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TRANSVERSALS IN GROUPS.1. ELEMENTARY PROPERTIES

Evgenii A. Kuznetsov

Abstract

In this work the elementary properties of transversals in groups are studied.

1. Introduction. Necessary definitions and notations.

The present work deals with the properties of specific sets of representatives of

left (right) cosets in groups to its subgroups. These sets are called left (right)
transversals in groups to its subgroups. They were introduced in [1] and studied in
[1,2,6] ete, |

We shall use the following notations:
A is an index set (A contains a distinguished element 1); left (right) cosets in a

group G to its subgroup H are numbered by the indexes from A;

M is the {-th left coset in a group G to its subgroup H;
H; is the i-th right coset in a group G to its subgroup H;

e is the unit of group;

Core(H) is the maximal subgroup contained in H and normal in G;

St,(K) is the stabilizor of an element ¢ in a permutation group K.

Definition 1. Let G be a group and H a subgroup in G. A complete

system T of representatives of the left (right) cosets in G to H (e=1, €T) is called

a left (right) transversal in G to H.

Definition 2. A left transversal T in G to 7 whieh is also a right transversal in

G to H is called a two-sided transversal in G to H.
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Transversals in groups. 1. Elementary properties

Remark. If we study a two-sided transversal T in G to H . then we shall
consider that '
L€ HNH,
for any ieA and 1, e7. We can always succeed in this by a corresponding

renumeration of cosets.

Let T be a transversal (left or right) in G to H. We can introduce correctly
the following operations on A:
ikj=vout;=th heH ’ (1)
if T is a left transversal, and
loj=w<>tit;=ht,, heH (2)

if T is a right transversal.
Lemma 1. The system < A,* 1> is a right quasigroup with the unit 1.

Proof. Let arbitrary elements a,bcA be given. Let us consider the
following equation:
ar*x =5, (3)
We have from the Definition 1: there exists an element w €A such that
' =t,h, heH.
Then
loty = thL, (4)
le.
axu=h,
So a solution of the equation (3) exists. Assume it is not unique. Then there
exists an element veA such that
arv=h & wvxu ()
Therefore we have ’
i, =, heH (6)
From (4) and (6) it follows that
| Iafuh- = fatvhf] )
L=th,
‘and then v=u, because only one element from T lies in every coset in G to H.
We have a contradiction with (5). So « is the wunique solution of the equation
(3), i.e. the system <A*> is a right quasigroup.
We have for any aeA .
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a¥1=c,
te=th hecH,
t.=1,h", heH,
and then c¢=a, ie. g*l=a. We can prove that I*a=a for any ael

analogously. The proof is complete,
Lemma 1", The system < A,o0,1> is a left quasigroup with the unit 1.
The proof is similar to the proof of Lemma 1.

Definition 3. Let T b u left (right) transversal in G to H. If the system
<A*,1> (<A,0,1>) is a looyp, then T is called a left (right) loop transversal in
G to H If <Ax1> (reopectively, <A,0,1>) is a group, then T is called a
left (vight) group transversci in G to H.

The next Lemma reduces the investigation of transversals in groups to the case
when Corez;(H)=<e> (for loop transversals an analogous result was proved

in [2]).

Lemma 2. Let T be a left ransversal in G to H and
¢©:.G— G'=G/Coreg (H)
the natural homomorphism. 1ho: we have:
1. The set
T'={p(t )]t €T, x €A}
is a left ransversal in G' to [['= H/Core;(H);
2. <Ael>=<AL¥ 1>,
where "®" is the operation corresponding to the transversal T';

Proof.
1. Let us denote:  7.'=¢(/,). Then we have:

)t eH,
(0t 0(1,) ep(H),
(1 't,) €(H),
(177, Coreg(H)=hy-Coreg(H), hyeH,

t;lty cH,
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Transversals in groups. 1. Elementary properties

ie. =Yy, because Core;(H)c H. Since for any g'cG' there exists geG
that g'=o(g), then

g=thy,
g'=0(g) = o(t,h) =0t )ol) =1,'h',

where fy'e H'. It means T is a left transversalin G' to H'.
2. We have:
xey=u,
L=k, HeH',
ot Jo(t,)=1,"", HeH,
LR =l ) = ol ) =1a, B, B e,

X*y=u,

ie. for any x,y €A
X*y=xey,

It means that

<A l>=<A ¥ I>

Lemma 2°. Let T be a right transversal in G to H and
¢©.G=>G'=G/Coren (H)
the natural homomorphism., Then we have:
1. The set
T={o(t ), €T, x €A}
isa right transversal in (' to H'=H/Cores(H);
2. <A,x,1»=<A,0,1>,

"

where "x" is the operation corresponding to transversai T

The proof is analogous to that of Lemma 2.

