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(Weak) Implicative hyper BCK-ideals

Radjab A. Borzooei and M. Bakhshi

Abstract

In this manuscript first we define the notion of weak implicative hyper BCK-ideal of
a hyper BC'K-algebra. Then we state and prove some theorems which determine the
relationship among this notion and (weak, commutative, (strong) implicative) hyper
BC K-ideals, positive implicative hyper BC'K-ideals of type 1,3,...,8 and (strong) pos-
itive implicative hyper BC K-ideals. Specially, we prove that if H = {0, a,b, c} is a hyper
BCK-algebra of order 4, such that a oz = {0}, for all 0 # = € H and I is a hyper
BCK-ideal and weak implicative hyper BC K-ideal of H, then I is a positive implicative
hyper BCK-ideal of type 3.

1. Introduction

The study of BCK-algebras was initiated by Y. Imai and K. Iséki [7] in
1966 as a generalization of the concept of set-theoretic difference and propo-
sitional calculi. Since then a great deal of literature has been produced
on the theory of BCK-algebras. In particular, emphasis seems to have
been put on the ideal theory of BC K-algebras. The hyperstructure the-
ory (called also multialgebras) was introduced in 1934 by F. Marty [13] at
the 8th congress of Scandinavian Mathematiciens. Around the 40’s, sev-
eral authors worked on hypergroups, especially in France and in the United
States, but also in Italy, Russia and Japan. Over the following decades,
many important results appeared, but above all since the 70’s onwards the
most luxuriant flourishing of hyperstructures has been seen. Hyperstruc-
tures have many applications to several sectors of both pure and applied
sciences. In [12], Y. B. Jun et al. applied the hyperstructures to BCK-
algebras, and introduced the notion of a hyper BCK-algebra which is a
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generalization of BC'K-algebra, and investigated some related properties.
They also introduced the notion of a hyper BC'K-ideal and a weak hyper
BC K-ideal and gave relations between hyper BC' K-ideals and weak hyper
BCK-ideals. Y. B. Jun et al. [12] gave a condition for a hyper BC K-algebra
to be a BCK-algebra. In [2|, R. A. Borzooei and M. Bakhshi introduced
the notions of positive implicative hyper BC' K-ideals of types 1,2,...,8 and
gave relations between these notions and (weak, strong) hyper BC K-ideals.
They also in [1], introduced the concept of commutative hyper BC K-ideals
of types 1,2,3 and 4 and give some relations among these notions and pos-
itive implicative hyper BC K-ideals of types 1,2,...,8 and (weak) hyper
BCK-ideals and state its characterizations. In [8], Y. B. Jun et al. intro-
duced the notion of implicative hyper BC'K-ideals and gave some relations
between this notion and hyper BC K-ideals. Now, in this paper we intro-
duce the concept of weak implicative hyper BC' K-ideal and we study some
related properties. Moreover, we give some relations among (weak) hyper
BCK-ideal, (weak) implicative hyper BC' K-ideal, positive implicative hy-
per BC K-ideals of types 1,2,...,8 and commutative hyper BC K-ideals of
types 1,2,3 and 4, under suitable conditions.

2. Preliminaries

Definition 2.1. By a hyper BCK-algebra we mean a non-empty set H
endowed with a hyperoperation “o” and a constant 0 satisfying the following
axioms:

(HK1) (zoz)o(yoz)<xoy,

(HK2) (zoy)oz=(zoz)oy,

(HK3) o H < {z},

(HK4) z < yand y < x imply x =y,
for all z,y,2z € H, where x < y is defined by 0 € x oy and for every
A,B C H, A< B is defined by Va € A, 3b € B such that a < b. In such
case, we call “<” the hyperorder in H.

Example 2.2. (i) Define a hyperoperation “o” on H = [0, 00) by
[0, z] if <y
zoy=1< (0,y] if x>y#0
{x} if y=0

for all x,y € H. Then H is a hyper BC' K-algebra.
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(ii) Let H ={0,a,b,c}. Consider the following table:

o ‘ 0 a b c
0| {or {o} {o} {o}
a|{a} {0} {0} {0}
b | {or {b} {0} {0}
c|{c {t {t {0,c}

Then H is a hyper BC' K-algebra.

