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Parastrophic-orthogonal quasigroups

Valentin D. Belousov

Abstract

Annotated translation of Parastrophic-orthogonal quasigroups, Acad. Nauk Moldav.
SSR, Inst. Mat.s Vychisl. Tsentrom, Kishinev, 1983, prepared by A.D.Keedwell and
P.Syrbu based on the original Russian and on an earlier English translation supplied to

the first author by Belousov himself.

The notion of orthogonality plays an important role in the theory of
Latin squares, and consequently also in the theory of quasigroups, because
every finite quasigroup has a Latin square as its Cayley table and, con-
versely, every Latin square is the multiplication table of a certain quasi-
group.

The concept of orthogonality can be described very easily in algebraic
language. Two quasigroups Q(A), Q(B) (i.e. quasigroups with operations A
and B defined on the same set ) are orthogonal if the system of equations
A(z,y) = a, B(z,y) = b has a unique solution for every pair of elements
a,beq.

There is significant interest in the investigation of quasigroups orthog-
onal to their parastrophes (for the definitions see below). However, in the
past, the questions mainly considered have been some combinatorial ones
which have arisen in connection with these investigations. We mention, for
example, the Phelps papers (for example [6]) which are devoted to the study
of the spectrum of a-orthogonal quasigroups, i.e. quasigroups A which are
orthogonal to their parastrophe °A.

Special cases of such quasigroups were considered earlier in connection
with other problems having purely algebraic character. For example, Stein
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[8] studied quasigroups with the identity = - xy = yz. It is easy to see
that such a quasigroup Q(-) is orthogonal to its parastrophe Q(x), where
T kY = yx.

Indeed, let us consider the system of equations zy = a, yx = b. If there
exists a solution then, by the identity = - xy = yz, it must be xa = b,
whence we obtain x uniquely: x = b/a. The element y also is uniquely
determined: y = x\a = (b/a)\a. In this way, if a solution exists, it is
uniquely determined. It remains to show that the obtained values of z, y
satisfy the given system of equations. We have zy = (b/a)((b/a)\a) = a,
because in the quasigroup Q(-) the basic identity z(x\y) = y is satisfied.
Further we have yx = [(b/a)\a|(b/a). Let b/a = ¢, c\a = d, then b = ca,
a = cd and yr = dc. But b = ca = ¢+ cd = dc, by the Stein identity.
Therefore yxr = dc = b.

Thus, from the fact that the above identity holds in a quasigroup Q(-), it
follows that a pair of orthogonal parastrophes is related to this quasigroup.

As will be shown below, other identities also have this property: that is,
they imply the existence of orthogonal parastrophes. Such identities, in par-
ticular ones which are minimal in some sense, will be completely described.
It will be shown that, up to a certain kind of equivalence, there are ex-
actly seven types of such identities (including the Stein identity mentioned
above).

Of course, it would be important to give a description of the seven types
of quasigroup obtained , i.e. a description of loops isotopic to them. But
a search for such a description of isotopic loops was unsuccessful because
these quasigroups are defined by identities containing only two variables.
Nevertheless, if we make the assumption that quasigroups satisfying the
minimal identities are isotopic to groups, then we can obtain some additional
information about such groups.

§0. Necessary preliminaries from the theory of quasigroups

1°. The set @ with one binary operation (-) is called a quasigroup if the
equations ax = b, ya = b have unique solutions for all a,b € Q. A quasi-
group with an identity, i.e. with an element e such that ae = ea = a for all
a € Q, is called a loop. We shall denote quasigroups and loops by Q(-) or,
if the operation is denoted as a function, say A(a,b) = ¢, by Q(A). Also
the operations (-) and A will be called quasigroups (or loops).

20, A quasigroup (o) is isotopic to a quasigroup (-), where (o) and (-)
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are defined on the same set @, if there exists a triplet T = («, 3,7) of
permutations of the set @ such that x oy = vy~ '(az - By). The relation of
isotopy determines an equivalence on the set of all quasigroups defined on
the set Q.

3°. Let Q(-) be a quasigroup, L, : * — ax, Ry :x — za. The mappings
L, R, are permutations of the set (). The isotope Q(o), where z oy =
R 'z L;ly, of the quasigroup Q(-) is a loop with the identity ba.

49 Let Q(-) be a quasigroup. The solution of the equation az = b is de-
noted by x = a\b and the solution of the equation ya = b by y = b/a.
The operations so defined are called inverses of (), or, more precisely, the
right (respectively, left) division for (-). The operations ( \ ) and ( /)
also define quasigroups. If a quasigroup is denoted by A, then the oper-
ations of right and left division will be denoted by A~! and ~'4, respec-
tively. The latter operations also have inverses: (A~1)~t = A, ~1(A~1)
and ~'(7'A) = A, (7'A)~!. Moreover, one can consider the operations
[_1(A_1)]_1, “H[(*A)7Y], but these operations are identical with A*,
where A*(z,y) = A(y, x).
The following equalities are equivalent:

A(z,y) = 2z = AN (2,2) =y —— TA(z,y) = & —
A Y 2) =2 — (A N(z,2) =y — A%(y,z) = Az, ).

In what follows, we shall use the following notations for cycles: (12) = s,
(13) =1, (23) = r. The cycles [,r generate the group S3. Moreover, we
have rlr =Ilrl = s. Thus A1 = A, -4 = ZA, A* = SA.

50. The operations A, A=!, ~'A ~1(A~1) (7!A)~! A* are called the
parastrophes' of the operation A. Parastrophes of a quasigroup A are fre-
quently denoted by ?A, where o € S3 — the symmetric group of degree 3.
More exactly, we have the equivalences:

Al y) = 2 — Az,y) = 2,

'Editors’ Note: These operations have also been called conjugates of the operation
A by other authors, especially in the U.S.A. The word parastrophe dates back to 1915
and was used by Sade(1959)[14] and Artzy(1963)[9] before its adoption by Belousov. The
name “conjugate” seems to have originated with Stein in the 1950s and was used in [§].
It has the disadvantage that its use in the present context conflicts with its more usual
meaning in the context of group and loop theory for describing equivalence relative to
inner automorphisms. [The reader should note that footnotes labelled a, b, ... were in the
original Russian text and in the English version sent to Keedwell by Belousov himself
but footnotes numbered 1, 2, ... have been inserted by the Editors.]
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where (2,9, 2") = o(z,y, ). For example, ~}(A™!) = “A, where a(z,y, 2)
= (y,z,x), ie. a=(123).
The relations:

T(CA)="4, B=%A«—A=°'B

hold for the parastrophes.

6°. The quasigroup operation () and its inverses ( \ ) and ( /) are inter-
connected by the following identities:

z(z\y) =y, z\(zy) =1y,

y/z)x=y,  (yz)/z=y.
The quasigroup Q(-) can be considered as a universal algebra Q(-,\,/ ).

7°%. Two operations A and B (not necessarily quasigroup operations), de-
fined on the set @, are orthogonal if the system of equations

A(z,y) =a, B(x,y)=0»>

is uniquely soluble for all a,b € ). We use the notation A1l B to express
this. It is clear that AL B implies B1 A.

8%, If ¢ is a mapping of the set Q? into itself, then there are two operations
C, D such that ¢(z,y) = (C(x,y), D(z,y)). The mapping @ is a permuta-
tion if and only if C LD. The mapping ¢ is denoted by (C, D): ¢ = (C, D).
The pair of operations C', D is uniquely determined by the mapping @. The
following theorem is valid (see [2]): if ALB, where A, B are quasigroup
operations, and 0 = (A, B), then the inverse permutation 0~' has the form
6= = (A, B'), where A’ and B’ are also quasigroup operations.

The identity permutation & on Q2 defines a pair F, E of operations on
@ such that F(a,b) = a, E(a,b) =0 for all a,b € Q: that is, £ = (F, E).

If @, 9 are two permutations on the set Q2, then, by definition, (A@)y) =
A(py), and (A, B)g = (Ag, Bg) for all A, B, @, ¢. Also, by definition, we
have (A@)(z,y) = A(@(z,y)).

90, A system ¥ = {A1, Aa,..., Ay} is called an orthogonal system of quasi-
groups (or, for brevity, an 0SQ), if

1) A;LA;foralli,je{l,2,...,k},i#j, and

2) Ay =F, Ay =F.

We remark that the operations {As, A4, ..., A} must be quasigroups
because ALFE and ALF imply that A is a quasigroup.
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§1. Minimal identities and connections with orthogonalities

Let us consider the algebra Q(X), where ¥ is some system of quasigroup
operations (quasigroups) defined on the set @, and let w; = ws be an
identity in Q(X). We denote the number of free elements in the word w by
|w|. Let I = |wi|+ |wal.

Now, we shall determine all nontrivial identities in Q(X) having the
minimal length .

The identity wy = we will be called nontrivial, if

a) there is no subword of the form A(u,u) (no "square"),

b) there are no isolated free elements.

The first condition can be justified by remarking that A(u,u) can be
replaced by au, i.e. by a unary operation, but we are considering only
binary operations. The second condition is also reasonable: the identity
wp = we with an isolated element z (that is, in w; = wy, the element z
occurs only once) can be transformed to the form w’ = z. Then, by fixing
all elements in w’, we get w' = 21, w' = 29, where 21, 25 are arbitrary
elements of @, i.e. z1 = 29, whence we obtain that @) has only one element.

Let us determine the minimal [. It is clear that [ > 3. If [ = 3, then the
identity w; = we is trivial, since the condition a) or b) is violated. If | =4,
then the identity w; = weo contains two free elements x, y exactly twice,
otherwise condition a) or b) does not hold. In this case, the identity has the
form A(z, (B(z,y)) =y or A(z,y) = B(x,y). [It appears that the identity
might also have the form A(B(z,y),z) = y for example but, by replacing A
by its parastrophe A* in this instance, we obtain A*(z, B(z,y)) = y, which
is an identity of the first type. Similar arguments can be used for other
cases.| But these two identities are also trivial, because the first determines
the right inverse operation B = A~! and the second implies that A = B.

Thus, the minimal length [ of a nontrivial identity w; = ws must be
equal to 5 (at least). If [ = 5, the identity w; = wy contains only two free
elements x, y. More than three free elements is not possible because the
condition b) would be violated. If the identity contains exactly three free
elements x,y, z then, as is easy to see, the condition b) is violated in that
case too.

Therefore the identity w; = wy (if of length 5) contains only two free
elements x,y and one of them, say z, is contained in it three times and the
other twice, otherwise the condition b) would be violated.

With the help of transformations to inverse operations where necessary,
the identity w; = wy can be transformed to the form w’ = y, where w’
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contains the element z three times and y just once. The identity w’ = y
might have, a priori, any one of the following forms:

10, A(zla B(ZQa 0(237 24))) =Y,

20. A 21, ( (Z27Z3) ) =Y,

)
3%, A(B(z1,22),C(23,21)) = v,
49 A(B(C(21,22),23), 24)
4) =

B(z1,C(22, 23)), 2

We see immediately that the identity w’ = y cannot have the form 3°
because, by condition a), one of z; or zo must be y and, likewise, one of
23 or z4 must be y but then y would occur in w’ = y three times, which
contradicts the assumption that y occurs only twice.