Lemma 3. In notations of Lemma 2 (or Lemma 2°):
Cares(H'Y=<e >,

Proof. et us assume
Cores (H") = My #<e >.

The complete inverse-image @'}(M'n) = M, is a subgroup in G. We have:
ecMy, = Core;(H)=Kerp= o (e} q}"l(Mo) = M,,
MycH = My=0"'(My)ce (H')=H.
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E.A Kuznetsov

Let g be an arbitrary element from G and
Mg - ngg_l '
Then
o(My)=0(ghig™) = p()o(M; X9 (2) ™" = g' Mog'™' = My,
because M, is a normal subgroup in G' Therefore we have for any element
geG:
Mg =My =07 (Mo) = M,
ie. M; is a normal subgroup in G. This fact is in a contradiction with (*)
and (**) {see above); therefore we have:
Cores (H')=<e >,
The proof is complete.

A v
Let us consider the permutation representations G and G of group G by

the left and right cosets to subgroup H.Let T be a left transversal in G to H;
then by the definition:

FaY
Analogously, if T is a right transversal in G to H, then by the definition:

gx)=y< Hi,g=Ht,
It is well known (see [4]) that

Al W
G=G=G/Cores(H).

Lemma 4. [f T is an arbitrary left transversal in G fto H then:

A
1. Ffor any heH: D=1
2. For any x,y€A:

S A -1
(V)=xxy, 1. (y)=x\y,

A_l A—]

S A
no)=t.(D=x, t, ()=x\1, I
(where xxy=z<>x\z=yp),
Y

x (=1
3.[1] The following conditions are equivalent:
a. T is a left loop itransversal in G to H;

A Fa
b. The set T'={t.},cn Isasharply transitive set of permutations on A.
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Transversals in groups. 1. Elementary properties

Proof, 1. It is trivial.
2. We have:

A
tx()’.)zw@txlszwa@w:x*y;

Al

L, (y):z@rgltyH:tzHc:-tsztxtzH¢:>y=x*z<:>zzx\y.

Therefore we have as a corollary:

A A
(x)=lxx=x, ((D=x*1=x,

A 1 A -l

., D=x\1, 1, (X)=x\x=1,

3. We have the following sequence of equivalent assertions:
(T is a left loop transversal in G to H) &
(the system < A,*,1> is a loop) &
(T is a left transversal in GG to I and the equation x*g =54 has the unique solution
in A for any given q,b €A} &

A
(the equation f,(a)=5 has the unique solution in A for any given a,beA) <

[l
(the set {f,},.pn 1s a sharply transitive set of permutations on A).

Lemma 4. If T is an arbitrary right transversal in G to H then:

\%
1, Forany hecH: A(D=1;
2, fForany x,yeA:

v vl
L, (y)y=yox, t, ()y=y//x,
% v vl vl
Hxy=t,(M=x,  DH=V/x, . (x)=1,
(where y//x=z< zox=y);
3. The following conditions are equivalent:
a. T is a right loop transversal n G to H;

v v
b, The set T'={t,},.cn Is @ sharply transitive set of permutations on A.

The proof is analogous to that of Lemma 4.
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2. Two-sided transversals in groups.

Lemma 5. Let T be a two-sided transversal in G to H. Then for any x,y € A:
L y\(x\D)=(xo)\],

H\ "

where is the left inverse operalion gf "
2. (/) ix=11/1(x*y),
where "//" is the right inverse operation of "o".

Proof. 1. Using Lemma 4 we have:

xoy=zoht, =rt, heHe i h=17"heH <

] -1 -1

~1 A
¢:>t:, fl (H=t, (1)@.1‘; (x\D=z\1 y\(x\1)=2z\1,

Therefore
yi(x\) =(xoy)\L
2. It is proved analogously.

Corollary. For any two-sided transversal in G to H
xky=1loxoy=1

The proof is obvious.