Proposition 2.3. [12| In any hyper BCK-algebra H, the following hold:

(1) wo0={x}, (iv) A<LA,
(ii) zoy <K x, (v) AC B implies A< B,
(i1i) 00 A = {0}, (vi) Ao{0} ={0} implies A= {0},

for all x,y,z € H and for all non-empty subsets A and B of H.

Let I be a non-empty subset of a hyper BCK-algebra H and 0 € I.
Then [ is said to be a strong hyper BCK -ideal of H if (x oy) N1 # () and
y € I implies that x € I, hyper BCK-ideal of H if roy < [ and y € [
imply « € I, weak hyper BCK-ideal of H if zoy C I and y € I imply
x € I, hyper BCK -subalgebra of H if x oy C I for all x,y € I, reflexive
ifxox C I, for all x € H, positive implicative hyper BCK -ideal of type 1
if (xoy)ozCIand yoz C I imply xoz C I, positive implicative hyper
BCK-ideal of type 3 if (xoy)oz < [ and yoz < I imply z oz C I,
commutative hyper BCK -ideal of type 1if (roy)oz C I and z € I imply
zo(yo(yox)) C I, commutative hyper BCK -ideal of type 3 if (zoy)oz < I
and z € [ imply zo (yo (yox)) C I, for all x,y,z € H. It is easy to see
that any positive implicative hyper BC' K-ideal of type 3 and commutative
hyper BC K-ideal of type 3 (positive implicative hyper BC' K-ideal of type
1 and commutative hyper BC K-ideal of type 1) is a (weak) hyper BC'K-
ideal, any (strong) hyper BC'K-ideal is a (hyper BC K-ideal) weak hyper
BCK-ideal and a hyper BCK-subalgebra of H. Moreover, any reflexive
hyper BC K-ideal of H is a strong hyper BC K-ideal of H.

Theorem 2.4. [1, 2| Let I be a non-empty subset of hyper BCK -algebra
H. Then,

(i) if I is a positive implicative hyper BCK -ideal of type 3 (type 1), then
I and 1, are (weak) hyper BCK-ideals of H, where for all a € H,

I,={zx€eH:xz0aCI}
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(ii) if H is a positive implicative hyper BCK-algebra (that is, for all
z,y,z € H(xoy)oz = (xoz)o(yoz)) and I is a (weak) hyper
BCK -ideal of H, then I is a positive implicative hyper BC K -ideal of
type 3 (type 1),

(iii) if I is a commutative hyper BC K -ideal of type 3 (type 1), then I is a
(weak) hyper BCK -ideal of H.

Lemma 2.5. [1, 9] Let A, B and I are non-empty subsets of hyper BCK -
algebra H. Then,
(1) if I is a hyper BCK-ideal of H, then A < I implies A C I,
(i) if I is a hyper BCK-ideal of H, then Ao B < I and B C I imply
ACI,
(iii) if I is a weak hyper BCK-ideal of H, then Ao B C I and B C I
imply A C 1,
(iv) if I is a reflexive hyper BCK -ideal of H and for x,y € H, (zoy)NI #
0, then voy < I.

3. Weak implicative hyper BC' K-ideals

From now on in this paper, we let H denote a hyper BC K-algebra.

Definition 3.1. Let I be a non-empty subset of H and 0 € I. Then I is
called a weak implicative hyper BCK -ideal of H if, (xoz)o (yox) C I and
ze€ Iimply x € I, for all x,y,z € H.

Example 3.2. Let H be hyper BC' K-algebra which is defined in Example
2.2 (ii). Then, I} = {0, a,b} is a weak implicative hyper BC'K-ideal of H,
but I, = {0, a} is not a weak implicative hyper BC'K-ideal . Since we have
(bo0O)o(cob)=boc={0} CTand0e€lbutb¢gl.

Theorem 3.3. Let I be a non-empty subset of H. Then, I is a weak
implicative hyper BC K -ideal of H if and only if I is a weak hyper BCK-
ideal of H and x o (yox) C I implies x € I, for all x,y € H.