Further we can remark that, with the aid of the transformation K — K*,
we can transform the identities 2°, 4° and 5° to the form 1°. For example,
in the case of 5° we get A*(z4, B(21,C (22, 23))) = y. Next, let us consider
the identity 1°. It is evident that either z3 or z4 must be y. Let 24 = y
(if z3 = y, we replace C' by C*). The remaining elements are equal to x:
21 = 29 = z3 = x. Thus, any nontrivial minimal identity of the algebra
Q(X) can be transformed into the form:

=Y,

A(
(B
(
A(

50. A

Aw, Bz, Cle,y))) = v. (L1)
For example, suppose that a nontrivial minimal identity of the form
A(B(w,y),C(,y)) = =. (1.2
is given. We transform it to
(e, Cla,y)) = Bla,y).
Let B(z,y) = z, whence y = B~1(z, z). Consequently, we can write
Az, C(x, B~ Y, 2))) = 2,

e. (1.2) is transformed to the form of (1.1).
Using multiplication of operations, the identity (1.1) can be rewritten

in abbreviated form as
ABC = FE, (1.3)

where E(x,y) =y for all z,y € Q.



Parastrophic-orthogonal quasigroups 31

Remark 1. It is easy? to deduce that the following equalities are equivalent

o (1.3):
BCA=E, (1.4)
CAB=E, (1.5)
CiB7lAT = (1.6)
B'A7lc ' =E (1.7)
A~lCcTiB7l = E. (1.8)

Remark 2. If A, B, C are quasigroups satisfying (1.3) then the following
conditions must be satisfied?:

B#AY, C#B'Y A+cL. (1.9)

Orthogonality. II-quasigroups.

The orthogonality of operations is closely connected with minimal nontrivial
identities. This assertion follows from the following lemma.

Lemma 1. Let A, B be quasigroups. Then ALB if and only if there exists
a quasigroup K such that KBA™' = E

Proof. Necessity. Let ALB, then 0 = (4, B) is a permutation. Conse-
quently, =1 also is a permutation. If §=! = (C, D), then C and D are
quasigroups (see 8° of §0) and

0-'0 = (C,D)(A,B) = (C(A,B),D(A,B)) = (F,E) =&

(¢ is the identity permutation of @2). Consequently, C(A4,B) = F, i.e.
C(A(z,y), B(x,y)) = z. Hence we get —1C(z,B(z,y)) = A(z,y) = =.
From this we can obtain y: namely, y = A~!(z,2) and in consequence
“10(x, B(z, A~ (2, 2))) = z or, briefly, 'CBA™'=E,ie. K ="1C.
Sufficiency. Let KBA~! = E, where K is a quasigroup. We show that

o= K(a,b), yo=A("'K(a,b), a) (1.10)

2Editors’ Note: For example, A(z, B(xz, C(z,y))) =y — C(x, A(z, B(z, C(x,y))))
= C(w,5) — B(x,Clz, Az, Bz, C(z,)))) = Bz, C(z,9)) or Bz, C(z, Alz,
which is (1.4). Also A(x B(z,C(z,y))) =y — "A(z,y) = B(z,C(z,y)) — C(z,y) =
"B(z,"A(z,y)) — "C(z,"B(x, "A(z,y))) = y, which is (1.6).

3Suppose that B = A~' in (1.4). Then A(z,A '(z,C(x,y)) = y. Let

Lz, C(z,y) = 2. Then A(w,2) = C(2,y) by definition of A™'. But this contradicts

A(z, z) = y which is the given equality.
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is a solution of the system of equations A(x,y) = a, B(z,y) =b.
Indeed, we have
A(ZL‘Oa yO) = A(_lK(av b)v A_l(_lK(a7 b)7 a))
= AA7Y(7K(a,b),a) = BE("'K(a,b),a) = a,
B(zo,0) = B(xo, A~ (0,a)) = BA™!(z0,a) = d.

Then
K(z0,d) = K(x9, BA (20,a)) = KBA Y (29,a) = E(xg,a) = a. (1.11)

But from the first equality of (1.10) it follows that K (z¢,b) = a. Comparing
this with (1.11), we obtain d = b so B(xg,yo) = b.

Thus, the solution exists. Finally, we show the uniqueness of this so-
lution. Let z1,y; be a second pair of solutions so that A(z1,y1) = a,
B(x1,y1) = b. Then B(z1,y1) = B(z1, A" (z1,a)) = BA Y(z1,a) = b.
Hence it follows that K (z1, BA™!(21,a)) = K(x1,b), or

KBA Y(z1,a) = K(z1,b),

so a = K(z1,b) since KBA™! = E, whence 1 = ~'K(a,b).

This together with (1.10) implies that x; = z¢. Now it follows easily that
y1 = yo. Indeed,y; = A~ (z1,a) = A" (20, a) = yo, because A(xg,%0) = a.
Consequently y; = yo. O

Next, by writing the equality (1.3) in the form AB(C~1)~! = E, we
conclude that BLC~!. From (1.4) and (1.5), we deduce that C LA™,
A1 B! so we have the following lemma.

Lemma 2. If, in the system Q(X), the minimal nontrivial identity ABC =
E holds, then A1LB~', B1LC™', CLA™ . O
Minimal nontrivial identities in quasigroups.

Suppose that a quasigroup Q(-) is given. It can be considered as an algebra
Q(,\,/), (-) = A. Of course, a minimal nontrivial identity can be satisfied
in a single quasigroup too. It will take the form

U = E,

where «, 3,7 € Ss.
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We make the following definition:

Definition 1. A quasigroup A is called a II-quasigroup of type [a, 3,7] if
it satisfies the identity “A%AU = E.

Remark 3. By virtue of the identities (1.4) — (1.8), the quasigroup A
also has the following types: [3,v,a], [v,, 8], [ry,rB,ral, [rB,ra,ry],
)

Remark 4. In view of (1.9), a II-quasigroup A satisfies the following in-
equalities: A # (A)~!, M #£ (A7, U #£ (A)~  or A #TA, A AT,
%A = "A: that is, we must have

B#ra, y#rB,  a#ry. (1.12)
By applying Lemma 2 to a II-quasigroup A of type [«, 3,], we obtain
ULTBA BALTA, TALTA.
We shall use the notation
alB(A) (1.13)

if Y4174, In what follows, we shall write aL3 instead of (1.13) if the rele-
vant quasigroup operation A is clear from the context. Thus a II-quasigroup
A of type [a, 3,] will satisfy the following orthogonality relations:

alrg, Blry, vylra.
In the sequel, we shall write oL 3(c) instead of aL3(?A). It is evident that
alfB(o) «— aolfo.

Indeed, oL 3(c) means that ®(%4)LP(%A) or “7ALP7A, that is, aolBo.

Parastrophic equivalence?.
Let us consider the following two transformations® of the type of a II-
quasigroup:

fle. B9 =[8,v.a],  hla,B,79] = [rv,rB,ral. (1.14)

“Both the original Russian text and (in some places) Belousov’s English translation
of it have been modified in this section particularly so as to make the meaning clear.
SThese are admissible because of Remark 3.
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It is easy to see that f3 =1, h? = 1. Moreover, we have fh = hf2. Indeed,

fhla, B,9] = flry,rB,ra] = [rB,ra, ] = hly, o, 8] = hf?[a, B,7].

Thus, the transformations f and h generate the group

S0:{17f7f2’h7fh7f2h}7

which is isomorphic to S3.

We remark now that, if A has the type [a, 3,7], then °A has the type
o™, Bo~!,vo~1]. This fact suggests making the next definition which
has the effect of defining a transformation of the type [o, 3,7]:

[, 8,7]60 = [af, 50, 0)]. (1.15)

Thus, the preceding remark implies that %A has the type [o, 3,7], when A
has the type [af, £6,~0]. The equality (1.15) implies also that if some min-
imal nontrivial identity is satisfied in Q(A), then some minimal nontrivial
identity holds for each parastrophe also which is related to the preceding
one by (1.15). If T = [a, 3,] is the type of a quasigroup A, then we can
apply the transformations (1.14) and (1.15) to T to obtain a relation of the
form T’ = (gT)0, where g € S°, 6 € S3. It is clear that (¢7)0 = g(T9),
therefore we shall write 77 = ¢gT'6.

Definition 2. II-quasigroups B and A are called parastrophically equivalent
if their types 7" and T are connected by a relation of the form 7' = ¢T0
for some g € S° and 6 € S3. Notation: 7" ~ T and B ~ A. We shall also
say that the types T” and T are parastrophically equivalent.

It is easy to see that parastrophic equivalence is in fact an equivalence
relation.

Remark to Definition 2. Parastrophic equivalence means that if some
minimal identity of type T is satisfied in a Il-quasigroup A, then a well-
defined minimal nontrivial identity of type 7" = ¢T6 is satisfied in its
parastrophe.®

To determine the equivalence classes under parastrophic equivalence,
we look for representatives of these classes. Because T = [o,[3,7] =

SAn earlier investigation of this idea was made by A. Sade. See [14] or page 66 of
[4]. The concept was also defined (using the name conjugate-equivalent) by T. Evans, see
page 46 of [13].
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[1, Ba~t, va~a, it follows that T ~ [1, 0, 7], where 0 = Ba™!, 7 = ya~ L.

Thus the class representatives should have the form [1, o, 7]. Moreover, the
conditions (1.12) must be satisfied, namely:

o#rl, T#ro, 1#rT,
That is,
o#r, T#r, T#ro. (1.16)

First, we consider the case ¢ = 1, i.e. we consider the type of the form
[1,1,7]. The conditions (1.16) become

1#£r, 71#r, 7T#rl,
so they reduce to 7 # r. Thus, we can choose the types
T =[1,1,1], To=[1,1,1], Ts=[1,1,rl], Ty=[1,1,lr], T5=[1,1,5]

as class representatives under parastrophic equivalence.
Now let us consider the case when o # 1, i.e. the type [1,0,7]. As a
consequence of condition (1.16), we also have:

c#1l, 1v#1, o#T. (1.17)

Indeed, suppose that 7 = 1, T = [1,0,1]. But then f?T = [1,1,0], so
T ~ T;, where i is one of the numbers 2,3,4,5. If o = 7, then T = [1, 0, 0],
whence fT = [0,0,1] = [1,1,0 '] and therefore T = f2[1,1,0 !]o so
T ~[1,1,07Y. That is, T ~ T;. Taking into account conditions (1.16) and
(1,17), the following representatives for the equivalence classes are possible:
Ts = [1,1,1r], T = (1,1, s], Ts = [1,7l,1r],
Ty =[1,71,s], Tyo = [1,1r,1], Ty = [1,1r, 7],
Tio = [1,s,1], T3 = [1,s,7rl].
We shall show that
Tig ~ Tho ~ 17,
Tio ~ Ty ~ Tg.

Indeed, we have

hTio = h[1,lrl] = [rf,rir,r] = [1,lrllr, s]rl = [1,1, s]rl = Trrl,
fTis = fll,s,rl] = [s,rl, 1] = [1,7rls,s]s = [1,rllrl, s]s = [1,1, s]s = Txs.
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Consequently, T ~ T7 and T3 ~ T7.
Furthermore, we have
fTy = fll,rl,s] = [rl,s,1] = [1, slr,lr]rl = [1,1,lr]rl = Terl,
fTo = f[1,s,0] = [s,1,1] = [1,1s, s|s = [1,7l,s] = Toys.