Lemma 6. Les T be a two-sided transversal in G to H. Then the following conditions are
equivalent.
1. For any x,y eA:
' X¥y=xop;
2. The system <A, 1> is a WIP-loop;
3. The system <A,ql> is a WIP-loop,

Proof. The definition of WIP-loop one can find in [5].
1.=>2. Let us have for any x,yeA
X* Y= Xxoy;
Then the system <A,* /1> is a left and right quasigroup with the unit 1
simultaneously, ie. <A,*,1> is a loop. Moreover, using Lemma 5 we have:
Yy x\D) =(x* P\ (xxy)x{(y\(x\D)) =1 (7)
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Transversals in groups. 1. Elementary properties

Let
(x*y)y*z=1
Using the identity (7) we obtain
z=y\x\D) > xx(y*z) = 1.
Therefore using a characterization of WIP-loop (see [5], p.87) we get: system
<A,*,1> is a WIP-loop.
2.=1. Let the system <A,*,1> be a WIP-loop. Then for any x,ye€A
(x* )\ 1= y\(x\1).
Using Lemma 5 we have for any x,y A
X* y = X OY.
1.3. It is proved analogously.

Lemma 7. Let T be a left transversal in G to H. Then following conditions are
equivalen!: |
1. I is a two-sided transversal in G to H;

2. The equation x*a=1 has the unique solution in A for any given aeA.

Proof. 1.2, Let T be a two-sided transversal in G to H. Then using the
corollary to Lemma 5 we have for any given acA
x*a=1xoa=1
The equation xoa=1 has the unique solution in A for any given aeA. Then
the equation x*a=1 satisfies the same property.
2,21, Let the condition 2 holds. Then the mapping o which is defined by
oA = A,
o{x) mu<>ukx =],
is a permutation on A. Then we have for any x eA:
ta(x)tx = Eh EH,
tﬂ(,‘c) :ht;l EH‘;X,
Hiyy = HIT
Therefore we get: firstly
(Hta(.r))m(H[a(y)) *J,
(HETDY A (HES ) = @,
L H)N(H)zE=x=y,
secondly, for any geG thereexist 7,7 and hyeH such that:
g-l= rr:hO’
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It means that the set
Ii = {fa(x)lx EA} =1
is a right transversal in G to H; ie. T is a two-sided transversal in G to H.

The proof is complete.

Lemma 7* Let T be a right transversal in G to H. Then following conditions are
equivalent: |

1. T is a two-sided transversal in G to H;

2. The equation aox =1 has the unique solution in A for any given a €A,

The proof is analogous to that of Lemma 7.

Remark. O.Ore has proved in {3]: if the index (G:H) is finite, then there exists a
two-sided transversal in G to H.

Lemma 8. Let T be a two-sided transversal in G to H and CéreG( H)=<e>. Then for
any heH

h= o (t, H' ,
HEA( h(u} )

h= (' Ht, ),
ueh hiu)

Proof. We will prove the first equality; the second equality can be
proved by the same way. For any weA we get:

huy=v e ht,H=t,H e he(t, ),

he(t, Ht).
h{u)
Therefore we obtain
hen(t, HEY.
neh  hu)
Let us assume that
e M (/A HY.
y ue/\( oy T )
Then we have for any weA
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Transversals in groups. 1. Elementary properties

he(it, HHthWohht H=1, Ho
1 & hay " ) A, I
A AN -
& hi(u) = h(u) < (h7h) eCoreg(H) =<e>=>hy = h.
It means that
h= (L, HYH.
e h(u)
The proof is complete.

3. Loop and group transversals in groups.

Lemma 9. Let T be a left (vight) transversal in G to H. Then the following conditions
are equivalent:

1. The system <A, 1> (<A,0,l>)  is a loop;

2. T is a left (right) transversal in G to THR ™ Jor any neG;

3. The set =l'm ' is a left (right) ransversal in G to H forany mneG.

The proof is contained in [1,2].

As we can see from the next Lemma the simplest example of two-sided

transversals are loop transversals.

Lemma 10, The following propositions are equivalent:
1. T is a left loop transversal in G to H;
2. T is a right loop transversal in G to H;

Proof. 1.=2. Let T be a left loop transversal in G to H. Using Lemma 9 we
‘have for any x,yeA (x=#y)
(t;'1,) e(xHn ™) *)
for any m €(G. Assume that T is not a right loop transversal in G to H. Then by
Lemma 9 there exist ny;€G and x;,), €A such that

-1
Ly, = Tohmy 1 o JTEH X # yg.
Then we get:

-1

— 4=l ~1_-1
f—ot,l’()_t}’onah L)

IR I
Iy, =Tl nyp,
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where m :=t;:n0. The last equality contradicts (*). It means, that T is a right

loop transversal in G to H.
2.>1. The proof is analogous.

