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ON LINEAR ISOTOPES OF CYCLIC GROUPS

Sokhatskyj Fedir, Syvakivskyj Peftro

Abstract

A description of all cyclic group mn-ary linear isotopes is found to within isomorphism.
Some results on their automorphism group and endomorphism sernigroup are given.

An operative (G;f) will be called a multiplace isotope of the group (Q;+) iff
there exists a sequence (yy,...,Y,,Y), named isotopy, of one-to-one mappings from

G onto @ such that

-1
f(xbx?,s"'axn):—“ Y (lel +72x2+“-+7nxn)

holds for all x;,x,,...,x, in G. If all isotopy components are linear transformations

n
of the group, then it will be called linear one. (Here and henceforth a linear
transformation o of a group (@;+) is a mapping from  into @ such that
ox =0x+c, where 8 is an automorphism and c¢ is an arbitrary element of the
group). According to Albert's theorem isomorphism of group isotopes implies
isomorphism of the corresponding groups. So, it is enough to find an isomorphical
test for isotopes of the same arbitrary fixed group. In this article we do it for a
cyclic group, describe all its linear isotopes up to isomorphism, consider their
automorphism groups and endomorphism semigroups. In the next works we shall
consider the general case, but the main results one may find in [1].

Let Z be the integer ring and C=Z or C=Z,=Z/mZ. 1t is easy to verify
that any mn-ary linear isotope of a cyclic group is isomorphic to (C;f} defined by
the equality

Sep%2,000%,) = yxy HipXxy +. AR, X, +a (1)
where #hy,h,,...,h, are invertible elements in the ring C (denote by C" the group
of ones). In this case the elements #&,h,...,s, will be called coefficients of (C;f)
and a will be its free member. Let (C;g) be defined by equality

g(xy,%,...,%, ) =kixy HhoXo +. 4k, x, +b (2)
and o be a homomorphism from (C;g} into (Q;f), ie. the equality
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a(k Xy +kyxy +.. +k, X, +b) = o) + hyax,+.. +h,0x, +a (3)
halds for all x,x,,...,x, in C. In particular, replacing x;,..x, by 0 and x;,x;
by the suitable expressions we have the equality

alx +y)=px+yy
for some transformations B,y of the set C. Applying Lemma 2.5 from {2] we get

ox =kx+c

for some k,c of the set C. It is clear the element k is invertible together with
the transformation o, ie. when these isctopes are isomorphic. The relationship

(3) with x=x,=..=x,=0 gives the dependence
kb = +hy+...+h,-Dc+a 4)
and with x;=0 forall j=i and x;=1 it gives
kk, =hk, i=1,. . n, (5)

in the ring C. The last equalities in the infinite ring for homomorphic isotopes
mean that the corresponding sequenses of the coeffitients coincide. If the ring
C is finite the relation (5)is equivalent to congruence

ki =h(mod ™), i=1,..,n,
h)

ie.

kie—2, +h, i=1,..,n, (6)

where s=GCD(k,m). Hence, we can make the following conclusions.

Lemma 1. 4 transformation o of the set Z,, is a homomorphism of the isotope (Z,,;g)
into (2,,,f) defined by (2) and (1) respectively if and only if there exist elements k¢
in Z, such that

ax =kx+¢
and the relationships (4) and (6) hold

Lemma 2. A transposition o of the set Z is a homomorphic mapping from the isotope
(Z:g) into (Z.f) defined by (2) and (1) if and only if there exist elements k,c such that the
equalities

ax=hkx+¢, k=h, i=)..,n

H ¥

and (4) hold.

Corollary. Different sequences of invertible elements of the ring C def ne nonisomorphic
linear isotopes of the cyclic group (C,+).
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Lemma 3. Let (C;f] and (C;g) be finear isotopes defined by the equalities (1) and
g(x),%a,...,x, ) =X +pxy+.. . +h,x, +b.
Then a substitution o. of the set C will be an isomorphism between them if and only if
ax=kx+c and kb=pc+a
for some element ¢ and invertible element k of the ring C, where
nw=h +h+. . +h, -1

To establish an isomorphical test for the linear isotopes we need the
following,

Lemma 4. For every integer a there exists a number r which is relatively prime to m
and
d = ra(mod m),
where d = GCD(a,m).