Therefore, Ty ~ Tg and 119 ~ Ty.
We have also the equivalences:

Ty~ Ty, Ty~Ts (1.18)
Indeed,
fhTs = fh[1,1,s] = flrs,r,r] = [r,r,rs] = [1,1,rsr|r = [1,1,1]r = Tor,

fRTy = fh[1,1,lr]) = flrlr,r,r] = [r,r,s] = [1, 1, sr]r = [1, 1, rl]r = Tsr,

We shall use the second equality again later, so we write
fhTy = Tar. (1.19)

This proves the equivalences (1.18), so finally only the following class rep-
resentatives for parastrophic equivalence remain:

Ty, To, Ty, Ts, T3, T, T11 - (1.20)

We shall show that the seven types listed in (1.20) are pairwise parastroph-
ically non-equivalent.

a) Tg and T; are parastrophically non-equivalent to any other type.
This follows from the following relations:

ng = Tg?’l, f2T8 = Tglr, th = TgS, thg = Tgl, f2hT8 = TgT,

Ty = Tulr, f*Ty = Turl, hTy = Til, fhTy = Tus, fhTi = Tir.

(1.21)

Thus, any type 1" # Ty which is parastrophically equivalent to Ty has the

form gTga = (Tgf)a = Tsy = [y, p, 9], where v # 1, i.e. none of the types

(1.20) is equivalent to Tg other than Ty itself. An analogous assertion is
valid for T77.

b) We shall use the following trivial observations. If all the components of

T are identical and T' ~ T, then all the components of T' also are identical.
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If two components of T are identical and T' ~ T, then two components of
T' also are identical.

From this it follows at once that none of the types (1.20) is parastroph-
ically equivalent to T} (except T} itself).

¢) From a) and b) it follows that Tg and 7% and, likewise, T5 and T}, are
parastrophically non-equivalent pairs.

The types T and T7 cannot be parastrophically equivalent to 75 and
Ty because T and T have two identical components, while T and 7% have
their components all different.

We shall show that 75 ~ T4. For this purpose, we determine g75, where
g runs through the whole group S°:

91>, =[1,1,1], [1,1,1], [1,1,1], [rl 7], [r,r,rl], [r 7l r]. (1.22)
Now we determine Ty, where o runs through the whole group Ss:
Ty = [1,1,1r], [r,r 1], [1,L,s], [rl,rl, 1], [lr,lr,rl], [s,s,7]. (1.23)

From (1.22) and (1.23), we conclude that T »~ Ty. Similarly, we can prove
that T6 g TIO-

Therefore, we have seven classes for parastrophic equivalence, the rep-
resentatives of which are listed in (1.20). We determine the identity defined
by each of these types and, in each case, we obtain the equivalent identity
when this identity is written in terms of the basic quasigroup operation A
alone.

1) Type T} = [1,1,1]. The corresponding identity is determined by the
equality AAA = E. If A= (-), then it is the following identity

z(z - zy) =y.

2) Type To = [1,1,1]. The corresponding identity is determined by the
equality AA'A = E. If A = (-), then ‘A = (/) and the identity takes the

form

z(z(z/y)) =y (1.24)
Let x/y = z, whence & = zy. Consequently (1.24) can be transformed into
the following identity:

(2y)(zy - 2) =y.
Multiplying on the left by z and replacing zy by x, we obtain

z[(zy)(zy - 2)] = 2y, (1.25)
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or z(x - xz) = x.

Thus, an identity of type T5 is equivalent to (1.25).

3) Type Ty = [1,1,1r]. The corresponding identity is determined by the
equality AA"A = E. Let A = (-), then "A(z,y) = y/x. Consequently, the
identity has the form

2(o(y/z)) = y. (1.26)

Let y/x = z, then y = zx. So the identity (1.26) can be transformed into
the equality x - xz = zx. This is Stein’s identity (or, in the terminology of
[4], Stein’s first law).

4) Type Ts = [1,1,1r]. To this type corresponds the equality A!AVA =
E. If A= (-), then A = (/), "A(z,y) = y/z, and consequently Ty deter-
mines the identity

z(z/(y/z)) = y. (1.27)

Let y/r = u, z/u = v. Then y = uzx, * = vu, whence y = u - vu. The
identity (1.27) becomes transformed into the form

VUV = U VU

5) Type Tio = [1,Ilr,l]. We consider a type parastrophically equiva-
lent to Thp: namely, fTig = [Ir,,1]. To this type corresponds the equality
"AUWA = E. If A= (), then A= (/), "A(x,y) = y/x and the correspond-
ing identity has the form:

(z/xy)/x =y,

whence it follows that yz = x/xy and so
yr - Ty = .

This is precisely Stein’s third law (see [4]).

6) Type Ts = [1,rl,lr]. The corresponding identity is determined by
the equality ATA"A = E. If A = (-), then "A(z,y) = y/z, "A(z,y) = y\z.
Consequently, to the type Ty corresponds the identity:

z((y/z)\z) = y. (1.28)

Let y/x = u, u\z = v. Then y = uz, x = uv, whence y = u - uv, and the
identity (1.28) has the form

uv v =1U-uv.
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In the terminology of [4], this is Schroder’s first law.

Finally, we consider
7) Type Ti1 = [1,1r,rl]. The corresponding equality is AA™A = E,
and the corresponding identity has the form

z((y\z)/z) = y.

Let y\z = u, u/x = v. Then z = yu, u = vr. Consequently, the identity
(1.29) takes the form xv = y. Combining the last equality with the others,
we get

(1.29)

T =yu =2V -z,
i.e. (1.29) is equivalent to the identity
v -vxr =,

which is Schréder’s second law (see [4]).
We summarize the results obtained in the following table

Theorem 1. Any minimal nontrivial identity in a quasigroup is parastroph-

Thus, we have proved

No. Type Identity Derived form Note

1 7 =11,1,1] x(z-zy) =y z(rx-xy) =y

2. | =01 | z@@/y)=y | xy-yr)=y

3 Ty =1[1,1,lr] | z(z(y/z)) =y x-xy =yr Stein’s 1st law
4. Te = [1,1,lr] | z(x/(y/x)) =y | xy-x =y -2y | Stein’s 2nd law’
5 Ty = [1,1r,]] (x/xy)/z =y TY-Yr =y Stein’s 3nd law

6 Ts = [1,rl,lr] | x((y/x)\x) =y | xy-y =z -zy | Schroder’s 1st law
7. | Ty =[1r,rl] | 2((y\z)/z)=y | yxr-xzy=1y | Schroder’s 2nd law

Table 1.

ically equivalent to one of the identity types listed in (1.20).

"Editors’ Remark: Stein’s 2nd law is misquoted in [4] because of a compositing error.
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Editors Comments: The same result® was obtained later (1989) by F. E.
Bennett [10] working independently and using an earlier closely-related theorem
due to T. Evans [13]. Bennett also investigated the spectrum of orders for which
a quasigroup satisfying each particular one of the seven identity types exists. The
results obtained by Bennett, Evans and other authors are summarized in Chapter
4, Section 36 of [12]. However, Belousov’s work on this topic and on Quasigroups
in general is not mentioned in that summary. It is also the case that Belousov
seemed unaware of the work of Evans which is closely related to his own and
predates it. In fact, in the 1970s and 1980s, Congressus Numerantium was not
available in USSR and Belousov’s published booklet was not available in Canada.

Example. Consider the minimal nontrivial identity

(@/y)\(y\z) = =, (1.30)

or in alternative notation
AN Az, y), Ay, 2)) = 2. (1.31)
We transform the identity (1.31) to the form ABC = E. We have
AT (T A y), (A7) (2,y) = =,

whence

AT (@, (AT (@) = THA(, ). (1.32)

Let 'A(x,y) = z. Then y = (7'4)7!(z,2). Consequently, from (1.32) we
obtain

“HAT (2, (AT (@, (TA) TNz, 2)) = 2,

or

MA(z, 5A(x, " (x, 2))) = 2,
"ASATA = E,
i.e. Our identity has type T = [ir, sr,rl] = [lr,rl,rl]. We transform T

T = [lr,rl,rl] = [lrir,1,1]rl = [rl,1,1]rl
= f21,1,7l)rl = f*Tyrl.

8Bennett’s list consists of Ty, Ts, Tio T11 and the duals of Th, Ts and T5 (equivalent
to Tg)
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But, T3 = fhTyr (as was proved in (1.19)), whence
T = f2(fhTyr)rl = hTyl.

Consequently, T is parastrophically equivalent to Ty, and the identity (1.30)
is equivalent to an identity of type T}, i.e. to Stein’s identity for ‘A = (/).
Indeed, let (o) = (/), so that z/y = x oy. From (1.30), it follows that

(zoy)\(y\z) ==,

(Toy)r =y\z,
y((roy)z) = 2.

Let (roy)r = 2. Then x oy = z/x = z o x and from (1.33) we obtain

(1.33)

z/((xoy)z) =y, wzo((zoy)z)=y.
Finally, z oy = z oz and z o z = y imply the Stein law x o (zo0z) = z o x.

Remarks. 1) The names of the identities (in Table 1) originate from Sade’s
paper |7]. In this paper a list of 63 identities, basic identities and generalized
identities, is given. The identities of types Ty, Tg, Ty, Tig, T11 are given
the numbers 12,13, 14, 16, 15 respectively in |7| and these names are cited
in the monograph of Dénes and Keedwell [4].

2) In Norton and Stein’s paper |5], idempotent quasigroups satisfying
the identity 771 (zy - yr = z) are considered. These authors obtained
a condition on the order which holds for a quasigroup of this type and
also one for the finite idempotent quasigroups which satisfy the identity
Tio (xy - yr = y). Furthermore, they gave examples of such quasigroups:
namely, the ones which are defined by the following tables:

a b c d e
‘abcd

ala ¢ d e b
ala ¢ d b

bld b e ¢ a
bld b a ¢

cle a ¢ b d
clb d ¢ a
dle a b d dlb e a d c

ele d b a e
Table 2. Table 3.

3) Quasigroups satisfying the identity Ty (z-xy = yz) are considered in
the paper [8] by Stein. The following example is given of a Stein quasigroup
(i.e. of a quasigroup satisfying Stein’s first law Ty). The epithet "Stein
quasigroup" was given in [3] for brevity.
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‘ a b c d
ala ¢ d b
bld b a c
clb d ¢ a
dlec a b d

Table 4.

As can be seen, the quasigroups given in Table 2 and Table 4 are identical,
i.e. they satisfy both of the identities T4 and T11: = - xy = yx, xy - yr = T.
They also satisfy the identity zy-x = y, called the identity of semisymmetry
in Sade’s terminology |7], who devoted a series of papers to them.

4) In Stein’s paper [8] the identities Tg (zy -z = y-xy) and Ty (zy -y =
x - xy) are mentioned and examples of such quasigroups are constructed.

5) Minimal identities occur in the study of paratopy of OSQ (see 9° of
§0). Let ¥ = {A4;}, i = 1,2,...,k, be an OSQ. A permutation @ of the
set Q2 is called a paratopy of the OSQ ¥ if the system {410, As0, ..., A0}
is identical to X. For k = 4 (for k& < 3 we have trivial cases) an OSQ
admitting at least one paratopy can be one of nine types [2]. These systems
take the form {F, E, A, A’}, where A’ can be expressed in terms of A. For
example, A" = A*, A" = “1(A71), A = (7'4)7'A, and so on. In seven
of these cases it has been shown that the quasigroup must satisfy some
minimal identity. Two of these identities are 77 and T}y, while the other
five are parastrophically equivalent to identities of type 17, T19 and Tg.