Lemma 11. Let T be a left (right} group transversal in G to H. Then for any
x,yeA

X*y = xoy.

Proof. Let T be a left (right) group transversal in G to H. By Lemma 10 T is

a two-sided transversal in G to H. Then using Lemma 6 we have for any
x,y el

X*y = X0y,
because any group is a WIP-loop. The proof is complete.

Let us introduce the next notations:

-1
Aiasy) = Loyl

if T be a left transversal; and

_ ~1
Boyy = Lyt

x'ytxoy

if T be a right transversal

Lemma 12. Let Coreg(H)=<e> and T be a left (right) transversal in G to H,
Then the following conditions are equivalent:

1. T is a group transversal in G tfo H;
2, For any x,y €A

Hamy =€ Oy =)
3. For any x,yeA

Tely = lyey  (tely = lroy).

Proof. We shall prove these equivalences for a left transversal T in G to
H. The proof in the case of a right transversal in G to H is analogous.

1.=2. Let T be a left group transversal in G to H. Using Lemma 4 we have for
any x,y€A:

A AL A A Al
Py () = Lany tx £ y(U) = 1 auy (x% (Yu)) =
= (e )\ ek (yra)) = (e )N ((x* y)ru) = u,
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Transversals in groups. 1. Elementary properties

A
ie. h(xsy) =id. It means that
Hereyy €Coreg(H) =<e > Ay = €.
2.=>3. It is evident.
3.=1. Let us have
!

x*y

Ixty =

for any x,y €A. Then
Losymuy = Exlyon = Uy = Loayly = Han o
le.
xx(yku) = (x*y)tu,
and therefore the system <A #,1> is a group. It means that T is a group
transversal in G to H.
The proof is camplete,

4, Connection between different transversals
of the same subgroup in a group.

We shall consider below that Core;(H)=<e>.

Let T be an arbitrary two-sided transversalin G to H. It is ¢bvious that
any left transversal L in G to H may be represented by T in the following
way:

Le=tKY, hD cH, xeA, (8)

and any right transversal R in G to H may be represented by T in the following
way!

re=hPt,, B eH, xeA, (9)

N
Remark 1. If we pass to the permutation representation G (in the case of a

\¥2
left transversal L) or G (in a case of the right transversal R), we obtain

A A /\(1) A
X'= lx'(].):t_xhx (1):tx(]):x,
v V(Z)V v

X'"=re(y=(Dhy tx=tx(1)=x
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Remark 2. If a two-sided transversal § may' be represented by a transversal
T by formulas (8) and (9), then

sy = 1,80 =KDt | (10)

Remark 3. The following equalities are obvious:

N A2) v
KD =bP =e,  hy ()=x, he (x)=x"

Let "®" and "@®" be notations of the operations on A which correspond to the
new transversals L and R.

Lemma 13. The jfollowing assertions are ftrue:
A

L x@y=x*(hx (¥)).
w2
2. x@y=(hy (x))oy.

Proof. 1, We have:
S¢Sy = Syg b, hef,
1 A1 BD = 1o B b, heH,

A A A A A A A
tx hx ty hy (I) = t_r@y hx@yh(l),

A
x®y = x*(hx (¥))

2. The proof is analogous to that of 1.

Lemma 14. Let T be an arbitrary Iwo-sided transversal in G to H. Then the
following statements are irue:

1. If a left transversal I can be represented by a transversal T by the formula (8),
then

1,-1 -1
t AV = 0 (o Fitye,)

2. If a right transversal R can be represented by a transversal T by the formula (9),
then

£ h P, = s (zf"l 1 Ht o).
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Transversals in groups. 1. Elementary properties

Proof. 1. Using Lemma 8 we have:

W= (L HLD).

ueA p. (1)

Therefore by Lemma 13

thi])t;} = M (Ixt,\(]) Ht;lt;_l) =
ue he (1) '

- ry,—1
= (1 ALD Htx-u)z M (tx®uHix*u)-
KEA  sah (w) ueh

2. The proof is analogous to that of 1.
5. Structural theorem.

Lemma 15. Lef K be a subgroup in G and Hc K< G. Then:

L if T isaleft (right) ransversal in G fo H, then there exists a right (lefi)
subquasigroup < Ay,*,1> (<Ay,0,1>)  in the right (left) quasigroup < A,* 1>
(<A,0,1>); moreover, if (G H)=|Al<co, then |A,| divides IA]-,'

2If T is-a two-sided transversal in G to H, then all assertions from 1 take place;

3. If T is a loop transversal in G to H then:

<Ay, ¥, 1> is a subloop in the loop <A *,1>;
<Aj,0,1> is a subloop. in the loop <A,0,1>,
and if |A|<o, then |A,] divides |Al.