Proof. Let I be a weak implicative hyper BC K-ideal of H, x oy C I and
yel, forx,y € H. Since (xoy)o(0ox)=zoyClandy el thenzel
and so I is a weak hyper BCK-ideal of H. Now, let x o (yox) C I, for
xz,y € H. Then by Proposition 2.3(i), (xo00)o (yoz) =z o (yox) C I.
Since 0 € I and [ is a weak implicative hyper BC'K-ideal of H, then x € I.
Conversely, let I be a weak hyper BC K-ideal of H and for all xz,y € H,z o
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(yox) C I implies that x € I. Now, let (zoz)o(yoxz) C I and z € I, for
x,y,z € H. Then by (HK2), (zxo(yoxz))oz=(xoz)o(yox) C I. Since
I is a weak hyper BCK-ideal of H and z € I, then by Lemma 2.5(iii) we
get that z o (yox) C I and so by hypothesis x € I. Therefore, I is a weak
implicative hyper BCK-ideal of H. O

Example 3.4. Let H be hyper BC' K-algebra which is defined in Example
2.2(ii). Then, I = {0,a} is a weak hyper BCK-ideal of H, but it is not a
weak implicative hyper BCK-ideal of H. Since bo (cob) =boc={0} C I
but b ¢ I.

Theorem 3.5. Let H = {0, a,b} be a hyper BCK -algebra of order 3. Then,
proper subset I of H is a weak hyper BCK -ideal of H if and only if I is a
weak implicative hyper BCK -ideal of H.

Proof. (<) The proof follows by Theorem 3.3.

(=) The only proper weak hyper BCK-ideals of H are I = {0,a} or
I ={0,b}. Let I ={0,a} be a weak hyper BCK-ideal of H. By Theorem
3.3, it is enough to show that for all z,y € H, if zo (yox) C I then z € I.
Let zo(yox) CIbutx & I, for z,y € H. Hence, z = b. Thus, bo(yob) C I
and b ¢ I. Now we consider the following cases for y.

If y =0, then {b} =bo0 =1>bo (00b) C I, which is a contradiction. If
y =aand a < b, since 0 € aob then we get that {b} =bo0 C bo(aob) C I
which is impossible. If y = a and b < a, then H satisfies the normal
condition and so by Lemma 2.6(iv) of [1], aob = {0} or {0,a}. Hence
0 € aob and so a < b which is a contradiction. If ¥y = a, a € b and
b £ a, then H satisfies the simple condition and so by Lemma 2.6(i) of [1],
aob={a} and boa = {b}. Therefore, {b} =boa Cbo (aob) C I, which
is impossible. If y = b, since 0 € bo b then {b} =bo0 Cbo(bob) C I,
which is impossible. Therefore, x € I and so I is a weak implicative hyper
BCK-ideal of H.

Now, let I = {0, b} be a weak hyper BCK-ideal of H and zo(yox) C I
but = ¢ I. Hence x = a. Therefore, ao(yoa) ClTanda g I. If y =0 or a,
then by similar way in the proof of case I = {0, a}, we get a contradiction.
Now let y =b. If b < @, then 0 € boa and so {a} =aoc0Cao(boa) =
ao (yoa) C I, which is impossible. If a < b, then H satisfies the normal
condition. Hence by Lemma 2.6(b) of [1], acb = {0} or {0, a} and boa = {a}
or {b} or {a,b}. If boa = {b} or {a,b}, then aob C ao(boa) C I. Since b € I
and [ is a weak hyper BC K-ideal of H, then a € I which is a contradiction.
Thus boa = {a}. If acb = {0}, then aob C I and b € I. Since I is a weak
hyper BC'K-ideal, then a € I, which is impossible. Hence, aob = {0,a}. By
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Lemma 2.6(iii) of [1], aca = {0} or {0,a}. If aca = {0, a}, since boa = {a},
then a € aoa=ao(boa) =ao(yoa) C I which is a contradiction. Hence
aoa = {0}. But in this case by (HK1), {0,a} = (aob)o(aob) < aca = {0}
and so a < 0, which is impossible.

If b € a and a € b, then H satisfies the simple condition and so by
Lemma 2.6(a) of [1], aob = {a} and boa = {b}. Hence {a} = aob =
ao(boa)=ao(yoa)C I, which is impossible. Therefore, xz € I and so I
is a weak implicative hyper BCK-ideal of H. O

Corollary 3.6. Let H = {0,a,b} be a hyper BCK -algebra of order 3 and
I be o non-empty subset of H. Then,
(i) I is a weak implicative hyper BCK-ideal of H if and only if I is a
positive implicative hyper BC K -ideal of type 1,
(ii) I is a weak implicative hyper BCK -ideal of H if and only if I is a
commutative hyper BC K -ideal of type 1.