Orthogonality and parastrophy.

In the preceding Section, we showed that, if Q(-) is a II-quasigroup, (-) = A,
of type [a, (3, 7], then the following parastrophes are pairwise orthogonal

alrB, pBlry, ~lra. (1.34)

In order to describe all mutually orthogonal parastrophes of a quasigroup of
one of the seven types mentioned above, we first look at some properties of
orthogonality of parastrophes. We recall that a1 3(0) means that L 3(%4).
1) If L, then salsB. Indeed, this follows from the more common
assertion: If A1 B, then A*1 B* and conversely. The latter statement fol-
lows from the fact that the system of equations A(x,y) = a, B(x,y) = b is
equivalent to the system of equations A*(y,z) = a, B*(y,z) = b.
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2) If a LB, then 11LBa"(a), 1LaB~1(B).
proved above: al (o) is equivalent to ao Lfo.
We return to the discussion of orthogonality of parastrophes of II-

This follows from the fact

quasigroups. By property 1), the following orthogonalities follow from
(1.34):

salsrB, sBlsry, sylsra,
or

salrlf, sBlrly, sylria. (1.35)

Applying property 2) for T' = [«
(1.35), we obtain

,3,7] to the orthogonalities (1.34) and

1lrfa~!(a), LLryB~4(B), Llray™(v),
1Lap=tr(rp), 113yt (ry), 1Llya~tr(ra), (1.36)
1LriBa~ts(sa), 1LriyB~1s(sB), 1Lrlay=ts(svy), '
1Lsap=tir(riB), 1LsBy tr(rly), 1Lsyatr(rlia).
In particular, for the case a = 1, we get
11rB(1), LLryB~4(B), LLry =t (y),
1L~ r(rp), LLBy~tr(ry), LLyr(r), (1.37)
11riBs(s), 1LriyB~1s(sB), 1Lriy=ts(sy), '
1Lsp~Yr(riB), 1LsBy Yr(rly),  1Lsylr(rl).

Applying the relations (1.37) to II-quasigroups of the types given in Table
1 we obtain the results presented below.

No. Type Orthogonality

L. T1 =[1,1,1] | 11r(1,r), 1LI(rl,s)

2. =[1,1,]] 1Llr(1,r), 1LI(rl,s), 1Lri(1,r,rl, 1), 1LIr(rlr,rl, s)
3. T4 =[1,1,1r] 11r(1,rlrl), 1LLU(r, 7l 1lrs), 11s(1,s)

4. =[1,1,1r] 1Lr(l,rl), 1LU(r, Ir), 1Lrl(1, 7 lr,s), 1LIr(1,1,7,s)
5. T10 =[1,r,]] | 1Lri(l,rl), 1Lir(lr,r), 1Lls(1,s)

6. | Ts=[1,rl,lr] | 1Lr(1,r, 1,7l lr,s), 1LI(1,1,r vl lrs)

7. | Ty =[1,0r,rl] | 1Ls(1,7, 1, rl,1r,s)

Table 5
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Here, for the sake of brevity, we have written a L 0(31, B2, ..., O%) instead
of alf(B1), alf(B2),...,alf(B).”

If we restrict ourselves to parastrophes of the basic operation, i.e. to
orthogonalities of the form «L 3, then (taking into account the equivalence
alpB(f) «— afLB6), we obtain the following table:!°

No. Type Orthogonality

1. |Ty=[1,1,1] 1lr, rils

2. | Th=1[1,1,]] 1lr, 117l, rls, rlls, riLllr, L1y
3. | Ty=1[1,1,Ir] 1Llr, 11s, ILrl, rils, rLir

4. | T =[1,1,1r] 1Lir, 1Lrl, rLir, Ilrl, rLls, Ils
5. | Two=1[1,r,1] | 1Lls, ILlr, rllir

6. | Ts =[1,rl,lr] | 1Lr, 1L, rLir, ILlrl, slrl, slir
7. | Tna=[1,lr,rl] | 1Ls, rLrl, ILlr

Table 6.

We end this Section with some remarks.

Remark 1. Identities of type Tg and 771 are invariant under parastrophy,
i.e. these identities hold in any parastrophe. Indeed, from (1.21) it follows
that, for an arbitrary parastrophe o, there exists a transformation g € S°,
such that g7y = Tgo. From the remark after Definition 2 it follows that,
if the identity 73 holds in Q(A), then the identity gTso ! holds in Q(%A):
that is, by virtue of (1.21), Tg holds in Q(%A) for every o € S3. The same
assertion holds for an identity of type 77;.

These facts can be proved directly. Consider an identity of type T1;.
That is, one which is equivalent to

Ty - yr = x. (1.38)
Let zy = u, yx = v, then uwv = z. From these equalities it follows that

z\u =y, y\v =z, u\x = v. Hence z = y\v = (z\u)(u\z), that is,
(x\u)\(u\x) = z. From the same relations xy = u, yr = v, uv = x it follows

°In a paper of M. E. Stickel and H. Zhang[15], these authors claimed incorrectly that
the following results from Belousov’s Table 5 were new: For a quasigroup of type T1o,
1Lrl(l,rl) (re-proved by Stickel, 1994) and, for a quasigroup of type Tg, 1.LI(r,Ir) (stated
in the paper just mentioned). (In the notation of Stickel and Zhang, “a parastrophe of
QG4 satisfies QG2 and a parastrophe of QGT satisfies QG1.”)

9Table 3 of Stickel and Zhang’s 1994 paper|15] (which was obtained with the aid of
a computer) contains the same information as Belousov’s Table 6 below.
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.at once that u/y = z, v/z =y, x/v = u, whence x = u/y = (x/v)/(v/x),
(x/v)/(v/z) = x. (1.39)

So the identity 77; holds both in (/) and in Q(\ ), and hence it holds in
the other parastrophes too.

Furthermore, it follows from the above that the identities (1.38) and
(1.39) are not only parastrophically equivalent but they are equivalent in
the usual sense as well.

Remark 2. 1) Quasigroups satisfying any one of the identities Ty, Tio,
Ty are anti-commutative (that is, the equality ab = ba holds if and only if
a="b).

We begin with the identity T}g. Let ab = ba = c¢. Then ¢ = ab-ba = b
and ¢? = ba - ab = a. Consequently, @ = b. Similarly, we can show this fact
for T11.

In the case of Ty we have ac=a-ab=ba =c¢, bc=b-ba = ab=c, i.e.
ac = be, whence a = b.

2) Quasigroups satisfying any one of the identities Ty, T4, Ty are idem-
potent. Indeed, for Stein’s law (7y) idempotency follows directly by putting
x = y. This gives x - 22 = 22 = 2z, whence 2 = z. In the identity T
(ry -z =1y -2y), let y = e,, where e, = z.'! Then we, - = e, - xe, or
rx = eyx: that is, x = e,. Then 2?> = 2 = xe, = x. Finally, putting

y=ezin Ty (zy -y = o - 2y), we obtain x = x2.

§2. II-quasigroups.

[I-quasigroups are defined by identities containing only two free variables
so we should not expect to obtain their complete description: that is, the
description of all loops which are isotopic to these quasigroups.

First, the following question arises: “For which values of n (where n
is a natural number) do there exist II-quasigroups of type [a, 3,7]?” This
question is combinatorial in character and several investigations concern-
ing it have been made: for example, the papers of Phelps who considered
orthogonality of the form A1%A, where A is a parastrophe of A. Such an
orthogonality is connected with the equality A’/A™A = E or AAAA = FE
(i.,e. A and 7 determine A’). Therefore, it leads to a class of quasigroups

"Editors’ Note: The element e, so defined, is called the right local identity for the
element x.
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more general than the class of II-quasigroups. In [6] the spectrum!? of A
is considered, i.e. the collection of all positive integers n for which there
exists A1%A.

Here we consider a different question. It is known [3] that if a Stein
quasigroup (in our classification a II-quasigroup of type T}) is isotopic to a
group, then that group is metabelian. We are interested in analogous ques-
tions for other Il-quasigroups: that is, we shall investigate II-quasigroups
isotopic to groups. We shall consider each type separately.

1) II-quasigroups A = (-) of type 71 = [1,1,1].

In such a quasigroup, the following identity is satisfied:

z(z - zy) =y. (2.1)

Let  +y = Ry'z - L, 'y, so that Q(+) is a loop with 0 = ba as identity
element. For the sake of brevity, let R, = R, Ly = L. Then xy = Rx+ Ly,
and replacing the operation (-) by (+) in (2.1), we get

Rx + L(Rx + L(Rx + Ly)) = v,

or x+ L(x+ L(z+ Ly)) = y. (2.2)
By putting = 0, we deduce that L3 = 1.13
From (2.2) we deduce that
x+ L(x+ Ly) = L' (—z +y),
whence
r+Lx+y) =L (—z+ LY. (2.3)

For a suitable choice of a, b we can make L~'0 = 0. Indeed, L='0 = 0 is
equivalent to L0 = 0 or Ly(ba) = ba, b-ba = ba, whence ba = a, i.e. it is
necessary that b = f,, where f, is the left local identity for the element a
(cf. the right local identity e, used earlier). Putting y = 0 in (2.3) we have

x+ Lr =LY (—x). (2.4)

12Editors’ Note: A lot of work has been done on this question in recent years. The
interested reader will find a summary of the results obtained prior to 1996 in [12] which
we mentioned earlier. A more recent paper on this topic is [11] by F.E.Bennett and H.
Zhang

13The original text says “If z = 0, then L3 = 1.
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With the help of (2.4) we can transform (2.3):14
L7 (—z+ L7ly) = L7 (=2 + L7 (=(-y))) = L' (—z —y + L(-y))
= —(=z—y+ L(=y) + L(=(=z =y + L(-y)))
=—-L(-y)+y+a+ L(—L(—y) +y + ).
Thence, after replacing —y by y and using (2.3), we get
—Ly—y+az+L(—Ly—y+x) =2+ L(x —y). (2.5)

Let —Ly —y+x = u so that z = y + Ly + u. Then the equality (2.5) takes
the form
ut+Lu=y+Ly+u+Lly+ Ly+u-—y),

whence
Lly+Ly+u—y)=—-u—Ly—y+u+ Lu. (2.6)

Now (2.4) and (2.6) together imply that
LILN(—y)+u—y) = —u— L (=y) + L7} (—u).
Writing —v for y and —u for u, we have
L(L' —u+v)=u— L 'v+ Ly,

whence
LY'u—L w4+ L) =L —u+tw.

Let L' = X. Then
AMu— A+ Au) = v —u+wv. (2.7)
We introduce a new operation:

VO =AU —Uu—+ .