Proof, 1. Let us consider a partition of the subgroup K on the left cosets of
de subgroup H:

K=u,H= v kH

f‘EA;_ iEA;
Itis evident that this partition can be completed to a partition of G on the
left casets of H:

G:UfH.
feA
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Therefore there exists a left subtransversal I, c X in a left transversal T, which is
indexed by elements of A;. All products of elements from 7} lie in K and so the
system <A;,*,1> is a subsystemin <A, * 1>,
The proof for the system <Aj,0,1> is analogous.
If (G:H)=|A|=my <=, then:
A= (K. H)=my <o,
(GK)=m, <x,
We obtain:
(G:H)=(0:X)-(X:H),
My = My -y,
ie. |A4] divides [A]
2, It is an easy corollary of 1.

3. If T is a loop transversal in G to H then the system <A,*,1> is a loop. By
the point 1 of this Lemma the system <A,,*,1> is a subsystem in a loop

<A*1>,ie. <Ay * 1> is a subloop in <A,*,1>. Analogously for the system
<Aj,0,1>.

Corollary. Let a loop transversal in G to H does not exist. Then a loop transversal

in G to H for any group G oG does not exist too.

Proof. It is an easy corollary of Lemma 15.

6. A criterion of loop transversal
existence in a group.

Lemma 16. Let Coreg(H)=<e >, H =5,(8;), d=|Al=(G.H). Then the following
assertions are equivalent:
1. There exists a loop transversal in G to H;
2. There exists a set {h.}..n satisfying the following conditions:

Fa
a. m=id and for any x e A\{1}

A A .
h e((Ix)-GYnH;
b. forany ueA

o\ {(1u)(1x)f§;(1u)H"(1x)} %)
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Transversals in groups. 1. Elementary properties

3. There exists a set (P}, .\ satisfying the following conditions:

AD | A
a.h =id and h eH for any uel;

b. for any xeA

AlH)
m {Gm((lu)h (x)H" (lu))} = &,
4. x K(G)= S,
A |
where h =id and
Al
K(G)= u H{Gm( N ((1u)h (la(x)H (1))}

D, 2Dy HY D‘GSd

Proof,
1..>2. Let T be a loop transversal in G ta H, Coreg(H)=<e> and (G:H)=d. Let

us. consider the loop L=<A,*, 1> corresponding to the transversal T and take left
and right translations of the loop L:

L,(x)= z:*x—t (x),

R, (x)= r*u—t (u)
Since Core;(H)=<e>, then G G and the degree of permutations from f} is
equal d. Sets
L'={LjueA}, R ={R,JucA}
are loop transversals in G to H, because L is a loop. By Lemma 4, L' and R are
sharply transitive sets of permutations on A. Therefore again by Lemma 4 I

and R are loop transversals in S, to H =8t,(5;). Then for any #eA there

exists an unique element /i, €H * such that

Luhiy = Rouy»
where ¢ is a permutation on A. Therefore for any # €A there exists an unique

element A, eH " such that

A
Lu h(“)(x) = R(p(u) (x) (*)
for any x eA. If x=1, then we have from (*):
u=L,(1)= R(p(::)(l) = @(u).

Therefore the identity (*) may be written in the following form

A A A

t Ao (x) =1 (u)
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for any x €A. Then we hav.e for an_jr x eA:
thoot i =t 5,
Py €0 L, H 1),
and therefore
Hay € 0 & e, H H. (11)

Let us consider the following two-sided transversal £, in §; to H "
By ={(lx)lx €A},
where (1x) is a transposition of §;. Since T is a two-sided transversal (see
Lemma 10), then there exists a set {h },.x (see (8)), such that

FAY
N A
L, =(x)h,, x=zL (11"
We have for any xeA\{1}:
" PAN A T
H oh, =((1¥)1,) e((1x)-G),

Fa A "
a, e((Ix) G)nH .
Using this and (11)-(11") we have for any weA:

By = (hyhy) € mA((zu)(lx)ii;(1u)H’“(1x)). (12)

By Lemma 8 (since Corez;(H)=<e>) the intersection in (12) consists of an unique
element (if this intersection exists). Then the identity (12) may be written in a
following form:

mA{(lu)_(1x)é;(1u)H‘ (1)} = 2.