Proof. Let a; and m; De integers defined by the equalities a=ad and
m=md, and t be a product of all prime integers having the same exponent in the

factorizations ¢ and b into prime numbers. We can take r such that
(a; — tmy)r = }(mod m).

Theorem 1, Any linear isotope (Z,,;, f) defined by (1) Is isomorphic to the isotope
(Z,,8) defined by the following equality
g(x],xz,...,xn)zhlxl +}bx2+...+hnxn+d, (7)
where d=GCD(p,ma) and Qp=h+h+. +h -1

Proof. We adopt the notations a,=GCD(a,m), py=GCD(p,m), then
d = GCD(ay,1y) and the lemma 4 implies the existence of a number a which is
relatively prime to p, and
d = xay(mod py). (8)
Let us denote by z the product of all prime divisors of the number m not
dividing the number «. Since every prime divisor of the integer m divides
exactly one of the numbers x,4,,z, then the integers r=x+p,z and m are
relatively prime. Lemma 4 implies the existence of numbers 7 and # which
are relatively prime to m and
agp = an(mod m),
Hg = w5 (mod m),
and the relationship (8) implies the equality
d = apx + Ry
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for some integer y. For this reason
d = ag(x + oz — WoZ) + Ul = apr — Wpldpz — y) =
= (anr — 1y (apz - y) X (mod m).
So, after the notations k=rr and c=nr(az-y) we get the relationship
ka = (uc+d)(mod m),
which completes the proof according to lemma 3.

Theorem 2. Any linear isotope of a cyclic m order group is isomorphic to exactly one
isofope (Z,;g) defined by the equality (7), where M h,,....h, Iis a sequence of invertible
elements of thering Z,, and d is a common divisor of n=m+h+..+h,-1 and m.

Proof. Any linear isotope of a cyclic group G is isomarphic to a linear isotope
of the group Z,. According to theorem 1, it is isomorphic to the isotope (Z,;g)
satisfying to the conditions of this theorem. Let us consider two different isotopes
(Z,.8) and (Z,;g2,). If they have the different sequences of their
coefficients, then by the corollary of lemma 1 these isotopes are not isomorphic.
When the isotopes differ from each other only by their free members named a,b
and taken a<b, then by lemma 3 the existence of an isomorphism of the
isotopes is equivalent to the existence of numbers k,c such that

kb = uc+a(mod m)

holds. Under the conditions of the theorem the numbers a,b are common divisors
of the integers u,m and ¥k is relatively prime to a, so b is divided by a A

contradiction.

If we consider group isotopes of a prime order, we can give more exact
information following from the theorem 2.

Corollary 1. Any n-ary linear group isotope of the prime order p is isomorphic:
1) one to the other, if the sum of the coeffitients is not the identity transformation;
2) to exactly one of the isotopes (Z,,g) or (Z,.81) defined by (1) witha=0 and

a=1, respectively, in contrary case.

Define F(n,m) as the number of all pairwise nonisomorphic n-ary linear
isotopes of the m order cyclic groups. According to theorem 2, F(n,m) is the
cardinal number of the set

{(h!’hZ""-'thd)lhl’hZ’"'?hn GZ::,CI' ED(hl +h2+---+hn - I,m)},
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where Z,:: denotes a set of all pairwise noncongruent by modulo m integers,
which are relatively prime to m and D(k,m) is the set of all common divisors
of the integers k and m. We put the following problem:

what is the analytical expression of the number function F(n,m)?
Here we shall give a solution of this problem for prime m.