“Editors’ Note: provided that b = f, and that (+) is an associative operation.
Belousov states at the beginning of this Section that he is interested in quasigroups of each
type T; which are isotopic to groups. It follows that the loop principal isotope (@, +) of a
quasigroup of type 77 is itself isotopic to a group and so, by Albert’s Theorem (Theorem
1.4 of [1] or Theorem 1.3.4 of [4]), this principal isotope is a group. The main results
of this long subsection are that (@, +) satisfies the relation 2z + 2y + 2z = 2(z + y + 2)
and that, if there is an element 0 in @ satisfying the relation (2.11), then there is a loop
(Q, ®), defined as in (2.16), for which Theorems 2 and 3 hold. However, the loop (Q, ®)
itself does not appear to be isotopic either to (@, +) or to the original quasigroup (Q, -)
of type T1.
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It is easy to see that Q(o) is a quasigroup: using the equality (2.7), we find
that the equations a o x = b, y o a = b are equivalent to the equations:

Aa—xz+a=0b ANa—Iy+Xa)="b

which are uniquely soluble for any given a,b € (). In what follows, we shall
suppose that
M =1\,

where Ix = —x. The relation Al = I\ is equivalent to LI = IL.
We should like to know under what conditions this last equality holds.
First we remark that, because 0 = ba = f,a = a, we have

R 'z =R 'z = Ry'z = 2/0
and L'z = Lb_lx = L;alx = L]?le = fo\z.

Therefore, +y = Rqz - Ly 'y = (2/0) - (fo\y). In particular, z + Iz =0
implies that (z/0)- (fo\lz) = 0, whence we obtain

fo\Iz = (x/0)\0.
We have fo\Iz = L~z from above. Let px = L~'Ix, then
(x/0)\0 = pz.
But ¢L = Ly, because ¢ = L™'T and LI = IL. Thus," since
wLx = (Lz/0)\0
(by putting Lz for x in the preceding equation) and since
Lox = L[(x/0)\0].
follows directly from the same preceding equation, we get
(Lxz/0)\0 = L[(z/0)\0].

Since L = Ly = Ly, = Ly, it follows that

(fox/0)\O = fol(z/0)\0]. (2.8)

15The following three lines of textual explanation were not in the original text or its
translation.
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Let
(@/0ON\O =u,  (fox/0)\0 = wv. (2.9)
Then (2.8) implies that
v = fou (2.10)

and, from (2.9), we get
(/0)-u=0, (fox/0) -v=0,
whence it follows that
0/u==x/0, 0/v= fox/O0.
These equalities, together with (2.10), imply that

z=(0/u)-0, foxr=(0/v)-0=(0/fou)-0.

So, finally we get
fol(0/w)0] = (0/ fou)O. (2.11)

We prove the converse statement: if there is an element 0 in () satisfying
the condition (2.11) then, in the isotope z +y = R, 'z - Lb_ly, where a =0
and b = fo, the equality LI = IL is satisfied with L = L and R = Ry.

First we note that 0/u = Iy L, where the mapping Iy is determined
by the equality = - Ipx = 0. Thus, (2.11) is equivalent to the equality
Ly Roly' = RoI; 'Ly, or

LRI;' = RI;'L. (2.12)

In order to express Iy in terms of I, we replace the operation (4) by (-) in
the equation (x + Ix) = 0 so as to get R, 'z - Lgllx = 0 or, for brevity,
Rz - L7'Ix = 0 and so x - L~'IRx = 0, whence, by the definition of
Iy, we obtain Iy = L~'IR. Substituting this expression into (2.12), we get
LR(R7IL) = R(R™'IL)L, whence it follows that LT = I'L.

Assume now that an element 0 satisfying (2.11) exists (so that LI = I'L
and AL = L)). Under this assumption it follows from (2.7) that

M(=Au+ Av —u) =vou,
M(I u+ M+ Tu) =vou,
MM u— T+ Tu) =vou,
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M(IuoIXv) =vou, (2.13)

or

(M) Ywou) = Tuo I\,

whence (using the preceding equality twice) it follows that

(M) 2(vou) = (M) (Tuo IXv) = I* vo I\ u
and so (M) "2(vou) = Ivo\u,

because I?2 = 1 and M = I)\. But ()\I)_2 N2 2= \2=-12=-["1
because L? = 1. Thus,
Avou) = Avou,

i.e A is an automorphism of the quasigroup Q(o).
We determine a loop which is an LP-isotope of the quasigroup (o) and
for which the LP-isotopism is given by

r®y=Ry'zoLyly, (2.14)

where Rox = 200 and Loz = 00 z.
We remark that 000 = 0, i.e. 0 is the identity of the loop Q(®). Indeed,
0o0=X0—-04+0=X0= tholo = 0. Moreover, we have

Loxr =002=X0—-2+0=—2= Iz,

Ryx=x00=X—0+az= e+r=L""v+z=L""'a+L(L ).
Taking into account the equality (2.4), we obtain

Rox =L Y~L'2) =LY 1L ‘2 = L7%Iz = LI=x.
So, Eal =1, Ral = JL~!' = I\ and consequently
r@y=I\xoly. (2.15)
From this and the definition of the operation (o), we conclude that
c@y=MN—ITy+ 1z, or @y =INax+y+ Da.
But A2 =L"2=L=\"! hence
r@y=I\"'o+y+ I (2.16)

We prove the following assertion.
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Theorem 2. The loop Q(®) defined by the equality (2.14) is a Moufang
loop.

Proof. We show first that A is an automorphism of the loop Q(®). For this
purpose, we use the equality (2.15) and the fact that A is an automorphism
of Qo). We have

Mz @y) =AIAxoly) =AMz oAy =I\Azx)o Iy = Az ® Ay, so

Mz ®y) =z @ \y. (2.17)

Next we show that I is an anti-automorphism of the loop Q(®). For this
purpose, we replace the operation (o) in (2.13) by (&) with the aid of (2.15):

MA U Ty I I w) = 2T ve Ty,
IO @ ) =N Yo @ I,
I(u® M) =N @ Tu. (2.18)
Since A2 = A~!, by replacing A~'v by v in (2.18), we get
Iudv)=Ive Iu (2.19)
as required. We need also the following equality:
AN +z=z+ ="z (2.20)

which we now prove. Putting v = 0 and v = 0 in turn in the equality
(2.7), we get

1) puttingu =0: AN(—=Xv)=Av+v or
MM =X v+v, NIv=XM+v, \X'Tv= X+
2) putting v =0: A(u+ Au) = —u or
w4+ u=\"1~u), ut+Iu=\"Tu.
Finally, we prove the relation:
(z®y)dr=a+y+uz. (2.21)
Using (2.19) and then (2.16) twice, we have

ey dr=Ilzel(zey) =IIN"z+I(zdy)+ IN)
=DPANz+Paxoy)+Px Ur=Mz+(zdy)+ ) "z
=Mz + A"z +y+ Mz + X
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But, from (2.20), Mz + A"z = Mz + NIz = Mz + AAz) =
A (M) = A" I x = x. Consequently, (z @ y) Dz =2 +y+ .

Now it is easy to show that Q(®) is a (left) Bol loop. We calculate
separately the left and right hand sides of the Bol identity:

wr=z® (Yo (zd2))
=D+ (I ly+ (I e+ 2+ D) + Dy) + D,

wp=(r&@yer)ez=I""ra@yor)+z+N\za@yor)
from (2.16). But, by (2.17), (2.19) and (2.21), we have

DNz yoz)=IMxdANydx)=INyDz)® I\
— (I\z @ I\y) @ T = [ha + Ty + Ia.

Similarly, we obtain
DN rzo o) =IN"te4+ Iy + X
Therefore we get the following expression for wo:
wy = (INTz 4+ Ny + IN712) + 2+ (I + Iy + D).

Comparing the forms of w; and ws thus obtained and using the fact that
(+) is an associative operation, we conclude that w; = wsg: that is, we
obtain the Bol identity. In order to show that Q(®) is in fact a Moufang
loop it is sufficient to apply the anti-automorphism I to both sides of the
left Bol identity wi; = wo, where w; and wo are determined as above, and
then after replacing Iz, Iy and Iz by z, y and z respectively, we obtain the
right Bol identity. But if Q(®) is both a left and right Bol loop, then it is
a Moufang loop [1]. Our theorem is proved. O

The following result also is true.

Theorem 3. The loop Q(D) is a group if and only if Q(+) is a metabelian
group.

Proof. Indeed, from (2.16), we have

2@ (y®2)=IN"to+ (INly+ 2+ Iy) + I,
oy @z=IN"Yzdy) +2z+ Iz DY).
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Equating the right hand sides of these equations, assuming that (Q, ®) is a
group, and then transferring terms,'® we obtain

Nlaoy+ e+ T N +z=24+[INz®y)+ Iz + Ny (2.22)
Putting z = 0, we see that ¢; = to, where
=Xl rxay) +IN e+ 1INy, t=INzDy)+ I+ Ny

and it follows from (2.22) that ¢1 (= t2) is in the centre Z of the group Q(+).
But
ti=\lze Xy + Nz 4 Iy

so the latter expression is an element of Z. Replacing x and y by Az and
Ay respectively, we obtain

(wey) +Iz+IyeZ
Nl ty+ Do+ Ic+Iye Z,
INle+y+I(z+ )+ Iy € Z
But (2.20) implies x + Az = A"z = IA"!z and so
INledy+ X e+ Iye Z,
ANl +y+ A lr—yeZ
Replacing by Az and y by —y, we get
—r—y+x+yc, (2.23)

ie. [z,y] € Z, where [z,y] is the commutator of z,y in Q(+). The last
relation shows that Q(+) is a metabelian group.

Conversely, starting from (2.23) and reversing the steps, we show that
t; € Z. If we then show that t; = to, it will follow that (2.22) holds. But
this equality is equivalent to the associativive law in Q(®). We proceed to
prove that t; = ta:

=AY zoy) +INxle+ Iy
= —((z@y)+MNzay)+Ix e +Ix"y by (2.20)"7
=-ANz@®y) — (zdy)+ I\ lz+ I\ ly
=Nz @y)— (TN 'e4y+ I z)+ TNtz + 1Ay by (2.16)"7
=I\z@y) —Dor—y—Ie+ I 2+ 12y
=I\Nz@y)+ e —y+ I\ ly=INzDy)+ Az —y+y+ Ay by (2.20)

16 Editors’ Note: We add A™*(z © y) on the left to both sides, then Az on the right
and finally Ay on the right.

17
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=1z @y) + A+ Ay = to.
Thus, t; = t2 and the theorem is proved. ]

Finally, we show that a group Q(+) which is isotopic to a II-quasigroup
satisfying the identity 77 must satisfy the identity

2 +y+x) =2+ 2y + 2z. (2.24)
Indeed, consider the loop Q(®). In this loop we have the equality
Izpy) =1y Ix.
Replacing (@) by (+) in this identity and using (2.16), we obtain
I ‘e 4y + D) = INNTy) + Tz + IA\(Ty).
LHS =—(-Xlz+y—dr)=X Xz —y+ A1z sowe get
Mo+ Ty +2"le = "ty + Tz + My (2.25)

Since Alz = —I\"l2 = —(z + A\x) = —(\z + ) by (2.20), we have
Az =Xz —2and Ay = —y — Ay and so (2.25) implies

AL —y— Az —xz=—y— Ay —x+ Ay,

whence
y+Adr—y—Ar=-dy—z+ \y+uz,

[_y7 —)\l’] = P\ya :E]v
or, after replacing —y and —Ax by y and z respectively:
[y, 2] = [I\y, IA" ). (2.26)
Applying (2.26) to the right-hand side of the same identity, we obtain
[y, 2] = [(IN)?y, (IA1)?a],
[y, 2] = [Ny, \2a].
But A3 = (L712 =173 =1, so,

ly, 2] = [\ "'y, M. (2.27)

'"The explanatory remarks have been added by the Editors.
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From the equality (2.26) we also get

[Ty, Iz] = My, A\ 1a]. (2.28)
Finally, applying (2.27) to the right-hand side of the same identity, we get

ly, ] = A"y, A%,

ly, ] = My, A"l (2.29)
Comparing (2.28) and (2.29), we have

[Ty, Iz] = [y, x],
or, in expanded form,
—Ily—Ie+1Iy+Ile=—y—x+y+z,
y+r—y—cr=-y—cz+y-+ax,

whence it follows that

r+ytyt+tr—y—r=y+ux,
r+r+y+tyt+tr=cs+y+ax+x+y,
204+ 2y+2x=c+y+ar+tort+yt+r=2x+y+a)

which proves (2.24).

