
1 >, 1 6 k 6 d, of d-operations
an be embedded in an orthogonal d-tuple < Ak

1, B
d
k+1 > of d-operations.Proof. An orthogonal k-tuple < Ak

1 > is 
omplete by Theorem 4 and so itfollows from the proof of that theorem that the d-operations A1, A2, . . . , Akare 
omponents of a permutation ϕ̄ = (Ak
1, B

d
k+1). Taking into a

ountProposition 2 it follows that the k-tuple < Ak

1 > is embedded in the ortho-gonal d-tuple < Ak
1, B

d
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