Corollary 2. There exist exactly

+D(p-D" + (-1
F(n, py="P Xp-D" +(-1
p
n-ary linear group isotopes of a prime order p up to isomorphism,

Proof. Let us denote by £,; the number of all sequences (4 Ay, ,h,) with
My +hy+..+h, =i(mod p)
and

O<hy,hy,....h, <p.
It is easy to see that
kn,O +kn,l +"'+kn,p«~1 = (p_ 1)n’ (9)
Let
W +hy+...+h, = j(mod p),
then there exists exactly one number #4,,; with conditions
b +hyt.. +h, + R,y =i(mod p),
O0<hy<p
if and only if j#i. So, the equalities
by =(p-D"-k,;, i=0,1,.,n,
hold. Since k=0 and
k],l =k12 =...= kJ-P“J = 1,
then

kn,l = n2 =...= k 1= kn,o —(—1)"

= Ky p-

for every n=1,2,.... From (9) we have
kn,l + (" I)” + (p"" 1)'J":'r,l = (P—' l)n,

and

k= 27D =Y
p

Hence, by corollary 1 we get
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_{p)(p-D"+ ™
r

+(p-1)"

F(H,p) — (p — ])nl;_ (—I)“

A description of all linear isotopes of infinite cyclic groups is given by the
following theorem.

Theorem 3. Any linear isotope of an infinite cyclic group is isomorphic 1o exactly
one linear isotope (Z;f) defined by (1), where

1) a=0,1,2,.., if u=40;

2) a=20, if w=-11;

3)a:OJv”U%U, if ws-Lo,

where p=h+h+. . +h, -1

Proof. An isomorphical test of such isotopes is given by lemma 2 and is
expressed by the relationship (4). Since in this case k=1 or k=-1, then the
isomorphism of the isotopes means that one of the equalities

b=uc+a or -b=uc+a (10)
is true. Let (=0, then the isomorphism is possible iff b=zta. Hence all isotopes
with a>0 are pairwise nonisomorphic. If p=+1, then c¢=bta give an
isomorphism of any pair of linear isotopes with the same coeffitient sequence.
Finally, let p#-1,0,1, then the equalities (10) mean that

b=a(modp),

So, in this case any linear isvfone is isomorphic Lo exactly one isotope defined by (1)

with a:O,I,...,[i%f]. The piecd has been completed.
The immediate corollary of the icmmas 1,2 is
Lemma 5. 4 wransformation o of the set C is an endomorphism of the isotope (C.f)
defined by (V) if and only if there exist elements &k and ¢ of C such that
ux=kx+c¢, (k-Da=pc,

where W=+ hy+o 4, - L

e next statements is obvious (we denote the semidirect product by "4").
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Corollary. If the isotope (C.f) is defined by (1) and a=0, then the relations
End(C,f)zKeru¢C, Aut(C,f)z=KerueC
hold. In particular, End(C, f) is a subnearing of the linear transformation nearing of the
group (C;+).

Theorem 3, lemma 5 and its corollary permit to calculate the endomorphism
semigroup and the automorphism group of the arbitrary linear isotope of the
infinite cyclic group. We shall express these results in the following theorem.

Theorem 4. lLet (Z;f) be an arbitrary isotope of the infinite cyclic group (Z;+),
where Z is the ring of integers, and (1) be its decomposition. If we denote
W=k +hp+..+h, -1 and d=GCD(a,n), then the following conditions are fulfilled:

1) End(Z, f)=ZeZ Aut(Z,f)=Z,¢Z, when a=n=0;

2) End(Z; f)=Z,Aut (Z, )= Z,, when a=0 and p=+0;
3) End(Z,fY=Aut(Z, f)=(Z,+), when a=0 and n=0;
4) End(Z, f)=(Z;),Aut(Z; )= Z,, when a#0 and p=zl1,

5) End(z;f);(-32+1;-),Auz(z;f)_—~:zz, when a#0 and 1 =42a;
6) End(Z: f)z(%ZH;-),Aut(Z; F)={1}, when a#0 and p#0,+1,42a.