Remark 5. If Q(+) is metabelian then the identity (2.24) is satisfied
automatically.

Example of a II-quasigroup which satisfies an identity of type T7.

Let -y = x 4+ y, where Q(-) is a group of exponent 3, in additive
notation 3z = 0. Here, evidently, R = L = 1.!® The condition LI = IL
holds trivially. The quasigroup (o) has the form: zoy = z—y+x = y—x+y.
The loop (@) is defined by the equality: = @y = IN"'o +y + I\y =
In+y+Ie=—-z+y—2x=—x+y+ 2z Itis known [1] that (@) is a
commutative Moufang loop.

8Editors’ Remark: The original text says “Let (Q,-) be a group of exponent 3, in
additive notion 3z = 0. Here, evidently, R = L = 1.” but this text does not make good
sense.
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2) II-quasigroups A = (-) of type T> = [1,1,1].
Such quasigroups satisfy the identity
z(y - yz) =y. (2.30)
We suppose that the quasigroup @Q(-) has an idempotent element 0 and
we consider the LP-isotope # +y = R~ 'z - L™y, where R = Ry, L = Lg
and so 0 is the identity of the loop Q(+).
Replacing (-) by (+) in (2.30), we get
Rz + L(Ry + L(Ry + Lx)) = y. (2.31)
Assume that Q(+) is a group and that RL = LR. Then (2.31) implies that
Ly +L(y+xz)) = -RL 'z + Ry

If y=0, then L?2 = —RL™ 'z, whence L? = IRL™! and so R = I L3 (where
Iz = —x). We note that IL = LI, because IL = RL™3L = L72R = LI.
Consequently, the following equality must hold in Q(+):

Ly + L(y + ) = L2z + IL 3y, (2.32)

and (since x -y = Rx + Ly) the quasigroup operation (-) can be expressed
in terms of (+) as follows:

z-y=—L3+ Ly. (2.33)

It is easy to check the converse statement. The quasigroup Q(-) defined by
(2.33), where (+) is a group and L is a permutation satisfying the identity
(2.32), will be a II-quasigroup of type [1,1,[], i.e. in this quasigroup the
identity (2.30) will be satisfied. We have
z(y-yzr) = — L3z + L(—L%y + L(— L3y + Lx))
= L3z + L*(Lz) + IL73(—L3y)
= L3+ L3z + IL31 L3y = y.

Putting x = 0 in (2.32) we get L(y + Ly) = IL~3y, whence
1+L*+L°=0.

If L is an automorphism of the group Q(+), then (2.32) implies that
Ly+ L?>y+ L%z = L?z + IL 3y and, from above, we also have Ly + L%y =
IL=3y whence IL 3y + L?x = L?x + 1L 3y, and so y + 2 = = + y: that is,
in this case the group Q(+) is abelian.
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3) II-quasigroups A = (-) of type Ty = [1,1,Ir].

Such a quasigroup (@, ) is a Stein quasigroup in which the identity z-xy =
yx holds. In [3] it was proved that, if Q(-) is isotopic to a group, then this
group is metabelian.

4) II-quasigroups A = (o) of type Ts = [1,1,1r].
In such quasigroups the identity

xo(yox)=(yox)oy (2.34)

holds. From (2.34) it follows at once that (o) is idempotent. Indeed, let
y = fz. Then, zo(fyox)=(frox)o fyorzox =xo0 f, and so z = f,.
Thus, y = f, = z = f, and so z o x = f, o x for every choice of x: that is,
x ox = z for every choice of x.

Letz-y = Rflm o Lfly, where 1 is a fixed element of ). It is clear that
1 is the identity of the loop Q(-). After transformation of (o) into (-), the
equality (2.34) takes the form

Rz - L(Ry- Lz) = R(Ry - Lz) - Ly, (2.35)

where R = Ry, L = L;. By replacing y and 2 by L™ 'y and L' respec-
tively in (2.35), we obtain

RL™'z-L(RL™'y-2) = R(RL 'y -z) -y
or
ez - L(py - x) = R(ey - x)y, (2.36)

where ¢ denotes the mapping RL ™.
Further we assume that Q(-) is a group. Let @y-z = z. Then z = Ipy-2
(where Tu = u~ ') and (2.36) implies that

e(Ipy-2)Lz=Rz-y, @(lpy-z)= ReylLz,

©(yz) = Rz-¢ 'y-ILz. (2.37)

If 2 =1, then ¢ = ¢ T and so ¢? = I and the equality (2.37) takes the
form
o(yz) = Rz -y - ILz. (2.38)

It is easy to observe that (2.38) and ? = I together imply (2.37).
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We determine ¢(zyz) in two ways:
o(ryz) = o(xy - 2) = Rzp(xy)I Lz = RzRypxI Lyl Lz,
plryz) = (- yz) = R(yz)prlL(yz).

Consequently,
RzRypxI Lyl Lz = R(yz)pxIL(yz),

whence, replacing ¢z by x, we obtain
(IR(yz)RzRy)x = x(IL(yz)LzLy). (2.39)
Putting = = 1, we deduce that the equality (2.39) implies
IR(yz)RzRy = IL(yz)LzLy = C~(y,2), say.
Then (2.39) implies that C~!(y, z) belongs to the centre Z of Q(-). So,
R(yz) = RzRyC(y,z2), L(yz) = LzLyC(y, 2). (2.40)

Now we show that R and L commute. Putting x =1 and y = 1 in turn
into (2.36), we deduce that

Loy = Ryy -y, @x-Lr= R,

whence Ly = Ry - ¢ 'y or o'y = IRy - Ly and pxr = RxlLzx. But
Io=¢ ' so I(Rx-ILz) = IRz - Lr. That is, Lx - IRx = IRx - Lz or

Rx-Lxr=Lx-Rxr==x (2.41)

because * = x ox = Rx - Lz from the definition of the operation (-).
Replacing = by L'z in (2.41), we obtain RL™ 'z -2 = L™z, or oz -z =
L~'z. Also, from above, px = Rz - ILx = ILxz - Rx because Lz and Rz
commute. On the other hand, the equality RL™'2 - x = L~ 'z implies that

L 'Rz =RL 'Rz - Rr = (RL™Y)?Lz - Rz = p*Lx - Rx = ILx - Rx.
Consequently, pz = L™ 'Rz or RL™! = L™'R, whence RL = LR.

Theorem 4. Suppose that the mappings R and L of a group Q(-) satisfy
the conditions (2.40) and (2.41), where C(z,y) is in the centre Z of Q(-).
Then the isotope Q(o), where x oy = Rx - Ly, is a Il-quasigroup of type
[1,1,1r].
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Proof. To prove this theorem, we compute the left and right sides of the
equality (2.34) using (2.40).

ro(yox)= Rz L(Ry- Lr) = ReL?xLRyC(Ry, L),
(yox)oy = R(Ry- Lx)- Ly = RLzR*yC(Ry, Lx)Ly.
But RxL?z = LRx and R?>yLy = RLy as we now show.
RrL*r = RvIR?x = RzIR(Rx) = L(Rz) = LRz,
R?yLy = IL?yLy = IL(Ly)Ly = RLy.

Here we used the equalities R? = I'L? (which follows from ¢? = I and
RL™' =L 'R)and 2-IRx = Lz, ILx -z = Rz (the latter identities being
a consequence of Lx - Rx = x). Thus,

xo(yox)= LRxLRyC(Ry, Lx),
(yoz)oy= RLxRLyC(Ry, Lx),

whence, because RL = LR, we obtain z o (yox) = (yox)oy. O
Now we prove the following result.

Theorem 5. If a group is isotopic to a Il-quasigroup of type [1,1,1r], then
1t 1s metabelian.

Proof. For the proof we use the equality (2.38): namely,
o(yz) = Rzpyl Lz.

But ¢ = RL™'. We showed above that RL = LR and IL = R?L~!, where
the last equality follows from R? = IL2. So, (2.38) can be written as follows:

L'R(yz) = Rz- L 'Ry - L"'R?z,

R(yz) = L(Rz- L™ 'Ry - L'R?2). (2.42)
Next we determine L(uvw) using the second equality of (2.40):

L(uvw) = L(uv - w) = LwL(uv)C(uv, w)
= LwLvLuC(u,v)C(uwv,w) = LwLvLuD(u,v,w),

where C'(u,v)C(uv,w) = D(u,v,w) € Z, the centre of the group Q(-).
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Consequently, from (2.42) and the first equality of (2.40), we obtain
RzRyC(y,z) = L(L 'R?2)L(L~'Ry)L(Rz)D(Rz, L 'Ry, L' R?z),
RzRyC(y,2) = R?2RyLRzD(Rz, L~ 'Ry, L™ R?2),

RzRy = R*2RyLRzK (y, 2), (2.43)
where K(y,z) = D(Rz, L'Ry, L"'R?2)C~Y(y, 2) € Z.
Replacing Rz, Ry by z, y respectively in (2.43), we get
2zy=Rz-y-Lz - K(R 'y, R '2),
where K (R 'y, R"12) € Z. But z = Rz - Lz from (2.41), so
Rz-Lz-y=Rz-y-Lz-K(R'y,R™'2), Lz-y=vy-Lz-K(R 'y,R™'2),
zoy=y-z- KR 'y, R7'L7'2), (2.44)

where K(R™'y,R"'L~'z) € Z. So, (2.44) implies that [z,y] =
K(R 'y, R71L712),i.e. [2,y] € Z, which means that Q(-) is metabelian.!”
O

5) II-quasigroups A = (-) of type Tio = [1,Ir,1].
In such quasigroups
Ty - yr =1y. (2.45)

We remark at once that these quasigroups and also quasigroups satisfying
the identity zy - yx = x are difficult to characterize completely even if we
suppose that they are isotopic to groups.

We assume that there is an idempotent element 0 in the quasigroup Q(-)
and we consider the isotope x + y = Ro_lx : Lgly, whence z -y = Rx + Ly
(where R = Ryg, L = Lo and 0 -0 = 0 is the identity of the loop Q(+)).
Replacing the operation (-) by (4) in (2.45), we get

R(Rz + Ly) + L(Ry + Lx) = y. (2.46)

Putting 2 = 0 and y = 0 in turn into (2.46), we obtain RLy+ LRy = y and
R?x + L2z =0, or

RL+LR=1, (2.47)
R?+I1?=0. (2.48)

¥The Editors have simplified and made unambiguous the latter part of this proof by
a change of notation for the centre elements and by inserting missing symbols denoting
the operation (-).
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Let us suppose now that Q(+) is a group and that R and L are automor-
phisms of this group. Then it follows from (2.46) that

R%*z + RLy + LRy + L%z =y,
whence, by (2.47), we obtain
R’z +y+ Lz =y,

or
y+ L%z = —R%z +v.