Proof. (i) The proof follows by Theorem 3.5 and Theorem 3.10(ii) of [1].
(ii) The proof follows from Theorems 3.5 and Theorem 4.6 of [1]. O

Theorem 3.7. Let H = {0,a,b,c} be a hyper BCK -algebra of order 4 such
that aox = {0}, for all 0 # x € H and I be a proper subset of H. If I is a
hyper BCK -ideal and a weak implicative hyper BCK -ideal of H, then I is
a positive implicative hyper BC K -ideal of type 3.

Proof. Let I be a proper hyper BCK-ideal and weak implicative hyper
BCK-ideal of H. Then, there is the following cases for [;

{0,a},{0,b},{0,c},{0,a,b},{0,a,c},{0,b,c}

If I is equal to {0,b} or {0,b,c} (or {0,c}), since by hypothesis a 0 b =
(acc=){0} < I,beI(cel)andIisahyper BCK-ideal of H, thena € I
which is impossible. Now, we consider the following cases for I;
(i) I ={0,a,b}.

Let I not be a positive implicative hyper BC K-ideal of type 3, that is
(roy)oz < ITand yoz < I but zoz € I. Then, ¢ € z oz and so
by hypothesis and Proposition 2.3(iii),  # 0,a. Since I is a hyper BCK-
ideal, then by Lemma 2.5(i), (xoy)oz C I and yo z C I. Hence, by
(HK2) we have coy C (zoz)oy = (xoy)oz CI. Now,ify=0o0ra
or b, since coy C I and y € I then ¢ € I which is impossible. If y = ¢,
then coc C T and coz =yoz C I. Now, if z € {0,a,b} then ¢ € T and
so we get a contradiction. Hence z = c¢. By above, x # 0,a. If x = ¢,
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then ¢ € x 0 z = coc¢ C I, which is impossible. Thus x = b. By (HK3),
c € boc<k bandso0 € cob. Hence, by (HK4) 0 & boc. Moreover, if b € boc
then c€ bocC (boc)oc= (zoy)ozC I which is a contradiction. Hence
boc = {c} or {a,c}. Since ¢ < b, then boc < {0,a,b} = I. Moreover, since
I is a hyper BC'K-ideal of H then by Lemma 2.5(i), ¢ € bo ¢ C I which is
a contradiction. Therefore, I is a positive implicative hyper BC' K-ideal of
type 3.
(ii) I ={0,a,c}.

The proof of this case is nearly similar to the proof of case (i).

(i) I ={0,a}.

Let I not be a positive implicative hyper BC K-ideal of type 3, that is
(xoy)oz<k Tand yoz < Ibut xoz € I. Then, (xo2z)N{b,c} # 0. Now
we consider the following cases.

Case l.c€xoz.

By Lemma 2.5(i), (zoy)oz C I and yoz C I. By (HK2), coy C (zoz)oy =
(xoy)ozCI.

Case 1-1.If y=0o0r a, since coy C I and y € I and [ is a weak hyper
BCK-ideal of H, then ¢ € I which is impossible.

Case 1-2. If y = b, then we consider the following cases for z:

Case 1-2-1. If z=0o0r a,sinceboz=yoz C T and z €[ and [ is a
weak hyper BCK-ideal of H, then b € I which is impossible.

Case 1-2-2. If z=b,thenc € xoz =x0b, bob =yoz C I and
cob = coy C I. By hypothesis and Proposition 2.3(iii), z # 0 and a.
If x =0, then c € xob = bob C I which is impossible. If z = ¢, then
c€xob=cobC I which is impossible.

Case 1-2-3. If z=c¢,then c € xoc,cob=coy C I and boc=yoz C I.
It is clear that x # 0 and a. If x = b, then c € x oc = boc C I which is
impossible. If z = ¢, then ¢ € zoc = coc. By (HK1), (coc)o(boc) < cob C I
and so (coc)o (boc) < I. Hence, by Lemma 2.5(i), (coc)o (boc) C I.
Since boc C I and [ is a weak hyper BCK-ideal of H, then c € coc C I,
which is impossible.

Case 1-3. If y = ¢, then coc C I and co z C I. Now, we consider the
following cases for z;

Case 1-3-1.If z=0o0ra,sincecoz=yoz Cland z € [ and [ is a
weak hyper BCK-ideal of H, then ¢ € I which is impossible.