Proof, We consider the case pu=#0,£], a#0 only because other ones are

obvious. By the lemma 5 we have the equality

a_p
k-1)—==c.
(k-D—=1
It implies the existence of an integer t such that

k-1=F: and c=f—t,
d d

i.e. any endomorphism has the expression

cx(x)=(%t+1)x+%t

for some integer ¢ It is easy to see that the converse statement is true as
well. Thus, we have established an one-to-one correspondence between
semigroups ‘

End(Q.f) and (%zn).
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It is easy to verify that it is an isomorphism. In particular, the group of all

invertible elements of the semigroup (%Z +1) is isomorphic to the automorphism

group of the linear isotope (Z;f). If an integer is invertible, then it belongs to
{-1,1}. Let

ie. g-t:—Z. Then ¢==1,+2 and the numbers 7,4 have different signs. Since

as[!%(], then d<a<y|, so t=1 if pu<0 and t=-1 if u>0. Moreover, the

relationships both |uj=2d and d<a<u| hold only if a=d.

A problem of description of endomorphism semigroup and automarphism
group of a finite linear isotope is still open. We shall single out some relationships
only.

Denote by M(f) (M*( f)) the set of all coefficients of endomorphisms
(respectively isomorphisms), i.e.

M{f)={k|(Fc)a € End((Q; f), where ox=#hkx-+c},
M (f) = {kl(3c)a € Aut (0, f), where ox=kx+c},
It is easy to verify that (M(f);) is a monoid and (M '( f);) is a subgroup of all

its invertible elements. The lemma 5 implies

Corollary. A transformation o of the set Z, is an endomorphism of the isotope
(Z,;f) defined by (1) if and only if ox=ikx+c and
(k —1Dc = pc(mod m), (11)
where W=h +h+. . . +h —1 »

After the theorem 2 and the corollary of the lemma 5 we shall only consider

the case
a # 0(mod m)

and a is a common divisor of g and m. The relationship (11} means that

k= —E'-c,+ 1(med —rﬁ),
a a

ie,
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k EEHEcH(modm)
a a

for some integer t. So,

m L
k E;Zm +;Zm +1.

It is easy to verify that the converse statement is true as well. Thus

M(f)="2,+E7 +1
a a

and

M(H=z,~nz,+227 1), | (12)
(24 a

It is easy to make sure that

1) the transformations o and B defined by
ox = kx + c(mod m),
Bx = kyx +c{mod m)

are endomorphisms of (Z,;f) if and only if

k| eﬂZm +k.
a

2) the transformations o and P defined by
ox = kx + c(mod m),
Bx = kx +¢;(mod m)

are endomorphisms of (Z,;f) if and only if

m
¢ eme +c,

where d = GCD(u,m).

These assertions imply the following relationships for the sets FEnd(Z,;f)
and Auwl(Z,,f):

End(Z,,f)= U (EZ,,,+H~C+1)X(EZ",+C), (13)
cel, @ a d

End(Z,: )= u (27 +k)x(2z +(E)“’(3)'195;‘Q)
L ey a ™ d " °d d 7
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AUt (Zyif) = U (o Dyt ) N2y )X (2 b), (14)

Ey-1 (4 —
Aut(Zy )= U (2Z, 102 x(2Z,+ () (4 Da,
ke (f) a d d d

where @ is the Euler's phi-function. From (13) and (14) it follows

Proposition 1. In the linear isotope (Z,,; f) defined by (1) with
h +hy+..,+h, = 1(mod m)
the following relationships

End(Z,, ) = Zyy x (= Zpy +1),
a

Aut(Z,, f)=Z, x ((—n-i-Zm +DNZ,)
a

hold. If in addition a=1, then the endomorphism semigroup coincides with the automorphism
group and is isomorphic to Z,,.

Proposition 2. An automorphism group of a linear isotope of prime order p s

isomorphic 0 Z, HolZ, or Z,,.
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