But (2.48) implies that —R?xr = L2z, and consequently we have
y+ L%z = L*z + v,

that is, in this case the group Q(+) is abelian.

Now, we strengthen our suppositions. Suppose that RL = LR, then
(2.47) implies that 2RL = 1, 2RLx = z, 2z = L' Rz, i.e. the mapping
T :x — 2z is a permutation of the set Q, 7= L 'R~L.

We determine another connection between R and L. It is evident that
R(2z) = 2Rz, hence R(2LR) = R is equivalent to 2R*L = R. But R? =
—L? whence 2(—L?)L = R, R = —2L3. By symmetry, L = —2R5.
Moreover, we have R? + L? = R? 4+ (—2R3)? = R? + 4R5 = 0, whence
it follows that 4R* = —1. Analogously, 4L* = —1. We obtain the same
connection using the three relations 2RL = 1, L = —2R3 R = —2L°
alone.

The following proposition is true: if Q(+) is an abelian group having L
as an automorphism and if 4L3 = —1 and -y = —2L3x + Ly, then Q(-) is
a II-quasigroup of type [1,1r,1]:

vy - yr = —2L3(—2L3%x + Ly) + L(—2L3y + Lx)
= 4L% — 2L%y — 2L%y + L*z = L*(1 + 4Lz — 4Ly = y.
Example of a m-quasigroup of type [1,Ir,1]. Let Q(+,-) be the field of
complex numbers. We define z oy = a(z +iy), where a® = —%i. Then Q(o)
is a II-quasigroup of type [1,[r,[]. Indeed, we have
(zoy)o(yox)=ala(x +iy) +ialy + i)
= a%(x + iy + iy — x) = 2a%iy = y.
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Here Rz = ax, Lx = aix.?°

6) II-quasigroups A = (-) of type Ty = [1,7l,lr].
In such quasigroups the identity
XY Yy =1c-xyY. (2.49)

is satisfied. Let v +y = R, 'z~ L;ly. Then x -y = Rx + Ly, where R = R,,
L = Ly. Replacing the operation () by (+) in (2.49), we get

R(Rxz + Ly) + Ly = Rx + L(Rxz + Ly),

whence
Rlz+y)+y=x+ Lz +y). (2.50)

Putting y = 0 (where 0 = ba is the identity of the loop Q(+)), we obtain
Rx = x + Lx. This together with (2.50) imply that

[z+y+ Lz+y)l+y=z+ Lz +y),
and so y+Lx+y)+y=Lx+y).

provided that (Q,+) is a group.
Replacing L(z +y) by « we have

y+r+y=uw.

From this it follows that 2y = 0 and z +y = y + . Therefore, we have
proved the following proposition.

Theorem 6. If a group is isotopic to a Il-quasigroup of type [1,7l,1r], then
it 1s an abelian group of exponent two. O

The equality Rz = x + Lz shows that L is a complete mapping.* We
show that, if Q(+) is an abelian group of exponent two and L is a complete

20Here, 0 is an idempotent element of the quasigroup (Q,0) and Roz = z00 = ax+0,
Lor =002 =0+ aix.

“A permutation ¢ is called a complete mapping for a quasigroup Q(-) if there exists
another permutation ¢’ of the set Q such that z - p(x) = ¢'(z) for all z € Q.
Editors’ Remark: The mapping ¢’ is called the orthomorphism corresponding to ¢.
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mapping, then Q(-), where x -y = x + Lx + Ly, is a II-quasigroup of type
[1,rl,lr]. Indeed,

x-zy=x+ Lz + L(xy) =x + Lz + L(x + Lz + Ly),
xy-y=uaxy+ L(zy)+ Ly =x + Lx + Ly + L(x + Lx + Ly) + Ly
=z + Lx + L(z + Lx + Ly).

Consequently, = -zy = zy - y.

We end this Section by showing that an arbitrary group of exponent
two has a complete mapping. For this purpose, we remark that any
finite group @ of exponent two can be presented as a set of n-tuples
{a = (a1,a2,...,a,)}, where a; € {0,1} — the cyclic group of order two. It
is clear that 2a = 0 and that 0 = (0,0, ...,0). We define the mapping L on
@ by putting

La = (a1 + ag,as +as,...,an—1 + an,a1).

It is evident that L produces a permutation of the set (). We determine R,
where Ra = a + La:

Ra = (a1,a2,...,an-1,a,) + (a1 + a2,a2 + as,...,an—1 + an,ai)
= (a1 +a1+ag, a2 +ax+as,...,an—1+an—1+ an,an +ay)
= ((Zg,ag, ey O,y Gp + CLl).

Clearly, R is a permutation of the set ) and so L is a complete mapping.
Therefore, we have proved that any finite group of exponent two is isotopic
to a II-quasigroup of type [1,rl,lr].

It remains to consider the last case.
7) IlI-quasigroups A = (-) of type T1; = [1,Ir,rl].
In such quasigroups the identity

Ty - yr = x. (2.51)

holds. Very little can be said about these quasigroups apart from the fact
that they are similar to the II-quasigroups of type [1,lr,[]. Assuming that
Q(-) has an idempotent element 0 then, by putting Ry = R, Lo = L and
replacing the operation (-) by (+) in (2.51), where = +y = R~ 'x - L1y,
we obtain the equality

R(Rz + Ly) + L(Ry + Lz) = z,
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whence it follows that
RL+ LR =0,

R+ I*=1. (2.52)

If we suppose also that Q(+) is a group and that R and L are automorphisms
of this group then, contrary to the situation for quasigroups of type 119 =
[1.lr,1], the mapping R cannot be expressed in terms of L. However, we can
construct examples of groups Q(+) with automorphisms R and L satisfying
(2.52). One such example is the quasigroup defined by Table 2.

§3. Some remarks

1. From Table 6 it follows that, when a quasigroup Q(-) satisfies some
minimal identity from that Table, then (-) is orthogonal to one or more
parastrophes of (). So, we have a natural question: Under which systems
of identities from Table 1 will a quasigroup () be orthogonal to all of its
parastrophes?

First we give such a table (Table 7).

No. | Orthogonality | No of identity in Table 1
1 11lr 1,2,3,6
2 111 6
3. 117l 2,4
4 1L1r 4
5 1ls 3,5, 7
Table 7

From the table, we see that the identities 4 and 6 must both be satisfied
in order to ensure the orthogonalities 1 L[, 1LIlr ,i.e. the identities xy-x =
y-xy and xy-y = x -2y must both be satisfied. To guarantee the remaining
orthogonalities we have to take the following combinations: (3,4, 6), (5,4, 6)
or (7,4,6), i.e. we need to add one of the identities z-xy = yz, yr-zy = x
or xy - yxr = x to the previous two identities.

We shall consider each case separately.
1ST CASE: (3,4,6).

We have the identities

ToxYy=Yyr, TY-T=Y-TY, TY-Y=1I-TY. (3.1)
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If we put u = zy and v = yz, the identities (3.1) take the form
Tu=v, Ur=yu, UY=Iu.
We calculate v - zv in two ways:

v-zv = (yz)(z-yx) = (yz)(yz  y) =y - yr = 2y = u.
Here we used the identities 3 and 4.

v-av = (ya) (@ - y2) = (@ oy)[o(e - o)) = (2u)(@ - 2u)

=(z -2u)r =ur T =Uu-Uur = TU.

Here we used all the identities from (3.1). Comparing the results obtained,
we get xu = wu. But Stein’s identity = - zy = yx implies idempotency.
(Putting x = y in this identity, we obtain x - xx = zx, whence 2% = z.)
So the equality zu = w can be re-written in the form zu = wu. Therefore
u = x: that is, zy = x = zz and so y = x. Thus, the identities (3.1) are all
satisfied only in a one-element set.

2ND CASE: (5,4,6).
We have
yr-ry==x, TY-T=Y-TY, TY-Y=7T-TY. (3.2)

The equality = = y follows directly since

z = (zy-z)(z 2y) = (y - 2y)(zy - y) = Y,

and, because x and y independently may be any elements from (@), the
equality = = xy implies that all elements of @ are equal. So, in this case
also, the identities from (3.2) hold simultaneously only in a one-element
quasigroup.
3RD case: (7,4,6).

We have the identities

Yy -yr=x, ITY - r=Y-rY, ITY Y= Y.
Here the proof is almost an exact copy of that above. We have
z=(z-zy)(zy-x) = (2y - y)(y - 2y) = 2y,

and so on.
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So, we have proved

Theorem 7. A II-quasigroup Q(A) in which minimal identities (of specified
types) hold cannot be orthogonal to all of its parastrophes. O

On the other hand, it is easy to construct a quasigroup A such that
PA1"A for any specified 0,7 € S3. Here is an example: A(z,y) = 2z + 3y,
where Q(+,-) is the field of rational numbers. The parastrophes of A are
as follows:

ANz, y) = 3(=22 +y), Az, y) = 5(z — 3y),
AT =3Bz —y), (T'A) Nz, y) = —5 (- +2y),
A*(x,y) = 3z + 2y.
Since the determinant of the system of equations %A(z,y) = a, "A(z,y) = b
for each pair 0,7 € S3 is not equal to zero, we have A_L"A.

2. The connection between minimal identities and orthogonality sug-
gests the following question: Are there other identities which give rise to
orthogonal parastrophes?

To obtain a reply to this question, we return to the notion of a minimal
nontrivial identity. As was shown earlier, every such identity can be written
in the form ABC = FE or, more precisely,

Az, B(x, C(x,9))) = y- (3.3)

As we remarked earlier, all other minimal nontrivial identities can be trans-
formed to this form. Thus, in particular, the identity:

can be so transformed.
The converse statement is valid too: an identity of the form (3.3) is
equivalent to an identity of the form (3.4). Indeed, (3.3) implies that

“Ay, B(z,C(z,y))) = o (3.5)
Let C(x,y) = z, then y = C~!(x, 2), whence (3.5) becomes
“A[C Nz, 2), B(x, 2)] = (3.6)

and so we obtain an identity of the form (3.4).
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We deduce that

Lemma 3. If the quasigroups G, K, L are connected by the identity (3.4),
then K 1 L%

Proof. Indeed, comparing (3.6) and (3.4) we can write G = 4, K = C~!
and L = B. Hence A= "'G, B=L, C = K~! and the equality ABC = E
takes the form “'GLK~! = E. Then LK follows from Lemma 1. O

Using the notation of §0, the identity (3.4) can be written in the
form GO = F or G(K,L) = F, where § = (K, L), because G(z,y) =
G(K,L)(z,y) = G|K(z,y), L(z,y)] = =.

We also have the following result:

Lemma 4. If K, L are orthogonal quasigroups, then there exists a unique
quasigroup G such that G(K,L) = F.