Case 1-3-2. If z = b, then c € x oz = x0b, coc =coy C [ and
cob=yoz CI. Itisclearthat x # Oand a. If z = ¢, then ¢ € zob = cob C [
which is impossible. Now, we let x = b. Then

cocCI, cobClI, (boc)obCl I, ce€bobd
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By (HK3), c € bob < b. Then 0 € cob and so 0 & boc. Moreover, b € boc.
Since if b € boc, then c € bob C (boc)ob C I, which is impossible. Hence,
boc={a} or {c} or {a,c}.

Case 1-3-2-1. If boc = {a}, by (HK1), (bob)o(cob) <boc={a} C I
and so by Lemma 2.5(i), (bob)o(cob) C I. Since cob C I and I is a weak
hyper BC K-ideal of H, then ¢ € bob C I, which is impossible.

Case 1-3-2-2. If boc = {c}, then co(boc) = coc C (bob)oc = (boc)ob C I.
Since [ is a weak implicative hyper BC K-ideal of H, then by Theorem 3.3,
c € I, which is impossible.

Case 1-3-2-3. If bo ¢ = {a,c}, since I is a hyper BCK-ideal of H,
then it is a hyper BCK-subalgebra of H and so by (HK2), we get that
(coa)ob=(cob)oa CIoaCI. Ifbéecoa,thence€bobC (coa)obC I,
which is impossible. Moreover, if coa C I, since a € I and I is a weak
hyper BC K-ideal of H, then ¢ € I which is impossible. Hence, coa = {c}
or {a,c}. If coa ={a,c}, since coc C I then

(coa)o(coa) = {a,c}o{a,c} =(aca)U(aoc)U(coa)U (coc)
= {0}uU{0}uU{a,c}U(coc)=1{0,a,c}

Hence, by (HK1), {0,a,c} = (coa)o(coa) < cocC I, and so by Lemma
2.5(i), {0,a,c} C I which is impossible. Therefore, c o a = {c}. Now, by
(HK2), (boa)oc = (boc)oa = {a,c}oa = (aca)U(coa) = {0}U{c} = {0, c}.
If b e boa, then {a,c} =boc C (boa)oc={0,c} which is impossible.
Moreover, since 0 € {0} = aob, then 0 & boa. Thus, boa = {a} or {c}
or {a,c}. f boa = {a}, since boa C I and a € I, then b € I which is
impossible. If boa = {c} or {a,c}, then coa C (bob)oa = (boa)ob C
{a,c}ob=(aob)U(cob)={0}U(cob) CI. Since a € I and I is a weak
hyper BC K-ideal of H, then ¢ € I, which is impossible.

Case 1-3-3. lf z =c,then c € xoz=x0c, coc C I. It is clear that
x#0and a. If x =¢, then ¢ € xoc = coc C I which is impossible.
Now, let = b. Hence

ce€boc, (boc)ocCI, cocCI

Since I is a hyper BCK-subalgebra of H, then by (HK2), (coa)oc =
(coc)oa C Toa CI. Now, by similar way to the proof of Case 1-3-2-3,
we can prove that coa = {c}. Also, since ¢ € boc < b, then 0 € boc.
Moreover, if b € boc, then ¢ € boc C (boc)oc C I which is impossible.
Thus, bo ¢ = {c} or {a,c}. If boc={c}, then co(boc)=cocCI. Since
I is a weak implicative hyper BC'K-ideal of H, then by Theorem 3.3, ¢ € |
which is impossible. If bo ¢ = {a,c}, then (boa)oc = (boc)oa = {0,c}.
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Now, (boa)N{0,b} = 0. Since 0 € {0} = aob then 0 & boa. Moreover,
ifbeboa,thena€bocC (boa)oc={0,c} which is impossible. Hence
boa = {a} or {c} or {a,c}. T boa = {a}, then {0} = (boa)oc={0,c}
which is a impossible. If boa = {c} or {a,c}, then {0,¢} = {0} U {c} =
(aca)U(coa) ={a,c}oa=(boc)oa= (boa)oc=cocC I, whichis
impossible. Thus, [ is a positive implicative hyper BC' K-ideal of type 3.
Case2. bcxoz
The proof is similar to the proof of Case 1, by the some modification. O