2.=>3. Let conditions of 2, hold. Then by 2.b. and (12) we have for any weA:

A Al A{)

(t)(1x) A (lu)yly,  (Ax)=h

Ax) .
for any x €A\{l} and some A €H .In particular, from 2.bh. we get:

Al A
ho= o ((0h, H' (1x)) ={id}.

Therefore we abtain:

A /\(u) /\(x) A(N)
h, = ((Ix)(yh () )7 () e(Q)(Auyh  (1x)H (lu)).

Using 2.a. we have for any xeA\{l} and weA:
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Transversals in groups. 1. Elementary properties

Alt)
b e H' ~((10)G) ~((Dmh  (0H (1)),

and therefore

NED)

h & r“w {H m((lx)G)m((lx)(Iu)h (lx)H (L))} (13)
Using Lemma 8 and (13) we get
A /\(")
h, = o {((lx)G)ﬁ((lx)(lu)h (lx)H (lu))},
A

because h =id. Therefore we have for any x eh:

Alu) A
I {Gm ((w)h  (OH (W) = ((x)h)# .

3.=4. Let all condltmns of 3. hold. Then we have for any a€§; and xeA:

A Alw)
(G () () H (1))} = @.

A(u)

Therefore for the set (A },., we obtain

RO
H{ ~ (Gm((lzr)h (I (x)H (1n)))} # 2.

e.sd Len "€
Then
K(G)=4d,
where K(G) is the set defined in the condition 4. of this Lemma.
4,=1, Let conditions of 4. hold. We know (see Lemma 8) that the

intersection

/\(u)
A {(h (1) H (lu)}

is either empty or contains an unique element g,. Therefore we have:

Al
g, = m {(lu)h (lx)H (lu}},

A\u) .
g.eithiyh ()H ()}  for any ueA,

Alti)
g.(W)H =)k (Ix)H for any ueA,

A Alw)

g, (wy=ueh (x) for any uweA,
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where operation "e" corresponds to the transversal
Fy ={(1x)]x eA}.
So the following two conditions are equivalent:
a) forany ael,

A Al .
[TGA(A @k (aG)H ()} 2;

xehA
b) for any xe€A the mapping
AlR)
Y W=ush (x)
is a permutation on A .
Let us define the following operation on A:
A
xy=v,0)=yeh (x)
and prove that the system <A,,1> is a loop.

We have for the operation "e" (see (1)):

x, if y=1I
xey=<1 if y=x;
yo if y=lx

Therefore.

A
x-I=1leh (x)=lex=x;

/\(x)'
Lx=xeh ()=xel=x

We have for given a,beA:
a-x=boy (x)=bo>x=y] (b)
Since vy is a permutation on A, such an element x in A is unique. Finally, we

get for arbitrary given a,beA:

x-a=25,
Al@)
aeh (x)=b,
Ala) L, if b=a,
h (x) =4 d, If b= 1
Ala)

b, if h (x)#la
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1, if b=a;
Ala)
={(h )(a), if b=
Ala)
() L@y, i b=la

So the system < A,. 1> is a loop.
Finally we can see:

A ALX)
g.()=xsh (a)=a-x=L,(x),
A A A
where [, is a left translation on <A, 1> Since g, G, then L, G, ie. the

set
L={LlaeA}

is a loop transversal in G to H. The proof is complete.

Lemma 17, In notations of Lemma 16 the following assertions is true for any
TES,

K(G)n™' = K(nGr™).
Proof. Using the proof of Lemma 16 we have:

K(G)= H(Cm )b

&5q xeA

where L is an arbitrary loop on A. Then we have for any neS,:

T:K(G)n"—u u {n(H(GmL T =

xeA

=Y U {TTrGr) A (Logyn ™D} =

4 yep

U A[T(G YA Ly = K(xG™),
I a'eS, s
where L‘a Is a left translation in a some loop L. The last equality is based on

the following sequence of statements: .
T is a loop transversal in G to H «

for any o €G the set (aTa'l) is a left transversal in G to H <
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forany mnel; and aeG the set (ma(me) Yy s

A A
a left transversal in (nGn™l) to (JtHn'I) <

for any neS; and o, e(aGrn”') the set (o (n?n Do) s
A ' A
a left transversal in (nGn*‘) to (nH n"l) Pt

A Pt
T=(xTx™") is a loop transversal in (xG ) to (rH=n").

The proof is complete.
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