Proof. Indeed, let K 1L, then § = (K, L) is a permutation of the set Q2. For
6 there exists an inverse permutation §~! = (G, H), where the operations
G and H must be quasigroups by the theorem of §0. Furthermore, we have
0710 = (G, H)§ = (GO, hf) = &, where ¢ is the identity permutation of Q2.
But & = (F, E), thus (GO, H) = (F, E), whence it follows that G = F or
G(K,L)=F. O

Next we show that there exist identities of length greater than five with
the required property. Suppose that a quasigroup Q(-,\,/) is given and
let f(u,v) be an arbitrary word of length at least two in this quasigroup.
Further, let A, "A be two parastrophes of the quasigroup (-) = A. Consider
the identity

f(A(z,y), A2, y)) = = (3.7)

The word f(u,v) defines some binary operation. Let YA = B. Then = =
~1B(B(z,y),y). Consequently, the identity (3.7) can be written in the form

f(B(x,y),A(z,y)) = ' B(B(x,y),y),

(T'B) "N (B(z,y), f(B(z,y), Az, y)) = y. (3.8)

2'Editors’ Note: T. Evans stated this result as an if and only if theorem in his 1975
paper[13] and F. E. Bennett [10] then used that theorem to obtain his seven identities
equivalent to those in Table 1.
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We define a subword f’ in the following way:

f/(u’ U) = (_IB)_I(uvf(uvv))’

i.e. f'(u.v) also defines a certain binary operation on the quasigroup Q(-).
Therefore (3.8) has the form

f' Az, y), Az, y)) = v. (3.9)

Let (7A,") = 0 be a mapping on the set Q2. Equalities (3.7) and (3.9) can
be written briefly as:
f0=F, fo=E.

Consequently, £ = (F,E) = (f0, '0) = (f, f)0 (cf. 8° of §0). The pair
(f, f') also defines some mapping @, so we can write @ = (f, f’). Thus,
@0 = &. In the case when @ is finite, Q? is finite too, and then @, @ are
permutations of the set @2. Because § = (%A,4) is a permutation, we
obtain “A17A.

Moreover, because ¢ = (f, f') = 6~1, @ also is a permutation, we can
apply the theorem in 8° of §0 and deduce that f is a quasigroup.

For instance, let f(u,v) = (uwv)(v\u) and let

Alx,y) =z\y, Az,y) =y=.

We obtain the identity

[(2\y) (y2)][(y2)\ (z\y)] = =

Then (\ )L(x), where z xy = yx, and the mapping A : (u,v) — (uv)(v\u)
will be a quasigroup.

3. When we investigated identities of the above kind taken from the
types in Table 1, we attempted to transform them into a particular form:
namely, to identities equivalent to the originals but containing only one basic
operation (-). In this connection, we make two remarks. In general, besides
the identities listed in that table, there are six other minimal nontrivial
identities involving only one operation. We list them below (they can be
obtained in a simple way):

)

4) (yz-z)z

y (T2), 2) (yx-y)z=y (Ts), 3) (vy-y)r =y (Tz),
y (Th), 5) z(y-zy) =y (Ts), 6) z(x-yzx)=y (T2).
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The identity type from Table 1 which is equivalent to each of the six listed
identities is given in parentheses. It is interesting to add that the identities
2) and 5) are parastrophically equivalent to an identity of type Tg having
length six. This can be checked directly: the identity Ty, ie. zy -z =
y - xy is parastrophically equivalent to an identity of type Ts = [1,,1r],
ie. z(x/(y/r)) = y which is equivalent to the identity y/(z/(y/x)) = =.
Replacing (/) by (%) and then putting x*y = yz, i.e. applying parastrophic
equivalence, we obtain y * (x * (y * x)) = «, that is, (zy - )y = x, which is
exactly the identity 2).°

In connection with the above, we should make the following (second)
remark. The identity Ty, i.e. 2y -2 = y - xy, is not minimal in our sense
because it has length six. But it is equivalent to the identity x(x/(y/z)) = v,
which is minimal. It is easy to see that, if we have an identity of the form

f1(x,y, Z) = f2($, Y, Z)’

where z = xy, and if the number of occurrences of = (or y) is smaller than
the number of occurrences of z = zy then, after replacing = by z/y in the
first case or y by z\ z in the second case, we obtain an identity of shorter
length. For example, in the identity T (i.e. xy -2 = y - xy) which has
length six, the elements = and y occur only once while the subword z = zy
is repeated twice. But, putting z/y instead of x, we obtain the identity
2(z/y) = yz which has length five.

4. The identities implying orthogonality of parastrophes which are con-
sidered above involve only two variables. This raises the question: Are there
identities containing more than two variables which 1mply the orthogonality
of parastrophes of a given quasigroup? We show that such identities ex-
ist. A general method of constructing such identities is the following. Let
D(z,y) = y be a minimal nontrivial identity which holds in the quasigroup
Q(:), i.e. D = ABC, where A, B, C are parastrophes of the quasigroup (+).
Consider the following identity w; = wg, where w; (or wy) has the form

wy =...D(u,v)...,

where u, v are some subwords. The dots denote variables, parentheses and
operation symbols which have been omitted, while D denotes the product

®In obtaining such identities, we considered also identities of the form (zy - z)y =y
for example, but such ones can be omitted because, for instance, the example given here
is equivalent to the identity xy -z = y/y, which is trivial according to our definition since
it has a subword of the form A(y,y).
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ABC, where A, B, C are parastrophes of the operation (-). We assume
further that the subword u contains the free element = exactly once and
that the subword v contains the free element y exactly once. Moreover,
we suppose that x and y do not appear elsewhere in w; and that the free
element y appears exactly once in ws.

We make a retraction of all elements except x and y in the identity
wy = wo, i.e. we replace all elements except x and y by constant elements
of Q. Then u and v become replaced by ax and By respectively, while w;
and wy are replaced by vD(ax, fy) and Jy respectively, i.e. we obtain the
identity

vD(ax, By) = oy,

which is valid for any z and y in @. Since all these transformations are
made in the quasigroup Q(-), «, (3, 7, § are permutations of the set Q.
Replacing az and By by = and y, we get

vD(z,y) =081y,

whence we obtain 3§ 1yD(z,y) =y or

eD(z,y) =y, (3.10)

where ¢ = 35~ 1y. More precisely, because D = ABC, the equality (3.10)
can be written as

pA(z, B(z,C(z,y))) = y. (3.11)

Let us define the operation A’ by A’'(z,y) = ¢ A(x,y). Then (3.11) can be
written briefly in the form A’BC = E, which means that B1LC™!.

Example. Consider the identity

(z2)[(2z) (22 - ty)] = 22(2y - 1). (3.12)

We may choose zz and ty as the subwords w and v. The left side takes
the form w; = u(u - uv). Replacing z and ¢ by fixed elements o and 3, we
obtain the identity ax(az(ax - By)) = vy, whence, replacing ax by x and
By by y, we get z(z - zy) = v8 'y or By a(z - ay)] =y. If A= () and
A" = pA, where ¢ = 3y~ and @A is defined by (¢A)(x,y) = pA(z,y),
then A/AA=FE ie. ALA™L

We remark that quasigroups satisfying the identity (3.12) do exist. For

example, an abelian group Q(-) of exponent three (i.e. 3 = 1 for all z € Q)
satisfies (3.12).
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Nontrivial quasigroups (ones with more than one element) satisfying
specified identities obtained in the above way do not always exist. An
example of such an identity is

(@ ey)2)t = (ey - y)(=t). (3.13)

Here, the identity D(x,y) = y is some identity of type Tg, i.e. z((y/x)\x) =y
(cf. Table 1), the derived form of which is x - zy = zy - y. In other words,
by changing some of the operations in (3.13) to parastrophes, it can be
transformed?? to {{z[(y/z)\z]}z}t = y - zt, which is the form wanted.

However, if we put = = f, in (3.13), we get yz - t = y* - 2t.

Replacing z by y and then cancelling y? gives the equality ¢ = yt, which
is valid for all y and ¢t in (). But in a nontrivial quasigroup such an identity
is impossible.

5. In this last subsection, we formulate some questions:

1. In §2, we studied II-quasigroups which are isotopic to groups. For II-
quasigroups satisfying identities of types 15, T1g and 771, we were unable to
obtain a complete answer. Therefore, we pose the following problem: Find
a complete characterization of groups isotopic to quasigroups which satisfy
one of the identities x(y - yxr) =y, zy-yxr =y and xy - yx = T.

2. The following question generalizes that raised in the first subsection
of this Section: Under which systems of identities will a quasigroup (Q,-)
be orthogonal to all of its parastrophes?

3. In the second subsection of this Section, we constructed identities
of arbitrary length containing two free elements which guarantee the or-
thogonality of two parastrophes. Prove that any identity involving two free
elements which guarantees the orthogonality of at least two parastrophes of
the quasigroup Q(-) has the form described in that subsection.

4. Finally, we pose the general problem: Describe all identities which,
when satisfied in a quasigroup Q(-), guarantee the orthogonality of some
parastrophes of the given quasigroup.

In place of this, probably, we should seek to solve a more restricted
problem: namely, Do there exist identities with two free elements which
imply the orthogonality of some parastrophes but which do not have retracts?
(cf. subsection 4 of this Section)

22We have z((y/x)\z) = y. Put y/z = v and u\z = v. Then y = ux and = = uv so
wv-v =y =u-uv. Since (3.13) can be written as [(u - uv)z]t = (uv - v)(zt) by changing
the variables, it is equivalent to yz -t = y - 2zt or ((z[(y/z)\z])z)t = y - zt which is the
form claimed.



72

V. D. Belousov

References

1]
2
3
4
51
6]
7
8]
9]

10]

[11]

12]

[13]

14]

[15]

V. D. Belousov: Foundations of the theory of quasigroups and loops, (Rus-
sian), Nauka, Moscow, 1967.

V. D. Belousov: Systems of orthogonal operations, (Russian), Mat. Sb.
(N.S.) 77(119) (1968), 38 — 58.

V. D. Belousov and A. A. Gvaramiya: On Stein quasigroups, (Russian),
44 (1966), 537 — 544.

J. Dénes and A. D. Keedwell: Latin squares and their applications,
Académiai Kiado, Budapest and Academic Press, New York, 1974.

D. A. Norton and S. K. Stein: Cycles in algebraic systems, Proc. Amer.
Math. Soc. 7 (1956), 999 — 1004.

K. T. Phelps: Conjugate orthogonal quasigroups, J. Combinatorial Theory,
A25 (1978), 117 — 127.

A. Sade: Quasigroupes obéissant d certaines lois, Rev. Fac. Sci. Univ. Istam-
bul. Sér. 22 (1957), 151 — 184.

S. K. Stein: On the foundations of quasigroups, Trans. Amer. Math. Soc.
85 (1957), 228 — 256.

R. Artzy: Isotopy and parastrophy of quasigroups. Proc. Amer. Math. Soc.
14 (1963), 429 — 431.

F. E. Bennett: The spectra of a variety of quasigroups and related combi-
natorial designs, Discrete Math. 77 (1989), 29 — 50.

F. E. Bennett H. Zhang: Latin squares with self-orthogonal conjugates,
Discrete Math. 284 (2004), 45 — 55.

F. E. Bennett: Quasigroups, in "Handbook of Combinatorial Designs", Eds.
C. J. Colbourn and J. H. Dinitz, CRC Press, 1996.

T. Evans: Algebraic structures associated with latin squares and orthogonal
arrays, Congressus Numerantium 13 (1975), 31 — 52.

A. Sade: Quasigroupes parastrophiques. Expressions et identités, Math.
Nachr. 20 (1959), 73 — 106.

M. E. Stickel and H. Zhang: First results of studying quasigroup identities
by re-writing techniques, Proc. Workshop on Automated Theorem Proving,
Tokyo, 1994.

Note. Bibliographic items [9] to [15] have been added by the Editors and relate
to the numbered footnotes and the Comments on page 40.