Example 3.8. Let H = {0, a,b,c}. Consider the following tables:

o1 ‘ 0 a b c 09 ‘ 0 a b c

0 | {or {o} {0} {0} 0 | {o} {o}r {o} {o}
a | {a} {0} {0} {0} a |{a} {0} {0} {0}

b | {6} {a} {0} {a} b | {6} {ot {0} {0}

c | {c} {ct {0,c} {0,c} c [{c} A{ct {c} {0,c}

Thus (H,o1) and (H, o2) are hyper BC' K-algebras such that aox = {0} for
all 0 # x € H. Tt is easy to check that I = {0,a,b} is a weak implicative
hyper BC K-ideal of (H,01) but it is not a hyper BC K-ideal of (H, 01) (since
cob=1{0,c} < {0,a,b} =I; and b € I but ¢ ¢ I1) and so it is not a positive
implicative hyper BCK-ideal of type 3 in (H,o01). Therefore, the hyper
BC'K-ideal condition is necessary in Theorem 3.7. Moreover, I = {0,a} is
a positive implicative hyper BC K-ideal of type 3 in (H,o2) but it is not a
weak implicative hyper BC K-ideal. Since, (boa)o (cob) = {0} C I and
a € Iy but b & I>. Therefore, the converse of the Theorem 3.7 is not correct
in general.

Definition 3.9. Let I be a non-empty subset of H. Then,

(i) I is said to be an implicative hyper BC'K -ideal of H if 0 € I and for
all z,y,z € H, (xoz)o(yox) <K Iand z € I imply z € I,

(ii) H is called an smplicative hyper BCK -algebra if x < x o (y o x), for
all z,y € H.

It is easy to check that H is an implicative hyper BC K-algebra if and only
ifrexo(yox), forall z,y € H.

Theorem 3.10. FEvery implicative hyper BCK-ideal of H is a weak im-
plicative hyper BCK -ideal of H.

Proof. The proof is straightforward. O
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Example 3.11. Consider the following table on H = {0, a, b}:
o ‘ 0 a b
0({oy {o} {0}
a|{a} {0,a} {0,a}
b |{b;} {a} {0,a}

Then (H,o) is hyper BCK-algebra. We can see that I = {0,b} is a weak
implicative hyper BC' K-ideal of H, but it is not an implicative hyper BC' K-
ideal of H. Because, (ao0)o(aoa)=aoc{0,a} ={0,a} < {0,b} = I and
0cl, butadl.

Theorem 3.12. [8] Let I be a non-empty subset of H. Then,
(1) if I is an implicative hyper BCK -ideal of H, then it is a hyper BCK -
ideal of H,
(ii) if I is a hyper BCK -ideal of H, then I is an implicative hyper BCK -
ideal of H if and only if x o (yox) < I implies that x € I, for all
z,y € H.

Corollary 3.13. Let H = {0,a,b,c} be a hyper BCK -algebra such that
aox = {0}, for all 0 # x € H and I be a proper subset of H. If I is an
implicative hyper BCK -ideal of H, then I is a positive implicative hyper
BCK -ideal of type 3.

Proof. Since every implicative hyper BC K-ideal of H is a weak implicative
and a hyper BC'K-ideal, then the proof follows by Theorem 3.7. O

Theorem 3.14. Let H be a positive implicative and an implicative hyper
BCK-algebra and I be a non-empty subset of H. Then the following state-
ments are equivalent:
(i) I is a (weak) hyper BCK -ideal of H,
(ii) I is a positive implicative hyper BCK -ideal of type 3 (type 1) of H,
(iii) I, 1s a (weak) implicative hyper BCK -ideal of H, for all a € H,
(iv) I is a (weak) implicative hyper BCK -ideal of H.

Proof. (i) = (ii) The proof follows from Theorem 3.6 of [1] and Theorem
2.4(i).

(ii) = (iii) Since I is a positive implicative hyper BC'K-ideal of type 3
(type 1), then by Theorem 2.4, I, is a (weak) hyper BC K-ideal of H. Now,
let @ € H and (xo(yox) CI,) zo(yox) <K I, for x,y € H. Since H
is an implicative hyper BC'K-algebra, then x € I, and so I, is an (weak)
implicative hyper BCK-ideal of H.

(iii) = (iv) Since Ip = I, it is enough set a = 0.

(iv) = (i) The proof follows from Theorem 3.3. O
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Example 3.15. (i) Let H = {0, a,b,c}. Consider the following table:

o ‘ 0 a b c

{o} {o} {o} {o}

{a} {0} {0} {0}

{or {6} {0} {0}

{ct {c} {o} {0,0}

Then (H, o) is a hyper BC' K-algebra which it is not a positive implicative
hyper BC K-algebra. Since (cob)ob # (cob)o (bob). Now, I ={0,a} is
a (weak) hyper BCK-ideal of H but it is not a positive implicative hyper
BC K-ideal of type 1(and so it is not of type 3). Because (cob)oc = {0} C
{0,a} and boc = {0} C {0,a} but coc = {0,b} € {0,a}. Therefore, the
positive implicative hyper BC' K-algebra condition is necessary in Theorem
3.14.

(ii) The hyper BCK-algebra in Example 2.2(ii) is not an implicative
hyper BCK-algebra. Because, b ¢ {0} = bo (00b). Now, I = {0,a} is
a (weak) hyper BCK-ideal of H but it is not a weak implicative hyper
BC K-ideal and so is not an implicative hyper BC K-ideal of H. Thus, the
implicative hyper BC K-algebra condition is necessary in Theorem 3.14.

o o Q O

Definition 3.16. Let I be a non-empty subset of H. Then [ is called a

(i) strong implicative hyper BCK-ideal of H if 0 € I and
(xoz)o(yozx))NI#Pand z € [ imply z € [

(i) strong positive implicative hyper BCK -ideal of H if 0 € I and
((xoy)oz)NI#Pand yoz C I imply zozC 1T

for all z,y,2z € H.

Theorem 3.17. [14]

(i) Ewery strong implicative hyper BCK -ideal of H is a (strong, implicative)
hyper BC K -ideal,

(ii) Ewery reflexive strong implicative hyper BCK-ideal of H is a strong
positive implicative hyper BCK -ideal .

(i) BEwvery strong positive implicative hyper BCK -ideal of H is a (strong
hyper BCK -ideal ) positive implicative hyper BCK -ideal of type 3.
Theorem 3.18.
(i) Ewvery reflexive implicative hyper BC K -ideal of H is a strong implica-
tive hyper BCK -ideal,
(ii) Every reflexive positive implicative hyper BCK -ideal of type 3 is a
strong positive implicative hyper BCK -ideal .
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(iii) Ewvery reflexive implicative hyper BCK -ideal of H is a positive im-
plicative hyper BC K -ideal of type 3.

Proof. (i) Let I be a reflexive implicative hyper BC'K-ideal of H, ((x o (yo
z)oz)NI = ((xoz)o(yox))NI#0and z € I, for x,y,z € H. Then,
there is u € x o (y o ) such that (uoz) NI # () and z € I. Since [ is a
reflexive hyper BC K-ideal of H and so is a strong hyper BC' K-ideal of H,
then w € I. This implies that (z o (yox)) NI # () and so by Lemma 2.5,
xzo(yox) < I and since I is an implicative hyper BC K-ideal, then x € I.
Therefore, I is a strong implicative hyper BC' K-ideal of H.

(ii) Let I be a reflexive positive implicative hyper BC K-ideal of type
3, (xoy)oz)NI # 0 and yoz C I, for z,y,2 € H. Then by Lemma
2.5(iv), (xoy)oz < I and yo z C I. Since I is a positive implicative
hyper BC'K-ideal of type 3, then z oz C I, which implies that I is a strong
positive implicative hyper BC' K-ideal of H.

(iii) The proof follows from (i), Theorem 3.17(ii) and (iii) O

Theorem 3.19. Let H be an implicative hyper BCK -algebra and I be a
non-empty subset of H. Then I is a (weak) hyper BCK -ideal of H if and
only if it is a (weak) implicative hyper BCK -ideal of H.

Proof. By Theorems 3.3 and 3.12, any (weak) implicative hyper BC K-ideal
of H is a (weak) hyper BCK-ideal of H. Conversely, let I be a (weak) hyper
BCK-ideal of H and (xo(yox) C I) xo(yox) < I. Since H is an implicative
hyper BC K-algebra, then (z € zo(yox) CI)xz € xo(yox) < I. Hence,
by Lemma 2.5(i), Theorems 3.3 and 3.12(iii) [ is a (weak) implicative hyper
BCK-ideal of H. O

Corollary 3.20. Let H be an implicative hyper BCK -algebra. Then,
(i) every commutative hyper BCK -ideal of type 3 (type 1) is an implica-
tive (weak implicative) hyper BCK -ideal of H,
(ii) every reflerive commutative hyper BCK -ideal of type 3 is a positive
implicative hyper BC K -ideal of type 3.

Proof. (i) Since every commutative hyper BC' K-ideal of type 3 (type 1) is a
(weak) hyper BC'K-ideal of H, then the proof follows from Theorem 3.19.
(ii) The proof follows from (i), Theorems 3.18(i), 3.17(ii) and (iii). O

Example 3.21. Let (H,o01) be hyper BCK-algebra which is defined in
Example 3.8. Then, I = {0,a,b} is a commutative hyper BCK-ideal of
type 3 but it is not an implicative hyper BC K-ideal of H. Because, ¢ & |
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but forall z € Iandy € H, (coz)o(yoc) C{0,c} < I. Moreover, H is not
an implicative hyper BC'K-algebra because, a ¢ {0} = ao (coa). Thus the
implicative hyper BC K-algebra condition is necessary in Corollary 3.20.

Corollary 3.22. Let H = {0,a,b} be a hyper BCK -algebra of order 3 and
I be a non-empty subset of H. Then,

(1) I 4s an implicative hyper BCK -ideal of H if and only if I is a hyper
BCK-ideal of H,

(i) I is an implicative hyper BCK -ideal of H if and only if I is a positive
implicative hyper BCK -ideal of type 3 of H,

(iii) I is an implicative hyper BCK -ideal of H if and only if it is a com-
mutative hyper BCK -ideal of type 3,

(iv) there are only 16 non-isomorphic hyper BCK -algebra of order 3 such
that each of them has at least one proper (commutative hyper BCK -
ideal of type 3) implicative hyper BCK -ideal.

Proof. (i) (=) The proof follows by Theorem 3.12(i).

(<) By Theorem 3.12(ii) it is enough to show that zo(yox) < I implies
x € I, for all z,y € H. Now, by considering Lemmas 2.5(i) and Lemma 2.6
of [1], the proof is similar to the proof of Theorem 3.5.

(ii) The proof follows by (i) and Theorem 3.10 of [1].

(iii) The proof follows from (i) and Theorem 4.6(i) of [1].

(iv) The proof follows by (i), (iii) and Theorem 3.14 of [2]. O

4. Conclusion

Theorem 3.23.
(i) The following diagram hold for any hyper BCK -algebras:
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(ii) the following diagram hold for any hyper BCK -algebras of order 3:

YNy
RN
TSk

L ——

cl  commutative hyper BCK -ideal of type 1
c3  commutative hyper BC K -ideal of type 3
pij positive implicative hyper BCK -ideal of type j (j =1,...,8)
spi  strong positive implicative hyper BC K -ideal
h  hyper BCK -ideal
s strong hyper BCK -ideal
w  weak hyper BCK -ideal
i implicative hyper BCK -ideal
si  strong implicative hyper BC K -ideal
wi  weak implicative hyper BC K -ideal
Proof. (1) Arrow(s) Reason(s)
1 By Theorem 3.17(i)
2 By Theorems 3.17() and 3.18(¢)
3 By Theorems 3.12(4) and 3.19
4,7,10,12,13,14  Remark befor Theorem 2.4
5 By Theorem 3.10
6 By Theorem 3.3
8,9 By Theorems 3.17(7i7) and 3.18(ii)
11,16,17,...,26  See Ref. [2]
15 See Ref. [1]

(ii) Arrow(s) Reason(s)
6 By Theorem 3.5

10,12,16,20,22,23,24  See Ref. [2]

13,14,27,28  See Ref. [1]
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Open problems

(1) Under what condition(s), a weak implicative hyper BCK -ideal is an
implicative hyper BCK -ideal ?

(ii) By Theorem 3.5, the notions of weak hyper BCK -ideal and weak im-
plicative hyper BC K -ideal are equivalent in any hyper BCK -algebras
of order 3. Is it correct this theorem in any hyper BCK -algebras of
order greater than 3 ¢
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